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Abstract. Using an abstract scheme of monotone semiflows, the existence of bistable
traveling wave solutions of a competitive recursion system is established. From the
viewpoint of population dynamics, the bistable traveling wave solutions describe the
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1 Introduction

Bistable traveling wave solutions of evolutionary systems are useful for modeling biology in-
vasion with Allee effect and phase transition with multi steady states [22]. In the past decades,
the existence of bistable traveling wave solutions of scalar equations has been widely studied,
we refer to [1-5,8,9,12,17,22,25] and the references cited therein. Very recently, Fang and
Zhao [7] established an abstract scheme to prove the existence of bistable traveling wave so-
lutions of evolutionary systems generating monotone semiflows. By the theory in [7], Zhang
and Zhao [26,27] obtained the existence of bistable traveling wave solutions in some coupled
systems.

In this paper, we shall investigate the bistable traveling wave solutions of the following
recursion system

Uy s (x /u Y (=Un)=a Va1 (x — ) dy,

(1.1)
- / Vi ()20 Va ) =a2llaW g, (x — )y,

where ry > 0,7, > 0, a1 > 0, a; > 0 are constants, U, (x) and V,(x) denote the densities of
two competitors at time n € IN(J{0} at location x € R in population dynamics, /; and I, are
probability functions describing the dispersal of individuals. When a; < 1 < a3 in (1.1), Wang
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and Castillo-Chavez [23] considered its monostable traveling wave solutions and spreading
speeds, and Li and Li [14] further studied the properties of its monostable traveling wave so-
lutions. Recently, Pan and Lin [18] answered the existence and nonexistence of traveling wave
solutions of (1.1) if a1, a, € (0,1), see also Li and Li [15].

If a1,a2 > 1in (1.1), then the corresponding difference system

_ r1(1—uy—aiv
{ u?l—i—l — l/lne 1( n 1 n),

ro(1—vy,—agu
U1 = 02170020,

(1.2)

has four equilibria:

1—511 1—L12
1—a1a," 1 —aqa;

Ey=(0,0), E; =(1,0), E; = (0,1), E3 = < > =: (k1, k).

In particular, if 1,72 € (0,1], then both E; and E; are stable while Ey, E3 are unstable. In
population dynamics, (1.2) is the Ricker competitive system [19], see [6,11, 13,20, 21] for its
dynamics.

When E;, E; are stable in (1.2), then a traveling wave solution connecting E; with E; is a
bistable traveling wave solution of (1.1), and a traveling wave solution connecting Ey (or E3)
with E; (or E) is a monostable traveling wave solution of (1.1), see [14,23]. In this paper, we
shall prove the existence of bistable traveling wave solutions of (1.1) by the theory in Fang and
Zhao [7]. In particular, to verify the counter-propagation in what follows, the spreading speeds
of several monostable subsystems of (1.1) are established by the results in Hsu and Zhao [10],
Liang and Zhao [16] and Weinberger et al. [24].

2 Preliminaries

In this paper, we shall use the standard partial ordering and ordering interval in R or R?. Let
C := C(R,IR?) be

C(R,R*) = {U | U: R — R? is a uniformly continuous and bounded function }

equipped with the standard compact open topology, namely, U, — U in C if and only if the
sequence of U, (x) € C converges to U(x) € C uniformly in any compact subset of x € R. If
U= (ui(x),uz(x)), V= (v1(x),v2(x)) € C, then
U>(L)V & wux) > (Sui(x), i=12x€R;
U> (K)V & U>(<)Vandu;(x) > (<)vi(x),i=1,2,x € R.
Moreover, if A, B € R? with A < B, then C[A,B} ={U:UeCA<U(x)<B xR}

To study the bistable traveling wave solutions of (1.1), we shall impose the following as-
sumptions in this paper:

(H1) 71,7, € (0,1] and ay, a5 € (1, 00);

(H2) I; is Lebesgue measurable and integrable such that [ [i(y)dy = 1 and [ li(y)e*dy < oo
foralA e R, i=1,2;

H3) Li(y) =li(-y)>0yeR, i=1,2
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To apply the theory of monotone semiflows, we make a change of variables U, (x) = 1 —
U;(x), Vu(x) = V5 (x) and drop the star for the sake of simplicity, then (1.1) becomes

Upp1(x) =1— / (1— un(y))erl(un(y)_”lvn(y))ll(x —y)dy,
R

(2.1)
Vn+1 (x> = / Vn (y)er2(17ﬂ2*Vn(y)+ﬂ2un(y))12<x _ y)dy,
R
and the corresponding difference system of (2.1) is
Upiq =1 — (1 —u,)e(n—a1on)
n+1 ( n) (2‘2)
Op+1 = Un672(1732*vn+ﬂ2un)‘

Evidently, (2.2) has four equilibria
Fh=1(0,0), F =(1,0), b = (1 —ky,k2), 5 =(1,1),

and Fy, F3 are stable while F;, F, are unstable. Then it suffices to study the bistable traveling
wave solutions of (2.1) connecting Fy with F3. We now give the definition of traveling wave
solutions as follows.

Definition 2.1. A traveling wave solution of (2.1) is a special solution of the form U, (x) = ¢(f),
Va(x) = (t), t = x + cn with the wave speed ¢ € R and the wave profile (¢, ) € C. Then
(¢, ) and ¢ must satisfy

p(t+c)=1- / (1— ¢(y))er1(¢(y)*a1¢(y))ll(t —y)dy,
R

(2.3)
Plt+0) = [ gyt VOt )yt e R
For a bistable traveling wave solution (¢, ), it also satisfies
lim (p(£), 9(5)) = (0,0) =6, lim (¢(¢), (1)) = (1,1) = 1. 4

t——o0 t—o0

In what follows, we shall investigate the existence of (2.3)-(2.4) by Fang and Zhao [7]. Let
0 < M € R? and Q be a map from Cg yyj to Cpgp with Q(6) = 6,Q(M) = M. Also let F
be the set of all spatially homogeneous steady states of Q restricted on [0, M|. We now list the
conditions of [7, Theorem 3.1] as follows.

(A1) (Transition invariance) Ty o Q[®] = Qo T,[®] for any ® € Cjpp and y € R, where
Ty[@](x) = ®(x —y);

(A2) (Continuity) Q: Cig v — Cpo ) 1s continuous with respect to the compact open topology;

(A3) (Monotonicity) Q is order preserving in the sense that Q[®] > Q[Y] if ® > ¥ with
DY € C[G,M];

(A4) (Compactness) Q: Cpgp — Cjo, v is compact with respect to the compact open topology;

(A5) (Bistability) Two fixed points 6 and M are strongly stable from above and below, respec-
tively, for the map Q: C[e, M| — C[G, M) that is, there exist a number § > 0 and unit vectors
E4, Es with 0 < E4, Es5 < 1 such that

Q[UEAL] < 77E4/ Q[M - 17E5] > M — 7//E51 n € (O/ ‘5]/
and the set F\{6, M} is totally unordered;
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(A6) (Counter-propagation) For each I € F\{6, M}, ¢* (I, M) + ¢’ (6,I) > 0, where c¢* (I, M)
and ¢’ (6, I) represent the leftward and rightward spreading speeds of the monostable
subsystem {Q" },,>¢ restricted on C; 5q) and Cjg j, respectively.

In Fang and Zhao [7], under the assumptions (A1)—(A6), the existence of bistable traveling
wave solutions of {Q"},>0 connecting 6 with M has been proved, which is monotone increas-
ing. That is, there exist a monotone decreasing function ¥ € C and a constant ¢ € R such
that

Q"[¥](x) =¥(x+cn), xR, n>0

and
lim ¥(¢) =90, Cl1_r>n Y(¢) =M.

——o0

3 Existence of bistable traveling wave solutions

We first present the main conclusion of this paper as follows.

Theorem 3.1. Assume that (H1)~(H3) hold. Then there exist c € R and (¢, ) € C ) satisfying
(2.3)—(2.4), which is monotone increasing and is a bistable traveling wave solution of (2.1).

For @ = (¢, ¢) € Cgq), we define Q = (Q1,Q2) by
Q9. 9)(1) = 1= [ (1= g(y))e @Oy ¢ — yyay,
Qalg, 9)(1) = [ p(y)en-o= ¥ iyt — y)dy.

To prove Theorem 3.1, we now take M = (1,1), F = {Fy, F1, F», F3} and check (A1)-(A6) by
several lemmas, throughout which (H1)-(H3) hold.

(3.1)

Lemma 3.2. If Q is defined by (3.1), then it satisfies (A1).
Proof. Forany y € Rand (¢, %) € Cjgq), we have

Ty[Qz(qb,lP)(t)] _ Ty |:/1R l/J(t i S)erz(lfazfll’(ffs)ﬂlz‘l’(tfs))lZ(S)dS

_ /IR P(t —y — s)er2 (1 9(t=y=s)rap(t—y=s)) 1, (5 ds

= Qao(Tyl9], Ty [9]) (1)
Similarly, we obtain T, [Q1 (¢, ) (t)] = Q1 (Ty[¢], Ty[1])(t). The proof is complete. O
Lemma 3.3. If Q is defined by (3.1), then Q: Cjgq) — Coq) and satisfies (A2)—(A4).
Proof. Forany t,6 and (¢, ) € Cpgy), we have

|Qa(, ) (£ +6) — Qa(e, ) (1))

/]R P(s)e2= 286 T0290E)) 1) (f 4§ — 5) — I (t — s)] ds

< / (s)e2(1-a=9E)1a2006) |1 (¢ 1+ 6 — 5) — L(t —s)| ds
R

g/ (t+6—s) — Lt —s)|ds, (3.2)
R
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which implies the equicontinuity of Q(¢, 1) (t) by (H2). A similar result holds for Qi (¢, 1) (t).
Since r, € (0,1], we know that ue’2(1-%2-4+22) js monotone increasing in u,v € [0,1] such
that
0 < ue?1=27uFm0) <1 4 € [0,1], v € [0,1],

which further implies that
0= / 0-I(t—s)ds < / P(s)e2=R=¥(E) T, (f — 5)ds < / 1-L(t—s)ds=1
R R R

for any (¢, ) € Cjg). By a similar analysis of Q1, we can prove that Q: Cpgq) — Cjg -
Due to the continuity and the monotonicity of

uerz(]_az—u+azv), 1— (1 _ u)ef’l(u—aﬂi), u,v e [O, 1]/

and the verification of (3.2), then (A2)—(A4) are clear and we omit the details here. The proof is
complete. O

Lemma 3.4. (A5) is true.
Proof. Let

. 612—1 ﬂ1—1 } 26!1 1
(5:mm{ , >0, Ey = , .
dayaz + 4" dmaz + 4 <\/1+4a% \/1 +4a2

It is clear that 77 € (0,4] leads to —X_ > 0, then

\/1+4a%
Vlljﬂl
(1 _ 217[11 ) ew/l+4a% > 1 _ 217['11

\/ 1+ 4a2 \/1+4a2

_"nna
T R L DRV~ S R

On the other hand, the definition of § implies that %
1

and

< a; —1, then

21’]&1(12 <0

oy
o \/1+4a§+\/1+4a§ '

and

g1 2ija1ap
Ui erz (1 2 \/1+4n%+1/]+4a%> < Ui )
\/1+4a? \/ 1+ 4a?

By what we have done, we obtain Q[E4] < 7E4, 11 € (0, 0].
Furthermore, Q[M — yEs| > M — nEs, n € (0, 6] can be similarly verified by letting

1 2&2
Es = , .
V1+4a3 \/1+ 43

Moreover, F; and F, are unordered. The proof is complete. O
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Lemma 3.5. Ci(Fl, F3) + Ci (F(), Fl) > 0.

Proof. To compute c* (F;, F3), we consider the spreading speed of the following integrodiffer-
ence equation

Pus1(0) = [ pa()er07 O (x — y)dy.
R
By (H1)-(H3) and Hsu and Zhao [10, Theorem 2.1], then

In(e [, e"ly(y)d
¢ (B B) = ing M R

u>0 U

which implies that ¢* (F;, F3) > 0 by (H2) and Liang and Zhao [16, Lemma 3.8].
To establish c?, (Fy, F1), define an integrodifference equation as follows

Bria(x) = 1= [ (1= qu(y))e™ O (x - y)dy. 63

Let w,(x) = 1 — g,(x), then (3.3) becomes w,41(x) = [ wx (y)en (=) (x — y)dy and

In(en [, el (y)d
¢ (Fo, Fr) :}i{rig n(e fRey 1(y)dy) > 0.

The proof is complete. O
Lemma 3.6. ¢* (FQ, F3) + Cj_ (FO, Fz) > 0.

Proof. We first consider ¢* (F, F3). Letting p,(x) = U, (x) — (1 — k1), gn(x) = Vu(x) — ko, then
(2.1) leads to

(3.4)
D1 (x) = ko + [ (@a(9) + ka)en @00 Oy (x— )y,

Consider the corresponding initial value problem of (3.4) with 0 < po(x) < k1, 0 < go(x) <
1—ky, x € R, in which pg(x), go(x) are uniformly continuous and admit nonempty compact
supports. If 0 <u <ky, 0 <v <1—ky, then

0<ki+(u— k1)€r1(u7”1v) < ki,

0< —ky+ (Z) + k2)er2(u2u7v) <1-—k
and both of them are monotone increasing in u € [0,k;], v € [0,1 — kp]. Using the comparison
principle, we obtain (p,(x),q.(x)) € C,n € Nwith0 < p,(x) <k;,0 < gu(x) <1—ky,x € R,
n € N. Let K* = [k1,1 — kp], then C[Q,K*] is an invariant region of (3.4) and it is reasonable to

restrict Q on Cg, r,)-
For u > 0, define

B [(1 —rik1) [ge™hi(y)dy  airik [ e h(y)dy
# araky [ el (y)dy (1 —rka) [ el (y)dy]

We now consider the principle eigenvalue of B, denoted by A (By,) . If

/ el (y)dy < / e (y)dy
JIR

JRR
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holds, then

Jre*h(y)dy — (1 —riki) [g e (y)dy —airiki [y eV (y)dy ‘
—axraky [ €11 (y)dy Jreh(y)dy — (1= r2ka) [ e (y)dy

1 —ay [reh(y)dy '
— ik / WL (y)d R
rk fehiy) y’ —ayraky [ eli(y)dy — (1 —rak2) [ e™la(y)dy

= rk; /]Re”yll (y)dy [/}R el (y)dy — /IRe”ylz(y)dy—l— (1— aluz)rzkz/]Rerz(y)dy}

<(1 —ﬂ1ﬂ2)72k271k1/ e”yll(y)dy/ e (y)dy
R R
<0,

which implies that
A (By) > /Rewll(y)dy >1, A(Bp) > 1.
By what we have done, we obtain that

inf In(A(By))
u>0 2

>0,

and so c* (F,, F3) > 0 by Weinberger et al. [24, Lemma 3.1].

If [peli(y)dy > [ e"12(y)dy, we also have c* (F,, F3) > 0 by a similar discussion.

As Fy, F, are steady states of (2.1) and (2.1) is cooperative, thus C [F,,E] 1S an invariant region
of (2.1). Let Uy (x) =1 —ky — ty(x), Vu(x) = ko — s,,(x), then

traa (x) = [kt ta(y))en o0 O (e — y)dy,

(3.5)
swea(x) = k2 = [ (ka = sy(y))e OO (x - y)dy.

Evidently, (3.5) defines a cooperative system and Cjy, r, is an invariant region of (3.5). For
u > 0, define

D. — [ (1—riky) [getli(y)dy — raky [ e"h(y)dy
# ratky [ etl(y)dy (1 —rka) [ el (y)dy

Similar to the analysis of B u, We have

In(A(D
inf n(ADy)) >0,
u>0 U
and c¢* (Fp, F2) > 0. The proof is complete. O

Applying Fang and Zhao [7, Theorem 3.1], we finish the proof of Theorem 3.1.
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