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1 Introduction

It is well-known that differential equations appear in mathematical models of various phenom-
ena in physics, economy, biology, engineering, and other fields of science. Many illustrative
examples of such models can be found in the literature (see, e.g., [1,5-8] and the references
therein).

We consider the functional differential equation of the form

X'(t) = g(x)(t) + f(t,x(t), tE€ [aD] (1.1)
x(a) = xo, (1.2)
where the following conditions hold:
(C1) 0 €R, f:C([a,b] xR) - R;
(Cz) there exists Ly > 0 such that

\f(t,ur) — f(t,uz)| < Lg|uy —ua|, Vtelab], u,u €R;
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(C3) g: C([a,b],R) — C([a,b],R) is an abstract Volterra operator and there exists Ly > 0 and
T>0witht > L+ L, such that

Ig(x) —gW)ll; < Lgllx —yll., VxyeC([ab],R),

where ||-||, is the Bielecki norm defined by

Ix[l. = sup (|lx())[[e ™), ©>0.
te(a,b]

The present paper is motivated by a recent paper [9] where the author studied a differential
equation with abstract Volterra operator of the form

X'(t) = f(t,x(t), V(x)(t)), t € [a,b].

The aim of our paper is to apply the technique from [2—4,13,14] to a functional differential
equation that includes an abstract Volterra operator.

The equation involving abstract Volterra operators have been investigated by many au-
thors. The results on the existence and uniqueness, continuous dependence of solutions of
Cauchy’s problem and even more specialized topics can be found in [2,9,14] and the refer-
ences therein.

The novelty of our paper consist in applying the weakly Picard operators technique for an
equation written as a sum of two operators.

The paper is organized as follows. In Section 2, we recall some definitions and results
concerning the weakly Picard operator theory. In Section 3 we prove first the existence and
uniqueness theorem and then we obtain some properties regarding the data dependence of
the solution. In the last section an example is given.

2 Preliminaries

In this section we will use the terminologies and notations extracted from [10-12]. For the
convenience of the reader some of them are recalled below.
Let (X, d) be a metric space and A: X — X an operator. We denote by:
Fy:={x € X| A(x) = x} the fixed points set of A;
I(A):={Y C X | A(Y) CY,Y # @} the family of the nonempty invariant subsets of A;
A= Ao A", A" =1y, Al = A, n € N the iterate operators of the operator A.

Definition 2.1. Let (X, d) be a metric space. An operator A: X — X is a Picard operator (PO)
if there exists x* € X such that:

(i) Fa={x"};
(ii) the sequence (A"(xp))nen converges to x* for all xp € X.

Definition 2.2. Let (X,d) be a metric space. An operator A: X — X is a weakly Picard
operator (WPO) if the sequence (A"(x)),en converges for all x € X, and its limit (which may
depend on x) is a fixed point of A.

Definition 2.3. If A is weakly Picard operator then we consider the operator A® defined by

A®: X — X, A%®(x) := lim A"(x).

n—o0
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Remark 2.4. It is clear that A®(X) = F4.
The following results are very useful in the sequel.
Lemma 2.5. Let (X, d, <) be an ordered metric space and A: X — X an operator. We suppose that:
(i) Ais WPO;
(ii) A is increasing.
Then, the operator A* is increasing.

Lemma 2.6 (Abstract Gronwall lemma). Let (X, d, <) be an ordered metric space and A: X — X
an operator. We suppose that:

(i) Ais WPO;
(ii) A is increasing.
If we denote by x7 the unique fixed point of A, then:
(@) x <A(x) = x < x7;
(b) x > A(x) = x > x%.

Lemma 2.7 (Abstract comparison lemma). Let (X, d, <) an ordered metric space and A,B,C: X —
X be such that:

(i) the operator A, B, C are WPOs;
(i) ASB<SC
(iii) the operator B is increasing.
Then x <y < z implies that A®(x) < B®(y) < C%(z).
Another important notion is the following.

Definition 2.8. Let (X,d) be a metric space, A: X — X be a weakly Picard operator and
c € R%.. The operator A is c-weakly Picard operator iff

d(x, A®(x)) < cd(x,A(x)), Vx € X.
For the c-PO; and ¢-WPO; we have the following lemma.
Lemma 2.9. Let (X, d) be a metric space and A, B: X — X be two operators. We suppose that:
(i) Ais c-PO with Fy = {x};
(ii) there exists n € R such that d(A(x),B(x)) <1, Vx € X.
If x}§; € Fg, then d(x},x% ) < cy.
Lemma 2.10. Let (X, d) be a metric space and A, B: X — X be two operators. We suppose that:

(i) the operators A and B are c-WPOs;
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(ii) there exists 1 € R*. such that d(A(x),B(x)) <1, Vx € X.

Then Hy(Fa, Fg) < ¢y, where Hy stands for the Pompeiu—Hausdorff functional with respect to d.
The following result is the characterization theorem of weakly Picard operators.
Theorem 2.11. An operator A is a weakly Picard operator if and only if there exists a partition of X,
X = U X, such that
AEA

(@) X, € I(A), VA € A;

(b) Aly, : Xo — X is a Picard operator, VA € A.

For some examples of WPOs see [10-12].

3 Main result

We remark that if x € C!([a,b],R) is a solution of the problem (1.1)—(1.2), then x is a solution
of

t t
x(t) =x0+ [ g)(s)ds+ [ f(s,x(s)ds, t € [n,b] (3.1)
and if x € C([a,b], R) is a solution of (3.1), then x € C!([a, b],R) and is a solution of (1.1)—(1.2).

Also, if x € C!([a,b],R) is a solution of (1.1), then x is a solution of

x(t) = x(a) + /atg(x)(s) ds + /atf(s,x(s)) ds, t € [a,b] (3.2)

and if x € C([a,b],R) is a solution of (3.2), then x € C!([a, b],R) and is a solution of (1.1).

Let us consider the following operators Bf, Ef: C([a,b],R) — C([a,b],R) defined by
Bf(x)(t) := the right-hand side of (3.1) and Ef(x)(t) := the right-hand side of (3.2).

The first result of the paper is the following:

Theorem 3.1. We suppose that the conditions (Cy), (Cz), and (Cs) are satisfied. Then
(a) the problem (1.1)—~(1.2) has in C([a, b],R) a unique solution;
(b) the operator By is PO in C([a, b], R);
(c) the operator Ey is WPO in C([a, b], R).

Proof. Consider on X = C([a,b],R) the Bielecki norm ||-||. defined by

x|l = sup ([|x(t)] e”**D), T>o0.
te(a,b]

For xg € R, we consider
Xy, = {x € Cla,b] | x(a) = xo}.

We remark that X = Uy cr Xy, is a partition of C[a, b] and
(1) Bf(X) C Xy, and E¢(Xy,) C Xy, V30 € R;

(2) Bf|Xx0 = Ef|Xx0’ Vxo € R.
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We have
1Bs(x) = Br ()|, < +(Lg +Lg) lx—yl., YxyeX

On the other hand, for a suitable choice of T > 0 such that 1(Ly + Ls) < 1, we have that By
is a contraction in (X, ||-[| ). So, we obtain (a) and (b). Moreover the operator E¢|x, : Xx, —
Xy, is a contraction and from the characterization theorem of WPO (Theorem 2.11) we have
that Ef is c-WPO with c = [1— 2(L, + Ly)] L. m

Next we study the relation between the solution of the problem (1.1)-(1.2) and the subso-
lution of the same problem. We have the following theorem.

Theorem 3.2 (Theorem of Caplygin type). We suppose that:
(a) the conditions (Cq), (Ca) and (C3) are satisfied;
() f(x,-): R — Ris increasing;
(c) g: C([a,b],R) — C([a,b],R) is increasing.

Let x be a solution of equation (1.1) and y a solution of the inequality

y'(t) <gW)(®) + f(ty(t), telab].
Then y(a) < x(a) implies that y < x.
Proof. We have the following two relations
x=Ef(x) and y < Ef(y).

From the conditions (C;), (Cz2), and (C3) follows that the operator E¢ is WPO. Also, from
conditions (b) and (c) we have that E; is an increasing operator. Applying Lemma 2.5 we
obtain that EF® is increasing. Let xp € R, then we denote by Xo the following function

Xo: [(1, b] — R, fo(t) =x, Vte [El, b] (3.3)

From Theorem 3.1 we have that E f(Xxo) C Xy VX0 €R.E f\ X,, 1 a contraction and since
Xo € Xy, then
EP(R0) = EP(y), Wy € Xe,

Let y < E¢(y), since Ef is increasing, from the Gronwall lemma (Lemma 2.6) we get y <
E¥(y). Also, y,y(a) € Xy, so Ef(y) = EF(y(a)). But y(a) < x(a), EY is increasing and
EP(x(a)) = E¥(x) = x.So
f f
y < EP(y) = EF(i(a)) < EF(¥(a)) = x.
So the proof is completed. O

Now we study the monotony of the system (1.1)—(1.2) with respect to f. For this we use
Lemma 2.7.

Theorem 3.3 (Comparison theorem). We suppose that f; € C([a,b] x R,R), i = 1,2,3 satisfy the
conditions (Cy),(Cy), and (Cs). Furthermore, we suppose that:

(i) i< fh < frand g1 < g < g3;
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(ii) fo(t,-): R — R is increasing;
(iii) g2: C([a,b],R) — C([a,b],R) is increasing.
Let x; € C'([a,b],R) be a solution of the equation
xj(t) = gi(x)(t) + fi(t,x(t)), te[ablandi=1,2,3.
If x1(a) < xp(a) < x3(a), then x1 < x3 < x3.
Proof. From Theorem 3.1 we have that the operators E 71 = 1,2,3, are WPO;. From the
condition (ii) the operator Ef, is monotone increasing. From the condition (i) it follows that
Ej, < Ej, <Ej,.
Let x;(a) € C([a,b],R) be defined by X;(a)(t) = x;j(a), Vt € [a,b]. It is clear that
X1(a)(t) < xp(a)(t) < x3(a)(t), VteE [a,b].
From Lemma 2.7 we have that Ej‘}?(fl (a)) < E;}Z(fz(a)) < E}:(fg(a)).
But x; = Eﬁ(fi(a)), i = 1,2,3 and therefore applying Lemma 2.7 we get that x; < x; <
X3. ]

Consider the Cauchy problem (1.1)=(1.2) and suppose the conditions of Theorem 3.1 are
satisfied. Denote by x*(-; xo, g, f), the solution of this problem. We have the following result.

Theorem 3.4 (Data dependence theorem). We suppose that x;, i, fi, i = 1,2 satisfy the conditions
(C1),(Cp), and (C3). Furthermore, we suppose that there exist n; > 0, i = 1,2,3 such that

(i) |xo1(f) — x02(t)| < 11, Vt € [a,b];
(ii) |g1(u) — g2(u)| < 12, Vt € [a,b], u € C([a,b],R);

(iii) |fi(t,0) — fa(t,0)| < w3, Vt € [a,]], v € R.

Then
m+ (b —a) (2 +13)

1—-L(Lg+Ly)
where x}(t; xoi, i, fi), i = 1,2 are the solution of the problem (1.1)~(1.2) with respect to xo;, gi, fi,
Lf =max{Lys, Ly} and Ly = max{Lg,, L, }.

|27 (£ %01, §1, f1) — %5 (£ X02, §2, f2) || <

4

Proof. Consider the operators By, . r = Xoi + f; gi(x)(s)ds+f;fi(s, x(s))ds,i = 1,2. From
Theorem 3.1 these operators are ¢;-PO; with ¢; = [1 — %(Lg +L f)} !, On the other hand

HBxOLgl/fl (x) - onz,gz,fz (X)H < m+ (b - a) (772 + 7/3)/ Vx € C[a/ b]

Now the proof follows from Lemma 2.9. O

Applying Lemma 2.10 we have the theorem:

Theorem 3.5. We suppose that fi and f, satisfy the conditions (Cy), (Cz), and (C3). Let Sg " SE A be
the solution set of system (1.1) corresponding to f1 and f,. Suppose that there exist 5; > 0, i = 1,2,
such that

81(1) = g2(w)| <1 and  [fi(t,0) = fo(t,0)| <12 (3.4)
forall t € [a,b], u € C([a,b],R), v € R. Then
< (b=a)(n+m)
T 1= 2(Lg+ Ly)
where Ly = max{Lg, Lp,}, Ly = max{Lg,, Lg,} and H|._ denotes the Pompeiu—Hausdorff func-
tional with respect to ||-||- on Cla, b].

7
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4 Application

Next we give an application concerning the results from the main section.

Example 4.1. Consider the following functional-differential equation (see [6])

t
x'(t) :/ K (t,s,x(s),x(As)) ds+ f(t,x(t)), te€][0,1]. 4.1)
0
For this equation the conditions (C;)-(C3) have the form
(@) A €(0,1), K:C([0,1] x [0,1] x R?) = R, f: C([0,1] x R) — R;
(b) there exists Ly > 0 such that

|f(t,ur) — f(t,uz)| < Lglug —ua|, Vte [0,1], u1,us € R;

(c) there exists Lg > 0 such that
’K (t/S/ ui, MZ) —-K (t,S,Ul,'UZ)’ S Lg(’ul - ’01‘ + ’uZ - UZDI
Vt,s € [0,1],u1,v1,u,v2 € R;
(d) there exists T > 0 such that ZT%K + % <1

If x € C'([0,1],R) is a solution of (4.1), then x is a solution of

+// (p.s, x(s ()‘S))deP+/fsx s))ds, tel0,1] (4.2)

and if x € C([0,1],R) is a solution of (4.2) then x € C!(]0,1],R) and is a solution of (4.1).
Let us consider the following operator E¢: C([0,1],R) — C([0,1],R) defined by

Ef(x) +/ / (p,s,x(s (As))dsdp—l—/ f(s,x(s))ds, te]0,1].
Consider on X = C([0,1],R) the Bielecki norm ||-|| . defined by

Ixll. = sup ([[x(t) ™),
te[0,1]
with T > 0 from (d). For « € R, we consider X, := {x € C[0,1] | x(0) = a}.

We remark that X = User X, is a partition of C[0,1] and E¢(X,) C Xa, V& € R. From the
conditions of Theorem 3.1 we have that the operator Ef is WPO in C([0, 1], R). Also one can
apply the Theorems 3.2, 3.3 and 3.5 for the study of Caplygin inequalities, monotony and data
dependence of the solution of equation (4.1).
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