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Abstract

In this paper the Fountain theorem is employed to establish infinitely
many solutions for the class of quasilinear Schrodinger equations —Lpyu +
V(z)uP™?u = Mu|f%u + plu|"?u in R, where Lyu = (Ju/|P72) +
(| (u®)[P=2(u®)")u, A, p are real parameters, 1 < p < oo, 1 < ¢ < p, r > 2p and
the potential V() is nonnegative and satisfies a suitable integrability condition.
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1 Introduction

In this paper we establish multiple solutions for quasilinear elliptic equations of the

form
—Lyu + V(@) |ulP?u = Mu|?%u + plu) >y, (1.1)

u € WHP(R), where
Lpu — <|ul‘p—2u/)/ + (‘(u2)/|p72(u2)/)/u7

Mup€ER 1<p<oo, 1<g<pandr>2p. We assume that the potential V(x) is
nonnegative, locally bounded and satisfies the conditions
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(V1) For some Ry € (0,2%), there holds V(z) > a > 0 for all z € R such that
|$| > R(].

(Va) / V(z) Ve Ndzr < oco.
|z[>Ro

We work with the space of functions

X = {u € W'(R) /RV(:C)W dr < oo}

which is a separable and reflexive Banach Space when endowed with the norm

Jull = [ WP des [ Violap d.
R R

Notice that (1.1]) is the Euler-Lagrange equation of the functional
1 2r—1 A
Fru(u) = —[lull” + —— [ |[uPluf” dz - _/ Jul* dz — H/ u|” dz.
p P Jr q Jr rJr

The functional F) , is well defined and of class C' on the space X (see Lemma
and we study the existence of solutions of ([I.1)) understood as critical points of F) ..
The next theorem contains our main result:

Theorem 1.1 Under the assumptions (Vi) — (Vo) and supposing 1 < p < oo,
1 <qg<pandr>2p we have

(a) for every u > 0, A € R, equation has a sequence of solutions (u) such
that F ,(ux) — 0o as k — oo.

(b) for every X > 0, u € R, equation has a sequence of solutions (vy) such
that F . (v,) <0 and F) ,(vr) — 0 as k — oo.

After the well-known results of Ambrosetti-Brezis-Cerami [4], problems involving
elliptic equations with concave and convex type nonlinearities have been studied by
several authors, see for example [2], [6], [9], [IT] for semilinear problems and [3], [&],
[18] for quasilinear problems.

The study of problem was in part motivated by the works of Bartsch-
Willem [6], Poppenberg-Schmitt-Wang [16] and Ambrosetti-Wang [5]. In [6], Bartsch
and Willem proved similar results to the Theorem for the semilinear problem
—Au = Mu|"%u + plu/""2u in an open bounded domain © C R¥Y with Dirichlet
boundary conditions and 1 < ¢ < 2 < r < 2*. Poppenberg, Schmitt and Wang [16]
studied the existence of a positive ground state solution for the quasilinear elliptic
equation —u” + V(x)u — (uv*)"u = Ou[P"*u in R, in the superlinear case by using a
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constrained minimization argument. Ambrosetti-Wang [5] consider the quasilinear
problem —u” + [1 4 ea(z)Ju — k[1 + eb(z)](u?)"u = [1 + ec(z)]u? where ¢ > 1, k, ¢ are
real numbers and a, b, c are real-valued functions belonging to a certain class S. The
authors use a variational method, together with a perturbation technique to prove
that there exists kg > 0 such that for £ > —ky and a, b, ¢ belonging to S, the equation
has a positive solution u € H*(R), provided that |¢| is sufficiently small. Equations
of type (|1.1)) were also studied in [I].

The special features of this class of problems in the present paper is that it is
defined in R, involves the p-Laplacian operator, the nonlinear term (|(u?)’[P~2(u?)")"u
and concave and convex type nonlinearities. Here, we adapt an argument developed
by Poppenberg-Schmitt-Wang [16]. Our main results complement and improve some
of their results, in sense that we are considering a more general class of operators and
nonlinearities, and we have allowed that the potential V' vanishes in a bounded part
of the domain, so that our results are new even in the semilinear case because we deal
with a more general class of potential. To obtain multiplicity of solutions for ,
we will apply the Bartsch-Willem Fountain theorem as well as the Dual Fountain
theorem, see [6], [19].

Equations like in the case p = 2 model several physical phenomena. More
explicitly, solutions of the equation

—Au+V(z)u — kA(WwH)u = g(u) in RY (1.2)

are related to the existence of standing wave solutions for quasilinear Schrodinger
equations of the form 0,2 = —Az + V(x)z — h(|2]?)z — kEAf(|2|*) f'(|2]?)2z where
V = V(z), x € R is a given potencial, k is a real constant and f,h are real
functions. For more details on physical motivations and applications, we refer to [5],
[16] and references therein.

There are several recent works on elliptic problems involving versions of ,
for instance, see [5], [10], [12], [13], [14], [I5]. In [I3], by a change of variables
the quasilinear problem was transformed to a semilinear one and an Orlicz space
framework was used as the working space, and they were able to prove the existence
of positive solutions of by the mountain-pass theorem. The same method
of change of variables was used recently also in [10], but the usual Sobolev space
H'(RY) framework was used as the working space and they studied a different class
of nonlinearities. In [I4], the existence of both one-sign and nodal ground states of
soliton type solutions were established by the Nehari method. But in these papers,
the authors do not deal with the concave and convex case.

The organization of this work is as follows: Section 2 contains some preliminary
results and we state the abstract theorems which we apply in this work. In Section 3,
we establish the Palais-Smale condition and Section 4 presents the proof of the main
theorem.
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Notation. In this paper we make use of the following notation:

° fR denotes the integral on the line real and C, Cy, C1, Cs, ... denote positive
(possibly different) constants.

For R > 0, I denotes the open interval (—R, R).

For 1 < p < oo, LP’(R) denotes the usual Lebesgue space with norms

1/p
lull, = ( / |u|de) <pcoo
R

|u]|o =inf {C > 0 : |u(x)| < C almost everywhere in R} .

For 1 < p < oo, W'P(R) denotes the Sobolev space modeled on LP(R) with

norm
1/p
el = { Jaure+ \urp>dx] .

By (-,-) we denote the duality pairing between X and its dual X*;

2

We denote weak convergence in X by “ — 7 and strong convergence by “ —

2 Abstract framework

In this section we establish some properties of the space X and functional F, ,. By
the condition (V7), it follows that the embedding X < W1P(R) is continuous. Indeed,

Ro
Jullf, < / |u|P dx +/ lulP dx +a1/ V(x)|ulP dx
R —Ro |1“>R0

< max{L a" " }Hull” + 2Ro||ull%.

Since [|ul[5, < p|lullf, , see for instance Brezis [7], we conclude that

max{1l,a 1} 1/
fulhy < (2255 )

Furthermore, we have the following proposition:

Proposition 2.1 Under the conditions (V1) —(V3), the embedding from X into L*(R)
15 continuous for 1 < s < oo and compact for 1 < s < o0.
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Proof. Using Holder’s inequality, we get

1/p p/(p—1)
/ lu| < (/ V(z)|ulP dx) (/ V(x)l/(pl)dx)
|z|>Ro |z[>Ro |z[>Ro

<Cllul.
Hence
Ry
wmzf wm+/ fuldz < 2RolJulloe + Cllull < Cilul].
—Ro ‘:E|>R0

Since X is immersed continuously in L>(R), we can conclude by interpolation that
the embedding from X into L*(R) is continuous for 1 < s < co. Now, we prove
the compactness. Let (u,) be a sequence in X satisfying |lu,|| < C. Thus, up to a
subsequence,

U, — ug in X.

Without lost of generality, we can assume that ug = 0. Let us show that u,, — 0 in
L'(R). Given € > 0, for R > 0 large enough we obtain

(r—1)/
Vi(z) Ve Ddr < (%) .

lz|=R

1/p p/(p=1)
/ |t |dz < (/ V(z)|un|? da:) </ V(:z:)_l/(p_l)dx>
|z|>R |z|>R |z|>R

<]l < =
—upll < =.
20 2

On other hand, as the embedding W'P(Ig) < L'(Ig) is compact there exists ng such

that for all n > nyg
R €
/ |un,|de < —.
n 9

R
mm=/|wm+/ [ < ¢
-R |z|>R

which implies that u,, — 0 in L!'(R). From this convergence, if 1 < s < oo we obtain

Hence

Thus, for all n > ng

[unll% = / [n] " unldz < Jun |55 unlls < Cllunlli = 0 as 0 — oo,
R

and consequently
u, — 0 in L(R) for 1<s<o0

and the proof is complete. [ ]
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Lemma 2.2 The functional Fy,, : X — R is of class C* in X and for u,v € X

(Fy () /|u P2y 'dx+/ V(z)|ulP 2uvds + 2P~ 1/|u|p|u|p Zu'v'da

0 [ WPl do =) / alr e de g [ Jul" Zuvd,
R R R

Proof. It will be sufficient to show that ®(u) := [, [/[P|u’ dz is of class C' in X,
because for the other summands the proof is standard
Existence of Gateaux derivative: Let u,v € X and 0 # ¢t € R. We have

O(u+ tv) —
t

o 1
() :g/ [+ #/(Ju + tol? = ul?)
R

+ (| + t'|P — |u/|p)|u|p] dz.

(2.1)

Now, given z € R and 0 < |t| < 1, by the mean value theorem, there exist A, 0 € (0,1)

such that
u(z) + tv(x) [P — [u(z)[]
|t]

= plu(z) + Mo(z) "~ [v(z)]

< p(Ju(@)] + |v()))"™ [v(2)]
and
||/ (z) + t'(z) [P — [u'(z) ]|

m = plu/(z) + 01" ()" o' (2)]

< p(Ju'(@)] + [/ (@) )" o' ().

As (Jul + [o)" ol Jul? € L¥(R) and (ju'| + [o/))7, (|| + [/)"" [/ € L'(R), it
follows, from ([2.1)) and Lebesgue’s dominated convergence theorem, that

/|u|p|u P2y 'dx+p/|u PluP~?uw dz.

Continuity of the Gateaux derivative: We choose a sequence u,, — u in X and
v € X with ||v]| < 1. By the Holder’s inequality we have

(@ (). ) = (@'(0).0)
< [ [l = faplu 2| ) da
R

p / ol Pt [Pt — [P [o]dz
R

1) (p=1)/p
<o ([ lollaclr-2a, = a2 o)
R

1) (p=1)/p
+ pC (/ ’|u;\plun]p_2un — ]u'|p]u\p_2u‘p P dyc) )
R
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According to the Lebesgue’s dominated convergence theorem, the right hand side
tends to 0 uniformly for ||v]| < 1. Thus ¢ : X — X* is continuous. n

Let us consider the condition below:

(A;) the compact group G acts isometrically on the Banach space X = @;’io X,
the spaces X are invariant and there exists a finite dimensional space V' such
that, for every j € N, X; ~ V and the action of G on V' is admissible, that is,
every continuous equivariant map OU — V*~1 where U is an open bounded
invariant neighborhood of 0 in V¥ k > 2, has a zero.

From now on, we follow the notations:

k &)
V=B X;, z2.:=x,
j=0 j=k

To prove the item (a) of the Theorem , we shall use the Fountain theorem of T.
Bartsch [0] as given in [I9, Theorem 3.6]:

Lemma 2.3 (Fountain Theorem) Under the assumption (A), let I € C'(X,R)
be an invariant functional. If, for every k € N, there exist pr > rr > 0 such that

(A3) ar == max I(u) <0;
u€Yp,|[ull=pi
(A3) bp:= min I(u) — oo,k — o0;

u€Z, ||ul|=r
(Ayg) I satisfies the (PS). condition for every ¢ > 0,

then I has an unbounded sequence of critical values.

For the item (b), we shall apply a dual version of the Fountain Theorem, see [6]
Theorem 2] or [19] theorem 3.18].

Lemma 2.4 (Dual Fountain Theorem) Under the assumption (Ay), let I €

CH(X,R) be an invariant functional. Moreover, suppose that I satisfies the following
conditions:

(B1) for every k > kg, there exists Ry, > 0 such that I(u) > 0 for every u € Zy, with
lull = Re;

(Bs) by := inf  I(u) — 0 as k — oo;

UEZp,||ul| <Ry

(Bs) for every k > 1 there exists r, € (0, Rg) and di, < 0 such that I(u) < dj for
every u € Yy with |jul| = ry;
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(By) every sequence (u,,) C Y, with I(u,) < 0 bounded and (I|y,)'(u,) — 0 asn — oo

has a subsequence which converges to a critical point of I.

Then for each k > ko, I has a critical value ¢ € [bg, dg] and ¢y — 0 as k — oo.

Observe that (By) and (Bs) imply b, < dj < 0.

3 The Palais-Smale condition

We begin this section by proving that any Palais-Smale sequence of the functional

F,u is bounded.

Lemma 3.1 Any (PS). sequence in X, that is, satisfying Fy,(u,) — c and

!

,\,H(Un) — 0 1s bounded.

Proof. We have for n large
1
Frultn) = —(F3u(un) tn) < fun]| + ¢ + 1.

A

On the other hand, by Lemma [2.2]

1 1 1 (1 2
Frtin) = 2o = (5= 1)l + 27 (5 = 2) [ 1Pl d

p

1 1
+ A (— — —) / |un|? da.
roq/)Jr

1 1
ol +¢+12 (5= 2 kP = Cllunl.

Thus,

from which it follows that (u,) is bounded since r > 2p and p > q.

Lemma 3.2 (The Palais-Smale condition) The functional F\, satisfies the

(PS). condition for all c € R.

Proof. Let (u,) be in X satisfying F) ,(u,) — ¢ and F} ,(u,) — 0. We will show
that (u,) has a convergent subsequence. By Lemma [3.1] (u,) is bounded. Thus, up
to a subsequence, u, — w in X and using Proposition 2.1 u,, — u in LY(R) and in

L*(R). Therefore, the Holder’s inequality implies that
/ |7 2t (U, — 1) dz — 0 and
R

/ | 2ty (1, —u) dz — 0 as n — oo.
R

(3.1)
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We have
on(1) =(F3 (un), tn — u) + /\/ |t |7 200 (U, — w)dw
R

+ /L/ |t |2 (1, — u)da
R
:/ lu! [P~ (ul, — u')dx + / V(@) [t P~ 2ty (U — u)da
R R
+or-t {/ |, [P, P20, (], — u)da + / ! [P [P 2 (0, — u)dar
R R

and since [p [u/|P720/ (u], — v/)dz = 0,(1) and [, V(@)ulP"*u(u, — u)dz = o0,(1) as

n
n — 00, the equality above can be rewritten as

ou(1) = / (I, P2l — [P Yol — o)d

+ /R V(@) (JunlP 2w, — [uP~?u) (u, — u)da

R
+2r / [t [P0, (u, — ') +/ [P, [P0, (], — U')dfﬁ}

LJ— Y |z|>R P
I I

R

LJ— LY |z|>R
I I

As |ulP, ['|P € L'(R), given € > 0 there exists R > 0 such that
/ P d < & and / WP dz < e, (3.2)
|z|>R |z|>R

By the convergence [p [ul?|uw'[P~2u/(u], — u') — 0 as n — co we obtain
R
B [ (Pl 2, = a2 o, oo
7R
= [ ual = a2, — w)da
[ el = P - ),

Using the inequality
Cp|[E - y|p7 if p Z 2

p—2 o p—2 _ > _ 2
(|2~ "z — |y "y, —y) > ] |z y!% i 1<p<2
(|| + |y[)>P

(3.3)
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where z,y € R, C, > 0 and (-, ) is the standard scalar product in RY (see Simon
[T7]), the second summand in /; is nonnegative and applying the mean value theorem
to the integrand of the first integral, we get

R
> / €26 — W) P20 (o, — )+ 0, (1),
-R

where
min{u,, u} <&, < max{u,,u}.

Notice that for all n and for some C' > 0, |, (z)| < C almost everywhere in R because
(uy) is bounded in L*(R). Observe that

R
‘ / 16n P26 (up — ) [/ [P720 (), — u)da
-R

R
< [ 16l =l e, - e
—R
R
< ClJutn = ull oo / WP, — |
—R

R (p=1)/p R 1/p
< Cllun = allwa ([ wpac) ([ - as)
“R "R

< Cllup — ul|goo(ry) — 0 as n — oo,

since the embedding W1'P(R) < L*>°(Ig) is compact. Thus I; > 0,(1). Next, our
purpose is to estimate the integral I,. We have that

I, :/ |t P |u,|P da —/ |, [P, [P0 A
|z|>R |z|>R
> —/ |, [P, P20 ' da.
|z|>R

By (3.2), we can conclude that

(r=1)/p 1/p
<hale ([ wrac)” ([ )
|z|>R |z|>R

<(Clk.

/ ol
x>

Therefore I > —C'e. For the integral I3, we have
R
|I3] < / [ty [Pt [P~ e, — | <[ty — | oo (1 [l B {12
-R
<Cl|un — ul|oe(ryy = 0 as n — oo.
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Writing the integral I, in the following way

I, = / |[u! |P|w,|P da —/ ul [P|w, [P upu de,
lz|>R |z|>R

similarly to I, we conclude that Iy > —C€, where ¢ > 0 was fixed previously.
Summarizing, we obtain

PCe + 0,(1) > / (P2, — P2 ) oy — o )d

R n
[Vl =l )~ )
R
and by the inequality (3.3)) we get
/ lul, — u'|P dx + / V(z)|u, — ulP da, if p>2
R R

ul, —u/|? V(x)|uy, — ul? ,
/ |, ,|2_pdx+/L2_|pdx,1f1<p<2.
r ([up] + |u']) R ([un] + |ul)

2PCLe + 0,(1) >

Thus, if p > 2 we deduce that ||u, — u||” — 0 as n — oo since € > 0 was arbitrary.
Therefore u, — u in X. If 1 < p < 2 we also have

I 12 —_ |2
lim Juy = ] dz =0 and lim | V(x) [tn = ul

— = dx=0. 3.4
e N AR = 2 [V O T e (3:4)

Using the Holder’s inequality and the fact that (u/)) is bounded in LP(R) we get

n

!, — u/|2 p/2 (2—p)/2
lu!, —u/'|P dx < i —da (Jup,| + |u'|)Pde
R r (|ug] + [u])?>P R

2 p/2
<C </< [y, — /] dx) —0 as n — .
R

| + |w'])*P

By similar arguments, we also have that [, V(z)|u, — u[’dz — 0 which shows that
||un, — ul[P — 0 and the proof is complete. u

4 Proof of the main result

Now, we are ready to prove the main theorem:

Proof of Theorem [1.1l

(a) Let us verify that in Lemma [2.3| the conditions (A;) — (A4) are satisfied. Since
X is a reflexive, separable Banach space, let us fix (ej)J‘?‘;O a Schauder basis for X.
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Thus X = @;’io X, where X; = Re; and on X we consider the antipodal action of
Zs which verifies the condition (A;). Let us define

[l

Ok == sup :
ueZ;\{0} HUH

By similar arguments as in [19, Lemma 3.8], we have that g, — 0 as k — co. On Zj,
we get

1 Al p 1 Al p
Fapw) > =|lu||f = —|Julll = =||u|; > =||ul|? — —C|ul|? = =B ||u]|".
pl) 2 el = Z2llg = Zllully = Zlhl” = Z2Cllll® =78l

Since ¢ < p we have
1Al
q
for ||u|| > R, R > 0 large. Thus, for ||u|| > R we obtain

1
Cllull” < o [lull”
P

1 oy i
Fralw) 2 ol = £l
Choosing 1y := (uﬁ,:)l/ » _T), it follows that r, — oo. Hence, there exists kg such that
re > R for all k > ko. Thus, if u € Z; and ||u|| = r, with & > ko, we obtain

1

1 —r
Fant = (50 = +) (s

and since B, — 0 as k — o0, relation (As) is proved. The functional F) , is even and

2r—1 A [V
Fau(w) < —[lull” + TCHUH&HUH” - 5||U||Z = iy

=

2r—1 A 1
< =l + =—Cllul® = = [lull§ = = [lull;
p q r

—_ 3

2r—1 A I .
<l + =—=Cllul* = =Cllul|” = =C]lull
p p q r

because on the finite-dimensional space Y}, all norms are equivalent. Since r > 2p the
relation (A,) is satisfied for every py > rp > 0 large enough.

The condition (A4) holds by Lemma [3.2] It suffices then to use the Fountain
theorem and the item (a) is proved.
(b) In order to see (B;) of Lemma [2.4] we set

ol
k +— Sup .
ueZ;\{0} ||u||
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It follows easily from the Proposition that ap, — 0 as k — oo. We obtain for

u € Zy

1 A |
Fop(uw) > =|lu|P — =ai||ul|? — =Clul|"

Since r > p, we have

| ro L
Cllull" < —||ul”
T 2p

for ||u|| < R, R > 0 small. Thus,

1 A
Fap(u) = 2—pH?LHp - 5QZ||U||q~

ool \ VP9
Setting Ry, := ( P ak) , we get
q

1 A
Clearly Ry — 0, so there exists kg with R, < R when k > ky. Thus, if u € Zy, k > ky
and satisfies ||u|| = Ry we have
1 A
Fapu(u) = 2—pIIUII” - ?XZIIUIIC’ = 0.

This proves (Bj). Next, (Bz) follows immediately from R, — 0. To check (Bs), we
observe that on the finite dimensional space Y}, all norms are equivalent. Hence, there
exist Cy, C7 > 0 such that

1 A ! .,
Faplw) <2l + Ol = 2cylful? = L Ju)
D q r
1 B _ A .
— (—uuup "y Ol = 20y — Ly u )
p q r

Since ¢ < p < r and Ry — 0, taking r; € (0, Ry) with Ry, sufficiently small, (Bj) is
satisfied. This is precisely the point where A > 0 enters. Finally, the condition (By)
is showed similarly to Lemma [3.2] ]

In conclusion, we add some remarks about the behavior of solutions with respect
to parameters A\ and p.

Remark 1 (a) For A € R and p < 0 there are no solutions with positive energy.
Moreover

inf {||ul| : w solves (L1, Fy.(u) >0} =00 as p— 0%
(b) For p € R and X < 0 there are no solutions with negative energy. Moreover

sup {||lull : u solves (1.1)), Fyr.(u) <0} —0 as X—0".
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Proof of (a): Let A\, u € R. From F} ,(u) = 0 we obtain
Mullg = —pllull; + |IUH”+2”/ Jul?lu[” da.
R

If Fyp(u) > 0, we have

1 1 1 1 1 1
(— - —) Jull? + p (— — —) |w|” + 27 (— - -) / lulP|u/|P dz > 0.
P q q T 2p q) Jr

Since 1 < ¢ < p and r > 2p, we see immediately that for g < 0 the only solution with
nonnegative energy is u = 0. Now, if ;4 > 0, then there are constants ¢y, co > 0 with

—cf[ul]” + pllul]” =0,

hence
Ju " > pler/es — 400 as p— 07,

and the result follows. |
Proof of (b): Fix A, u € R. Similarly, from F} ,(u) = 0 we obtain
pllully = =Allullg + HUHp+2p/ jul?[u|? dz.
R

Thus, if F) ,(u) < 0 we have

1 1 1 1 1 1
s A (5= Yl (5= 1) [ el ae <.
p o roq ! 2p 1) Jr

This implies that for A < 0 the only solution with non-positive energy is © = 0. For
i > 0, there are constants c3, ¢y > 0 with

callull” — Acallull? < 0
hence
|lul|P~7 < Acsfcs — 0 as A — 0F.

Remark 2 For A\ > 0 small, it is easy to see that the functional Fy, possesses the
mountain-pass geometry. Thus, using the mountain-pass theorem (see [19, Theorem
2.10]) equation has a mountain-pass type solution. This solution is nonnegative.
Indeed, it is enough to work with the functional

1 2r—1 A
D) = 3 lelP + = [ e do == [ty de =2 f ey ao

and if (Jy ,(u),v) = 0 for all v € X, setting v = u~, where u~ = max{—u,0}, we
obtain that u= = 0. Thus u > 0.
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