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Abstract

In this paper, we study existence, uniqueness and stability questions
for the nonlinear parabolic equation:

%prqua(u):f in 0, T[x€Q,

with Neumann-type boundary conditions and initial data in L'. Our
approach is based essentially on the time discretization technique by Euler
forward scheme.
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1 Introduction

In this work, we treat the nonlinear parabolic problem

% — Apu+a(u) = fin Qr :=]0, T[xQ,
DU~ 5% 4 50) = g on B =, Tlxo0, ®

u(0,.) = ug in Q,

where A,u = div (|Du|p_2Du), 1 < p < oo, Qis aconnected open bounded set
in R, d > 3, with a connected Lipschitz boundary 99, T is a fixed positive real
number and «, v are taken as continuous non decreasing real functions every-
where defined on R with a(0) = v(0) = 0. We will have in mind especially the
case when initial data in L!.
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The usual weak formulations of parabolic problems with initial data in L! do
not ensure existence and uniqueness of solutions. There then arose formulations
which were more suitable than that of weak solutions. Through that work it is
hoped that we can arrive at a definition of solution so that we can prove exis-
tence and uniqueness. For that, three notions of solutions have been adopted:
Solutions named SOLA ( Solution Obtained as the Limit of Approximations)
defined by A. Dallaglio [6]. Renormalized solutions defined by R. Diperna and
P. L. Lions [7]. Entropy solutions defined by Ph. Bénilan, L. Boccardo, T. Gal-
louet, R. Gariepy, M. Pierre, J.L. Vazquez in [4]. We will have interested here at
entropy formulation. Many authors are interested has this type of formulations,
see for example [1, 2, 3, 4, 19, 20, 25, 26].

The problem (1) is treated by F. Andereu, J. M. Mazdn, S. Segura De leén,
J. Teledo [1] in the homogeneous case, i.e. f =0, g =0 and « = 0, with
is a maximal monotone graph in R x R and 0 € «(0). Hulshof [12] considers
the case where « is a uniformly Lipschitz continuous function, a(r) = 1 for
reRY, ae CYR7), o’ >0onR™ and lim,_,_o a(r) = 0 and some particular
functions g. In [13], N. Igbida studies the case where « is the Heaviside maximal
monotone graph. For p = 2, we obtain the heat equation, this equation is stud-
ied by many authors, see for example [14, 23] and the references therein. The
elliptic case of problem (1) has been treated by many authors, see for example
[3, 25, 26, 17], and the references therein.

We apply here a time discretization of given continuous problem by Euler
forward scheme and we study existence, uniqueness and stability questions. We
recall that the Euler forward scheme has been used by several authors while
studying time discretization of nonlinear parabolic problems and we refer to
the works [8, 9, 10, 15] for some details. This scheme is usually used to prove
existence of solutions as well as to compute the numerical approximations.

The problem (1), or some special cases of it, arises in many different physical
contexts, for example: Heat equation, non Newtonian fluids, diffusion phenom-
ena, etc.

This paper is organized as follows: after some preliminary results in section
2, we discretize the problem (1) in section 3 by the Euler forward scheme and
replace it by

U —1A,U" + 7a(U™) = 7fn + U1 in Q,
oun
|DUn|p72a— +v(U") =gn  on 0Q,
n

U° =g in €,

and show the existence and uniqueness of entropy solutions to the discretized
problems. Section 4 is devoted to the analysis of stability of the discretized
problem and in section 5 we study the asymptotic behavior of the solutions of the
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discrete dynamical system associated with the discretized problems. We shall
finish this paper by showing the existence and uniqueness of entropy solution
to the parabolic problem (1).

2 Preliminaries and Notations

In this section we give some notations, definitions and useful results we shall
need in this work.

For a measurable set Q of R, |Q| denotes its measure, the norm in LP(Q) is
denoted by ||.]|, and ||.]|1,, denotes the norm in the Sobolev space W?(Q), C;
and C' will denote various positive constants. For a Banach space X and a < b,
L?(a,b; X) denotes the space of the measurable functions v : [a, b] — X such

that
b b
(/ IU(t)|’§<> = [Jull Lr(apix) < 0o

For a given constant £ > 0 we define the cut function 7 : R — R as

Tu(s) = s if |s| <k,
MYk sign (s) if |s| > k,

where
1 if s >0,
sign (s) =40 ifs=0,
-1 ifs<O.

For a function u = u(x), z € Q, we define the truncated function Tju pointwise,
i.e., for every © € Q the value of (Tiu) at  is just Tx(u(z)).
Let the function Ji : R — RT such that

Ji(x) = /OI Ti(s)ds

(Jg it is the primitive function of Tx). We have

ov d
—, T = —
< , k('U) > 7 o

- Julw) in L1(0, T, @)

what implies that

todu
/0 < %,Tk(v) >:/QJk(U(t))*/QJk(”(O))' (3)

For u € WhP(Q), we denote by Tu or u the trace of u on 9 in the usual sense.
In ([4]) the authors introduce the following spaces

o« TH1(Q) = {u :Q — R measurable : Ti(u) € WE(Q), forall k> 0}’

loc loc
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o« T02@) = {ue TL/(Q) i DIu(w) € 1f,(Q), for all >0},

loc

o« Tr(@) = {ue T,P(Q) : DIu(u) € Lr(Q), forall k>0}.
For bounded €'s, we have
T'P(Q) = {u: Q>R measurable Typ(u) € W'P(Q), forall k>0}.

Following [4], It is possible to give a sense to the derivative Du of a function

u € T,7(Q), generalizing the usual concept of weak derivative in W, (Q),

thanks to the following result

Lemma 1 ([4]) For everyu € Zicp(ﬂ) there exist a unique measurable function
v:Q — R? such that
DTk(u) = v1{|v\<k} a.e,

where 1g is the characteristic function of the measurable set B C RY.
Furthermore, u € W21 () if and only if v € L}, (Q), and then v = Du in the
usual weak sense.

We apply also the sets 7,17 (€) introduced in [2] as being the subset of functions
in 717(Q) for which a generalized notion of trace may be defined. More precisely
we T,P(Q) if u e THP(Q) and there exist a sequence (uy, )nen in WP(Q) and
a measurable function v on 9f2 such that

a) u, — ua.e. in Q,
b) DTy (un) — DTk (u) in LY(Q) for every k > 0,
¢) up — v a.e. on I

The function v is the trace of u in the generalized sense introduced in [2]. For
u € T,77(Q), the trace of u on A is denoted by tr(u) or u, the operator tr(.)
satisfied the following properties

i) if ue T,VP(Q), then 7Ty (u) = Ti(tr(u)), Yk > 0,

i) if o € WhP(Q) N L®(), then Yu € T,-P(), we have u — ¢ € T,P()
and tr(u — ) = tr(u) — Tp.

In the case where u € WP(Q), tr(u) coincides with Tu.

Obviously, we have
WhP(Q) C T,LP(Q) c THP(Q).

In [25], with Nonlinear Semigroup Theory, A. Siai demonstrated the following
theorem
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Theorem 2.1 ([25]) If 8,v are non decreasing continuous functions on R such
that 5(0) = v(0) = 0 and f € L*(Q), g € L1(09Q), then there exists an entropy
solution u € TLP(Q) to the problem

—divja(., Du)]+ Bu) = f inQ
ou

Ovg

+y(tu) =g on 0N )

i.e. Vo € C°(RY)

[ at.D0DTu=)+ [ atTitu—g)+ [

o0

+/ ng(uiw)v
o0

with (B(u),y(u)) € L(Q) x LY0Q) and ||(B(u),y(rw)l1 < [I(f.9)lly and u
s unique, up to an additive constant. Furthermore, if 3 or 7y is one-to-one,

then the entropy solution is unique. Where a is an operator of Leray-Lions type
defined as follows

()T (1~ ) < [ FTi(u— )

1) a:QxRE— R (2,8) — a(x,€) is a Carathéodory function in the sense
that a is continuous in & for almost every x € ), and measurable in x for
every £ € R,

2) There exists p, 1 <p <d, and a constant A1 > 0, so that,

(a(z,€),€) > AL|EP, for a.e. x € Q and every £ € R,

3) (a(z,&1) — a(,82),& — &§2) > 0, if &1 # &o, for ace. z € Q.

4) There exist some hg € LV (Q), p' = 557 and a constant Az > 0, such that

la(z,&)] < Asg (ho(z) + |§|p71) for a.e. z € Q and every & € R,

3 The semi-discrete problem
By the Euler forward scheme, we consider the following system

U —1A,U" + 7a(U") = 7f, + U1 in Q,
au™
(Pn) |DU™ P72 —
on
U° = ugin Q,

+y(U") = gn on 09,

where N7 =T, 1 < n < N and fo() = 1 (ZT_l)T f(s,)ds, in Q, gn(.) =
1 (ZT_l)T g(s,.)ds on 0.
We assume the following hypotheses:
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(H1) « and v are non decreasing continuous functions on R such that «(0) =
7(0) =0,

(Hz) uo € L'(Q), fe€LYQr)and g e L'(Sr).

Recently, in [4], a new concept of solution has been introduced for the

elliptic equation
—divla(z, Du)] = f(z) in Q, 5)
=0 on 01,

namely entropy solution. Following this idea we define the concept of
entropy solution for the problems (Pn).

Definition 2 An entropy solution to the discretized problems (Pn), is a se-
quence (U™)o<n<n such that U = ug and U™ is defined by induction as an
entropy solution of the problem

u—70pu+ Tau) = Tfn + UM in Q,

DS o) =gn o 00
i.e. U € TP (Q) and Y € WP(Q) N L=(Q), Yk > 0, we have

/ U T(U™ — <p)/ \DU™|P~2DU" DT, (U™ — ) +/ (U TR (U™ — o)+
Q Q Q

r / AUMTL(U" — ) < / (rfo + U DT(U" — @) + 7 / 0T — o). (6)
onN Q onN

Lemma 3 Let hypotheses (Hy) — (Hz) be satisfied, if (U™)o<n<n, N € N is an
entropy solution of problems (Pn), then ¥n =1, ..., N, we have U™ € L'(Q).

Proof. In inequality (6) we take ¢ = 0 as test function, we obtain

T/ |DU1|p’2DU1DTk(U1)+/(7a(U1)+U1)Tk(U1)+7/ YUHYTL(UY)
Q Q o0

< /(Tf1 + ug)T(U1) +T/ G Te(UY). (7)
Q o0
By assumption (H;) and the properties of T}, we get
/ raUNTL(UY) 4+ 7 / VUYT(UY) > 0. (®)
Q o0
Now, since
n=N
> 7 (fall + llgnllr o)) < Ifllr@r + gl iz, (9)
n=1
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and
T/ |DUY P2 DU DT, (U) :T/ | DT (UHP > 0.
Q Q

Thus, from inequality (7) we obtain,

T (UY)
0< [ < (W lnen + lolon +lwl) . (10
On the other hand, we have for each x € Q
: T (U'(2))
1 g 2222
Y=

Then by Fatou’s lemma, we deduce that U € L(Q) and

10 < I lzr@r) + lgllzaesry + lluollr.
By induction, we deduce in the same manner that U™ € L'(Q2), Vn = 1,..., N.
|

Theorem 3.1 Let hypotheses (Hy) — (Hz) be satisfied and 1 < p < d, then for
all N € N the problems (Pn) has a unique entropy solution (U™)o<n<n, Such
that for alln=1,...,N, U™ € T,-7(Q) N L*(Q).

= |U"(2)|-

Proof. Existence. Let the problem

—TApu+a(u) = Fin Q,

11
|Du|p72g—:; +y(u) =G on 99, ()

where u = U, F = 7f; + up and G = 7g;. According to inequality (9) and
hypothesis (Hsz), we have F' € LY(Q), G € L*(99) and, by hypothesis (H;), the
function defined by @(s) = Ta(s) + s is non decreasing, continuous and satisfies
@(0) = 0. Therefore, according to theorem 2.1, the problem (11) has an entropy
solution U' in 7,17 ().

By induction, using Lemma 3, we deduct in the same manner that for n =
1,..., N, the problem

u—70pu+ Tau) = Tfn + UM in Q,
ou

Du|P~2
| Dul n

+7(u) = gn on 09,
has an entropy solution U™ in 7,7 (Q) N LY(Q).

Uniqueness. We firstly need the following lemma.

Lemma 4 If (U")o<n<n, N € N is an entropy solution of (Pn), then for all
k>0, foralln=1,...,N and for all h > 0, we have

-/ o<k [ dAnge [ e [ rlant )
{h<|U™|<k+h} {lU"|>h} {lU"|>h} oQN{|U™|>h}
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Proof. Taking ¢ = T(U™) as test function in inequality (6), we have
/ UM (U™ — Ty (U™)) + T/ |DU™P=2 DU DT}, (U™ — Ty (U™))
Q Q

r /Q QU™ TW(U™ — Ty(U™) + T/m SUMTL(U™ — TH(U™))

< /Q(Tfn + U DT (U™ — Ty (U™)) + 7‘/69 gnT(U™ = TR(U™)). (12)

By using the definition of T%, we have

/ UPTL (U™ — Ty(U™)) = /_ UL (U™ — hsign(U™))
Q an
= / U™ (U" — hsign(U™)) + / Umsign(U™ — hsign(U™)),
QN0 QrN2(n 1)
where _
Qn =AU > h}, Q) = {IU" — hsign(U")| < k},
and _
Qi) = {IU™ — hsign(U™)| > k}.
However
sign(U™ — hsign(U"))1g, = sign(U")1g, ;
Thus, we get

/ UM TW(U™ — Th(U™) > 0,
Q

In the same manner, using the hypothesis (H;) we obtain

T/ Q(UMTW (U™ — Ty(U™) + T/ AUMTW(U™ — T(U™)) > 0.
Q o0

Now, we have

s — hsign(s) it h <|[s| <k + h,
Ty (S*Th(s)): k 1f|S| >k+h,
0 if |s| < h,

then, it follows that

- porp k([ dpls [ s [ gl ).
{h<|U™|<k+h} {|lU™|>h} {|lU"|>h} oN{|U"|>h}
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[

Now, let (U™)o<n<n and (V™*)o<n<n, N € N be two entropy solutions of
problems (Pn) and let ¢ € WLP(Q) N L>®(Q) (for simplicity, we write u =
U', v =V1'), then we have

/QuTk(u — )+ T/Q | DulP~2 DuDTy(u — @) + T/Q a(u)Ti(u — @)

+T/6QW(“)T1€(“_‘P) < /Q(Tfn + U )Tk (u— ) +T/6anTk(u—<p), (13)

and

/Qka(v —9)+ 7‘/Q |Dv|P~*DoDTy(v — @) + T/Qa(v)Tk(v - @)

+7 /[mv(v)Tk(v —p) < /Q(Tfn + U NTi(v — @) + T/BQ gnTr(v— ). (14)

For the solution u, we take ¢ = Ty (v) and for the solution v, we take ¢ = T (u)
as test functions and taking the limit as h — oo, we get by applying Dominated
Convergence Theorem that

/Q(u —0)Tk(u —v) + Thlggolk’h + Thliigo«]k,h <0, (15)
where
Iy = /Q | DuP~2 DuDTy,(u — Ty (v)) + /Q |Dv|P~2Dv DTy (v — Th(u)),
and
Jen = /Qoz(u)Tk(u —Th(v)) +/

() Tk (v — Th(u)) + / ()Tl — Th(v))
Q
4 /6 AT = Th ),

o0

by applying hypothesis (Hy), we get

Jm g = [ (@) = alo)Tutu=0)+ [ () =3B =) 2 0. (16)

o0
Now, we show that hlim Ixn > 0.
— 00

To prove this, we pose
M (h) ={Jul <h, ] <h},  Qa(h) ={lu| <h, |[v] > h},

Q3(h) = {lul = h, |vo] <h} and Qu(h) = {[ul = h, [v] = A},
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and we spilt
I = Ili,h + Ilg,h =+ Ilg’,h + I;cl,hv

where
I / (|DulP~?DuDTy(u — v) 4+ |Dv[P~> DvDTy (v — u))
Q1(h)
= / (|Du|P~*Du — |Dv[P~*Dv) DT}, (u — v)
Q1(h)
_ / (|DulP~2Du — | Dv|?~2 D) (Du — Dv) > 0,
Q1 (h)N{|u—v|<k}
and

7, = / | Du|P~2DuDTy(u — hsign(v)) +/ |Dv|P~2Dv DTy (v — u).
’ (h) Q2 (h)

We have

/ | DuP~2 DuDT},(u — hsign(v)) = / | DulP > 0,
Qa2(h) Q2 (h)N{|u—hsign(v)|<k}

and on the other hand, from the Hélder’s inequality, we have

4
7

/ | Dv|P~2Dv DT}, (v — u)
Q2 (h)
<\ o) ([ o) ([ pul
Q(k,h) Q(k,h) Q(k,h)
1

1 1
<( [ ) ([ o) ([ wpar) |
Qi (k,h) Q1 (k,h) Qs (k,h)

where Q(k, h) = Qa(h)N{ju—v| < k}, Q1 (k,h) = {h < |v] < h+k}, Qa(k,h) =
{h—k<l|u| <h}and L+ % =1.
By lemma 4, we have

-/ pap k([ dnle [ o | rlonl )
{h—k<lul<h} {Jul>h—k} {ul>h—k} 090 {|ul>h—k}

Now, 7f, € LY(Q), g, € L*(0Q), U~ € L}(Q) and hlim H{lu| > h -k} =0,
then

=
=

lim |Dul? = 0.
h—oo Jih—k<|u|<h}
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In the same manner, we show that:

lim |Dv|P = 0.
h=00 J{h<|v|<h+k}

Hence
lim 17, > 0.
h—oo

Similarly, we have

lim I3, = lim |Du|p_2DuDTk(u—v)+/ | DulP~2 DuDTy,(v—hsign(u)) > 0.

h—oo 7 h—o0 Qs(h) Qs(h)

Finally

I,ih = / | DulP~2 DuDT},(u — hsign(v)) + / | DulP~2 DuDTy, (v — hsign(u))
Qa(h) Qa(h)

/ \Duf? +/ \Dul? > 0.
Qa(h)N{|u—hsign(v)|<k} Qa(h)N{|v—hsign(u)|<k}

It thus follows that

hhm Ik,h Z 0. (17)
Therefore, by inequalities (15), (16) and (17), we get

/ (u—0)Ti(u—v) <0,
Q
ie. .

/ (u—v)=Tr(u—v) <0.

Q k
Taking the limit as kK — 0, by Dominated Convergence Theorem, we get
|lu — |1 <0.

By induction, we prove that

Vn=1,.,N, [|[U"=V"|;=0.

4 Stability

Now we give some a priori estimates for the discrete entropy solution (U™)1<n<n
which we use later to derive convergence results for the Euler forward scheme.
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Theorem 4.1 Let hypotheses (H1) — (Hz) be satisfied and 1 < p < d. Then,
there exists a positive constant C(ug, f,g) depending on the data but not on N
such that for alln=1,..., N, we have

U™y < Cluo, £,9),

2) 7y NaU)i+7 Y IIMU)io0) < Cluo. f,9).
i=1 i=1

3) ZHUZ_U171||1 SC(UOaf’g)a
i=1

4) N T UYIE, < kCluo, £, 9)-

i=1

Proof. 1) and 2): Let ¢ = 0 as test function in inequality (6) and dividing
by k, we obtain

T%HDT/C(Ui)Hg+/QU’%Tk(Ui)+T/Qa(Ui)%Tk(Ui)+T/ W(Ui)%Tk(Ui)

o0
< (1l + lslzaom) + [0, (18)
ie.
. o T(U L TR(U .
[ @+ ra@) B e [ @) B <o 17+ gl om) +10
Q o0 (19)

Let k — 0, by the properties of Ty and the Dominated Convergence Theorem
we get,

Tlla@)x + 10+ 7lly (U 22 o0) < 7 (il + llgill 21 oe)) + ||Ui1|1(- )
20

Summing (20) from ¢ = 1 to n we obtain

IN

U™ 1+ 7Y (@)l + 1T 2 o00)) Y7 (Ifills + llgill 2+ o) + lluolls

i=1 i=1
[Fll@ry + 9l + [luolh-

IN

Then inequalities 1) and 2) are satisfied.
3) Taking ¢ = T}, (U* — sign(U* — U'™')) as test function in inequality (6) and
using the fact that:

/ |DU*|P=?DU*' DT}, (U' — Ty, (U" — sign(U* = U™ ))) = / |DU'P >0,
Q QN

where

Qs(k, h) = {|U" = T,(U" — sign(U" — U""")| < k}
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and _ . . .
Qn = {|U" = sign(U" = U )| > h},

we obtain

/Q U =0T (U =T, (U = sign(U' —U'™1)))

<k (7l filli + 7lgillzr o) + Tla@1 + 7y (Ul o0) -

Taking the limit as h — oo and using the Dominated Convergence Theorem, we
get for k=1

1U* = Ul < 7llfills + 7llgill 1 on) + TIa@O) + 77U |1 00)-  (21)

Summing (21) from ¢ = 1 to n and applying the stability result 2) and inequality
(9), we obtain

DT = UMb <20l @r + 209l pr e + luolh.

i=1
4) Taking ¢ = 0 as test function in inequality (6), we deduce by (8) that
TI DTG < & (7llfills + TlgillLroe) + 10T = U ) - (22)

Summing (22) from ¢ = 1 to n and applying the stability result 3), we therefore
get

n

> TIDTUY|E < k.Couo, f,9), -

i=1

Hence, by using Sobolev’s inequality we deduct the stability result 4). m

5 The semi-discrete dynamical system

This section aims to study the discrete dynamical system. We show existence
of absorbing sets in L'(2) and of the global attractor. (We refer to [27] for the
definition of absorbing sets and global attractor).
By the results of theorem (3.1), problems (Pn) generates a continuous semigroup
S; defined by

S, urt=um.

Proposition 5 Let hypotheses (Hy) — (Ha) be satisfied and 1 < p < d. Then
for T small enough, there exists absorbing sets in L1(S2). More precisely, there
exists a positive integer n,. such that

U™ <C, Vn>n,. (23)

where C' does not depend on T.
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Proof. By inequality (20), we have
y" <yt Tha,

where y" = [[U™ [y and hy = || full1 + [lgn 2160
On the other hand, according to the stability results of theorem 4.1, there exists

n, > 0 such that
n=ng+N

T Y yn<Cs Vng>ns, (24)

n=ngo

where Cg does not depend on nyg.
By inequality (9), we have

n=ng+N
T Z thlll S C7 V?’LQ Z nr.

n=ngo
Now, applying the discrete Gronwall’s lemma [8, lemma 7.5], we therefore get
U <Cs  Vn=n.,

where Cg is a constant not depending on 7.
Which implies the existence of absorbing sets in L!(2). m
Applying [27, theorem 1.1], we get the following result.

Corollary 6 Let hypotheses (Hy) — (Ha) be satisfied and 1 < p < d. Then for T
small enough, the semigroup associated with problems (Pn) possesses a compact
attractor A, which is bounded in L'().

6 Convergence and existence result

Definition 7 A function measurable v : Qr — R is an entropy solution of
parabolic problem (1) in Qr if u € C(0,T; LY(Q)), Tk (u) € LP(0,T; W1P(Q))
for all k > 0, and

t |DulP~2 DuDTy,(u — ) + t a(u)Ty(u — @) + t ¥(u) Tk (u — @)
0 JQ 0 JQ 0 Joq
< - (B tw-0)+ [ w0) - e0) - [ Atute) - o)

+ /Ot/Qka(u—sO)+/Ot/anTk(u_(p)’ (25)

for all ¢ € L*(Q7) N LP(0,T; WHP(Q)) N WL(0,T; L1(2)) and t € [0, T).

Now, we state our main result of this work.
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Theorem 6.1 Let hypotheses (Hy) — (Ha) be satisfied and 1 < p < d. Then the
nonlinear parabolic problem (1) admits a unique entropy solution.

Proof. Existence. Let us introduce a piecewise linear extension, called Rothe
function, by

uN(O) = ug,
W) =01+ (Ur—un ) yee it ], n=1,..,N inQ,
(26)

and a piecewise constant function

ﬂN(O) = U, (27)
aN(t):=U" Ytet" "], n=1,..,N inQ,

where t" := nr.

As already shown, for any N € N, the solution (U")1<,<n of problems (Pn) is
unique. Thus, v and @V are uniquely defined and by construction, we have
for any t €|t"~1, t"] and n = 1,..., N, that

UN n _ yrn—1
) 8at(t):(U TU )

2) a(t) —ulN(t) = (U —U"Y)

" —t
p—

By using the stability results of theorem 4.1, we deduce the following a priori

estimates concerning the Rothe function u" and the function @ .

Lemma 8 Let hypotheses (Hy) — (Ha) be satisfied and 1 < p < d. Then there
exists a constant C(T, ug, f, g) not depending on N such that for all N € N, we
have

1
@ = uMlei@r) < (T, f9), (28)
||UN||L1(QT) S C(Tau()afag)a (29)
[ 1 (@r) < C(T o, £, 9), (30)
ouN
||7HL1(QT) < C(T,uo, f, 9), (31)
7@ | oo i @y < B-C(Tsuo £ 9). (32)

Proof. We have
N tn
_ th —t
= aloen = 3 [ 1w - vt e
n=17t""

T
- N
= I3 -vn
n=1
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Using inequality 4) of theorem 4.1, we deduce that

_ 1
||UN — ’LLN”Ll(QT) S ﬁTC(’LLO, f, g)

In the same manner, we prove the estimates (29), (30), (31) and (32). m
Using estimates (29) and (31), we deduct that
the sequence (uN)nen is relatively compact in L' (Qr).

This implies the existence of a subsequence of (uY) yen converging to an element
win LY(Qr).
And by estimate (28), we deduce hence that

the sequence (T )nen converges to u in L*(Qr).
On the other hand, by (32) we have that
(DT (™))

nen 18 uniformly bounded in LP(Qr).

Hence there exists a subsequence, still denoted by (DT;c @ )) nen Such that

(DT, (ﬂN))NeN converges to an element V in LP(Qr).

However
Ty(@Y) converges to Ty(u) in LP(Qr).

Hence, it follows that
DTy (@) converges to DT}, (u) weakly in LP(Qr),
and by (32) we conclude that
Tr(u) € LP(0,T; WHP(Q)) for all k > 0.
We follow the same technique used in [1] to show that
Y converges to u on L.

Lemma 9 The sequence (u™)nen converges to w in C (0, T3 £'(Q)).

Proof. Let ¢ € L>®(Qr) N LP(0,T; WHP(Q)) n Wh1(0,T; LY(Q)), we rewrite
(6) in the form

b oulN ¢
/ <—,Tk(ﬂN - <p)> +/ | DTN P2 DN DTy (@™ — @)
0 Os o Ja

+/Ot/9a(ﬂN)Tk(UN—<P)+/Ot/697(ﬂN)Tk(ﬂN_‘P)
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S/Ot/QfNTk(UN—<P)+/Ot/699NTk(ﬂN—90)’ (33)

where fn(t,x) = fu(z), gn(t,2) = gn(z) VE €)™, "], n=1,...,N.
Let (t" = nTN)fL1 and (t"™ = 77171V[)717Vf:1 be two partitions of interval [0, T
and let (u™(t),u™ (1)), (uM(t),w"(t)) be the semi-discrete solutions defined by
(26), (27) and corresponding to the partitions, respectively. The same method
used in the proof of the uniqueness in the theorem 3.1, enables us to obtain for
k=1

that is

t N _ .M
Q 0 S
+ v = fullpigp + lanv — gnllpr sy -

However,

t N _ .M

/ <3(u D) @y - ) - 7y _uM)>‘
0 Os
O(uN —uM _ _

9s i
< 2C(T7 f7 9, ’LL())”Tl (ﬂN - ﬂ]\/j) - T1 (uN - uM)||L°°(QT)

Now, as
Jim @ -7 - T — ) g =0,
we get
t N _ .M
: Ou”™ —u™) - N, My\| _
N,}\}[IEN)O/O<T, i@ —u")—Ti(u” —u™) )| =0. (34)

On the other hand, we have

i (175 = il law —gullngs) =0

then, we obtain

lim Jy (uN(t) —uM(t)) = 0. (35)

N,M—o Jq

Now, using the definition of J; we have

N M 2 1 ’U,N —’LLM UN —’U,I\/[
/{uwmq} [u™ () —u™ (t)] +2/{|uNuM>1}| (t) (t)|§/ﬂ]1( (t) ().
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Therefore, we obtain

o= [ ool (1) — 1)

0 {JuN —uM|>1}

1
2

<C(Q uN (1) — uM ($)]2 AN M
< <></{|uMM<1}I 0 <>|> ] =

2

<@ ([ 50— )

Then by (35), we conclude that (uV) yen is a Cauchy sequence in C(0, T;L*(Q));
Which implies that

N — ’LLM .
+2/Q Ju (u™ (¢) (t))

(u™)Nen converges to u in C(0, T;LY(Q)). (36)

It remains to prove that the limit function u is an entropy solution of the
problem (1). Since u™¥(0) = U° = ug for all N € N, then u(0,.) = uy.
By (33) we get

t N t

ou Lo _

/ <—6s aTk(ﬂN —p) — Tk(uN - <,0)> +/ |DﬂN|p 2DuNDTk(uN — @)+
0 0 JQ

[ fom = [ s - <= [{Fn0-0)

+/Q Jk(uN(O)—<p(0))—/QJk(uN(t)—so(t))+/0t/QfNTk(UN—90)

t
s [ ] anm@ - o), (37)
0 Joo
By same manner, as used for the proof of the equality (34), we deduce that
t N
Jim ([ (G o) - nw - 9))) o (39)

We follow the same technique used in [19], we show that

t t
lim / / |\ DTN P2 DN DTy (@ — o) = / / | DulP~2DuDTy,(u — ). (39)
0o JQ 0 JQ

N—o0
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And by Lemma 9, we deduce that u™¥(t) — wu(t) in LY(Q) for all ¢t € [0, T,
which implies that

/Q T (1) — (1)) — / Toult) = (1)) Vte (o, T]. (40)

Finally, taking the limits as N — oo, and using the above results, the conti-
nuities of , v and the facts that fy — f in LY(Q7), gy — ¢ in L'(X7) and
T (W™ — ) — Ti(u — ¢) in L=(Qr), we deduce that u is an entropy solution
of the nonlinear parabolic problem (1).

Uniqueness. Let v another entropy solution of the nonlinear parabolic prob-
lem (1). Taking ¢ = Tj(u®) as test function in (25) and letting h — oo, we
get

/QJ,C(v(t)uN(t))+/0t<%, Tk(qu)>+h1Ln;oII{V(k,h)

// )T (v — u® +/Ot/m’y(v)Tk(qu)
g/Ot/Qka(u—uN)+/Ot/mng(v—uN); (41)

TV (k,h) = //|D’U|p 2DuDTy (v — Tp,(u™)).

where

On the other hand, taking ¢ = T, (v) as a test function in the inequality (33)
and taking the limit as h — oo, we get

L ) s [ [ et o
/ot /aQV(ﬂN)Tk(aN —v) < /Ot /Q INT(@" —v) + /Ot /aQ Sath(E =l ()

where

7ZY (k, h) //|D P=2DaN DTy (@™ — Ti(v)).

Adding (41) and (42), we get
N "/ ouN N =N
/QJ;C(v(t)—u (t))—i—/o <¥, Tp(v—u)+ Tx(u —v)>

+hmIINk:h // )Ty (v — u™) + a(@V) T (@™ — )]
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//(m )Tk (v —u )+7(UN)Tk(UN_U)]

// fTe(v —u™) + fnTe (@™ — //69 9Ti(v — u™) + gnTi (@Y —v)]

where

TIN(k,h) = ZIY (k, h) + ZZY (k, h).

Taking the limit as N — oo, using the above convergence results and the hy-
pothesis (Hy), we get

/ Je(v(t) = u(t)) + Jim  Tim 77V (k,h) < 0. (43)
Q

N —o00 h—o0

Applying the technique used in the proof of uniqueness in theorem 3.1, we
deduce that
lim lim ZZ(k, h) > 0. (44)

N —00 h—o0

Therefore the inequality (43) becomes

/ Ti(v(t) — u(t)) < 0.
Q

i.e.
[0,
Q k h
However (@)
. k)
i k = lal

Then, by Fatou’s lamma, we get
lo(t) —u(®)]; <0, Vtelo, T).
]

Remark 10 The above results can be generalized, for example if the p-Laplacian
operator Apu is replaced by the operator a(., Du) defined in the theorem 2.1.
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