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Abstract
In this paper we study the oscillatory and global asymptotic stability of a single
neuron model with two delays and a general activation function. New sufficient
conditions for the oscillation and nonoscillation of the model are given. We obtain
both delay-dependent and delay-independent global asymptotic stability criteria.

Some of our results are new even for models with one delay.
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1 Introduction

Delay differential equations have been used to describe the dynamics of a single neuron
to take into account the processing time. Pakdaman et al [15] considered a neuron that
has a delayed self-connection with weight a > 0 and delay 7. Implementing a decay rate
A in the model, they found that the neuron activation at time ¢; say x(t), follows the
delay differential equation
dx(t)
dt

*Corresponding author. On leave from Department of Mathematics, Damietta Faculty of Science,
New Damietta 34517, Egypt

= —Xz(t) + K +af(z(t — 7)), (1.1)

EJQTDE, 2008 No. 6, p. 1



where K is the constant input received by the neuron and the neuron transfer function
f is defined by f(x) = H%
In [4] the delay differential equation

dx(t)
dt

= —x(t) + atanh(z(t) — bzx(t — 1) + C), (1.2)

has been proposed to describe the behavior of the activation level x(t) of a single neuron
which is capable of self-activation modulated by a dynamic threshold C' with a single
delay 7. In the absence of the threshold effect, equation (1.2) has the form

dx(t)
dt

= —xz(t) + atanh(x(t) — bx(t — 7)), (1.3)

Letting y(t) = z(t) — bz(t — 7) in (1.3). Then y satisfies the equation

d?{d—? = —y(t) + atanh(y(t)) — abtanh(y(t — 7)), (14)

the stability and/or bifurcation analysis of (1.4) have been studied in [4, 16] and [13]
but with more general activation function. It is also proved by [13, 14] that (1.4) is
not capable of producing chaos violating the existence of chaos conjectured by [16].
Gopalsamy and Leung [4] proved that the unique equilibrium of (1.4) and hence of (1.3)
is globally asymptotically stable if

a(l—=b) <1 and a(l+0b) <1

when @ > 0 and b > 0, which agrees with the findings of [13, 16]. El-Morshedy and
Gopalsamy [2] improves the above condition by allowing the equality signs to be non-
strict. In fact, Theorem 3.1 in [2] is the best known absolute (delay-independent) global
asymptotic stability criteria for (1.2).

Liao et al [10] considered a single neuron model with general activation function;

namely, da(t)
x
dt

They discussed the local stability as well as the existence of Hopf bifurcation under the

= —x(t) + af(z(t) — ba(t — 1) + O),

assumption that f has a continuous third derivative.
Based on [8]; Gyori and Hartung [5] investigate the stability character of the single
neuron model
dx(t)
e —Ax(t) + Af(z(t)) + Bf(z(t — 7)) + C,
where f(z) = 0.5(|z + 1] — |z — 1]).

As one may observe; all the above models contain only one delay. It has been

demonstrated by [3, 7] that models of single neuron can contain many delays. In this
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work we investigate the oscillatory and asymptotic stability characters of a single neuron

(neuronic) equation with two delays; namely,

dx(t)
dt

= —Xz(t) +af(x(t) —bx(t —7) +cx(t —0)), 7,0>0 (1.5)

where a, b, ¢ € R, A > 0 and with each solution of (1.5) an initial function ¢ € C[—I, 0]
is associated where | = max{7, o}. For generality reasons we will not assume that f is
a tanh-like function only. Instead, we assume that f is continuous on R, f(0) = 0 and
satisfies some or all of the following conditions

(H1) 0 < L2 <1 for all z #£ 0.

(H2) f is differentiable near zero with f/(0) = 1.

(H3) x%@ < 0 for all  # 0.

(H4) |f(x)| <1 for all z € R.

It can be seen that the substitution y(t) = z(t) — bx(t — 7) + cz(t — o) transforms
(1.5) into the equation,

W zoft) + af lt) — abf(y(t — 7)) + acf(ult ~ o). 21 (10

In Section 2, we investigate the oscillatory character of (1.5). We say that a solution
x(t) of (1.5) is nonoscillatory if it is eventually positive or eventually negative, other-
wise x(t) is called oscillatory. Equation (1.5) is called oscillatory if all its solutions are
oscillatory. If equation (1.5) has at least one nonoscillatory solution, then it is called
nonoscillatory. The oscillation theory of the delay differential equations can be found
in [3, 6]. In contrast with the stability of these equations, there are no absolute (delay-
independent) oscillation criteria for first order delay differential equations. Although the
oscillatory properties of models arising from many fields as mathematical biology is now
completely characterized (see [3, 6] for more details), the oscillation of equations of the
form (1.5) has not yet received the deserved attention. It seems that [2] is the only work
on this type of equations.

The asymptotic behavior of the trivial solution of (1.5) will be considered in Section
3. Theorem 3.1 in [2] will be extended to (1.5) and interesting delay dependent global

asymptotic stability criteria are obtained which are new even for the special case (1.2).

2 The Oscillatory Behavior

Suppose that x(t) is a solution of (1.5). Define a function M as follows:

z(t)—bx(t—7)+cx(t—0c)

M) = fal) betn)terli—o)) = 0(4) — ba(t — 7) + ca(t — o) # 0,
R if x(t) —bx(t — 1)+ cx(t —o) =0,
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for all ¢ > 0 . If (H1), (H2) hold, then M is continuous on [0, c0), 0 < M(t) <1 for all
t >0 and

flz(t) —bx(t —7) +cx(t — o)) = (z(t) — bx(t — 7) + cx(t — o)) M(t).

Thus equation (1.5) can be rewritten in the form

dx(t)
dt

= (aM(t) — N)z(t) — abM (t)x(t — 7) + acM (t)x(t — o), t>0. (2.1)

It is not difficult to see that if z(t) is a solution of (2.1), then z(t) = z(t)efoA—ad()ds
is a solution of the equation

dz(t)

o+ abM (t)eli—-O—aM&ds ;¢ 2y e (#)eli--OmaM&)ds ) = 0. (2.2)

We will see that (2.1) and (2.2) play a key rule in the proofs of most of our results.

Theorem 2.1 Assume that (H1), (H2) hold and
be < 0. (2.3)

Equation (1.5) is nonoscillatory if one of the following conditions is satisfied:
(i) ab < 0.
(ii) a(1 —b+c) > X\ and (H4) holds.

Proof. Assume that x(¢) is a solution of (1.5) with ¢(s) > 0 for all s € [—7,0]. Let
to > 0 be such that z(t) > 0 for all ¢ € [0,¢y) and x(to) = 0. From (2.2) we obtain

t t t

d (A—aM(s))ds (A—aM(s))ds (A—aM(s))ds
p (x(t)e({ ) = —abM(t)e({ z(t—7)+ acM(t)e({ z(t — o).

So if (i) holds, we get

J(A—aM(s))ds

— (x(t)eo ) >0 for all t € [0, ).

Integrating from 0 to %,
to
J (A—aM (s))ds
(to)eP > z(0) > 0,

which is impossible since x(ty) = 0. Therefore z(¢) > 0 for all ¢ > 0; i.e., (1.5) is
nonoscillatory.
Suppose that (ii) holds. Define a function F' by

Fy) ==X y+af((1—=>b+c)y), y € R.
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Then
dF(y)

dy

Consequently, F'(y) will be positive for all sufficiently small positive values of y. Since

ly—o==A+a(l—b+¢c)f'(0)=a(l—b+c)— > 0.

1520 F(y) = —o0, then there exists a positive value ¢ such that F(¢) = 0. Set x(t) = c,
Zi/t follows that x(t) satisfies (1.5); i.e., (1.5) is nonoscillatory. =

In view of the idea used in the proof of Theorem 2.1(ii), a more general form from it
can be obtained by replacing (ii) by the following phrase:

The equation —A\y + af(1 —b+c)y) = 0 has at least one nontrivial root.

In the next oscillation results we will make use of the following theorem which is
adapted from [6, Corollary 3.4.1] concerning the oscillation of the equation

dx(t)
dt

Theorem 2.2 Assume thatT, o > 0 andp, ¢ € C ([0, ), R') such that liminf; ., (p(t)+
q(t)) > 0. Then each of the following two conditions is sufficient for the oscillation of
equation (2.4):

(a) liminf, .., (7p(t) + oq(t)) > L;

(b) himinf, . (p(t)q(t))2 (T + o) > L.

+p(t)x(t — 1) +q(t)z(t — o) =0, t>0. (2.4)

We refer here to the fact that Theorem 2.2 is a consequence of [6, Theorem 3.4.2] but we
use it here since (a) and (b) are practically easier to apply than the original condition
provided in [6, Theorem 3.4.2].

Theorem 2.3 Assume that (H1), (H2), (2.3) hold,

ab >0, a<A, (2.5)
and either one of the conditions
1
abreP "I — qegePV > 2
e
(2.6)
1
V |bela? (T + o)e%()‘_“)(””) > —
e

is satisfied. Then (1.5) is oscillatory.

Proof. To the contrary let us assume that (1.5) is nonoscillatory. Without loss of
generality one can assume that (2.1) has a solution z(t) such that z(t) > 0, ¢ > t, for
some ty > 0. Recalling that M () < 1, we find from (2.1), (2.5) that
dx(t)
dt

<0 forallt>ty+1.

EJQTDE, 2008 No. 6, p. 5



Thus, there exists a real number p > 0 such that lim z(t) = p and

t—o00

x(t) > p for all t >ty + L.

It follows from (2.1) and (2.7) that

dx(t)
dt

< (aM(t) — N — abM () + acM (t)p
= ((aM(t) — \) —abM(t) + acM(t))u
= (a(l=b4+c)M(t)— N, t>to+1.

Suppose that p # 0. Then

lim M(t) =

t—o00

S((1=btc)p) ;
HT-FC);?’ lfb—C% 17
1 ifb—c=1.

Y

Taking into account that

A, if a,b > 0,
a(l—b+c) <
0, if a,b <0,
we obtain
tlim (a(l=b+c)M(t) — Np=—p,
where

0<f— Mo—af(l—=b+c)p), ifb—c#1,
AL, ifb—c=1.

Thus (2.8) yields

limsupdx(t) < —p.

t—o0 dt

The last inequality leads to the existence of a constant v > 0 such that

(2.8)

< —v forall

sufficiently large t. Integrating the last inequality from a suitable large ¢ (say t; > to+1)

to oo, we get

lim x(t) = —oo0,

t—o0

which is a contradiction. Therefore p = 0; that is,

tlim z(t) = 0.
Consequently
lim M(#) = lim flz(t) —bx(t —7) + cx(t — o)) .
t—00 t—oo  x(t) — bx(t — 7) + cx(t — o)
Set

f (A—aM(s))ds

2(t) = x(t)etotr , t>to+ L.
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Then it is easy to verify that z(¢) is a positive solution of equation (2.2) or equivalently
equation (2.4), where

ft()\—aM(s))ds
0 < p(t) = abM(t)et— ,

and )
| (A—aM(s))ds
0 < q(t) = —acM(t)et=°

Thus (2.2) is nonoscillatory. On the other hand (2.9) yields

lim p(t) = abe*~¥7  and tlim q(t) = —ace? V7. (2.10)

t—oo

From (2.6) and (2.10) we see that all conditions of Theorem 2.2 are satisfied and hence
equation (2.2) is oscillatory which is a contradiction. m

The following oscillation results deal with the case a > A and hence complete, par-
tially, Theorem 2.3.

Theorem 2.4 Assume that (2.3), (H1) and (H2) are satisfied. If either one of the
inequalities of (2.6) holds, a > X\ and

el VT < p, (2.11)
then (1.5) is oscillatory.

Proof. Let equation (1.5) be nonoscillatory. One can assume that (1.5) has a solution
x(t) >0, t >ty > 0. It follows from (2.2) that

d ft (A—aM(s))ds
g7 x(t)etot! <0, t >ty +1.

Integrating the above inequality from ¢t — 7 to t we obtain,

[ (—aM(s))ds T O—aM(s))ds
x(t)etot! < z(t — 7)eot! , t >ty +1.
Then
— ft()\faM(s))ds (a—N)
x(t) < x(t—7)e =7 < eVt —71) < bx(t —T), t >ty +1.
That is
z(t) —bx(t —71) <0, t>to+ 1.

Also,

cx(t—o) <0.
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Hence
x(t) —bx(t —7)+ cx(t —o) <0, t >t +1.

It follows from (1.5) that

dz(t
% < aa(t),  t>to4l

Therefore,

d
E(az(lt)e“) <0, t>ty+l,

which implies that tlirono z(t) = 0. Now the proof can be completed as in the proof of
Theorem 2.3. m

Notice that (2.3) and (2.11) imply that ¢ < 0. This restriction is very important. In
fact when ¢ > 0, the conditions a > A and (2.3) imply that ab < 0 which leads to the

nonoscillation of (1.5) according to Theorem 2.1.

Lemma 2.1 Assume that a # 0 and (H4) holds. If x is any solution of (1.5), then
there exists to > 0 such that

>t (2.12)

Proof. From (1.5), we have

%(w(t)e”) = aeM f(a(t) — bx(t — 7) + cx(t — 0)).
Since |f(x)] <1 for all z € R,
%(w(t)e’\t) < |ale™, t>0.

Integrating the above inequality from s(> 0) to ¢, we obtain

_‘a|€)\t S

—%(e” — ™) < z(t)eM — x(s)e* < |;;L\|(e/\t — M), forallt>s>0.
The above inequality yields
At o M As o M
e (x(t) ) ) < e¥(x(s) ) ), for allt > s > 0. (2.13)

Therefore the function N, where N(t) = e (z(t) — Lf\‘), is nonincreasing on [0, 00). This

implies that N(¢) must be eventually of one sign. We claim that N(t) is eventually
negative. Suppose not. Then there exists 7' > 0 such that N(¢) > 0 for all ¢t > T". But
N(t) is nonincreasing, then it has a nonnegative finite limit as ¢ — oo. Also we have

e — 0o as t — oo. It follows from (2.13) that

lim z(t) — — =0, de., limaz(t)=-—. (2.14)

t—o00 A t—00 A
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By making use of (2.14), equation (1.5) yields

dx(t
lim () :—\a|—|—af(i|((1—b+c))) < —la| +|a| = 0. (2.15)
t—oo  dt A
As in the proof of Theorem 2.3 we conclude from (2.15) that tlim x(t) = —oo which

contradicts (2.14). Thus N(¢) must be eventually negative as claimed; i.e., there exists

to > 0 such that eM(z(t) — Lf\‘) < 0, t > to. This inequality holds only if z(t) < L;\' for

all t > to. The left inequality of (2.12) can be proved similarly. m

Theorem 2.5 Assume that b > 0, —c > 0 and (H1)-(H4) hold. If either one of the

conditions

1
(abre= 7 — acoe® D7) >
e

(2.16)
1
v |bela? (T + U)e%()‘*“)(”")r > —

e

a —a(b—c)
is satisfied where r = min{ f(;), %}, then (1.5) is oscillatory.
A U

Proof. To the contrary let us assume that (1.5) has a solution x(t) such that x(t) > 0,
for all t > ty > 0. Then as in the previous proofs,
¢
[ (A—aa(s))ds
2(t) = z(t)etot!
is a positive solution of equation (2.2). Set u(t) = x(t) —bx(t —7) +cx(t—0o), t>1t; >
to + [, where t; is so large that (2.12) is satisfied. Then
—a
A
This inequality and (H3) yield

(b—c) <u(t) < t> 1.

¢
A’

But (H1) implies
1>

Then
M(t) >, for all t > t;. (2.17)

Defining the functions p, ¢ as in the proof of Theorem 2.3 and using similar arguments,
then (2.16) and (2.17) imply that all conditions of Theorem 2.2 are satisfied and hence

equation (2.2) is oscillatory which is a contradiction. m
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3 The Asymptotic Behavior

Theorem 3.1 Assume that f is a nondecreasing function on R, (H1), (H4) holds and
either
be <0 and a(l+b—c) <A, a(l—=b+c) <A, (3.1)

or
bec >0 and a(l+b+c) <A, a(l—=b—c) <A (3.2)

is satisfied. Then all solutions of (1.5) satisfy that

lim z(t) = 0. (3.3)

t—o00

Proof. We will prove the theorem when (3.1) holds. The proof when (3.2) holds is
similar and will be omitted to avoid repetition. First we assume that x is a solution of
(1.5). It follows from Lemma 2.1 that x is bounded. Therefore there exist L, S € R such
that

L =liminf z(t) < S = limsup z(¢).

t—00 t—00
Thus for any € > 0 there exists 3 > 0 such that
L—e<z(t) <S+e, t>t. (3.4)

In view of the continuity of 2 one can choose two sequences {t,}, {t,} such that t,, , —

oo as n — o0,

d .

ﬁx(tn) =0, tlLIg) z(t,) =S, (3.5)
and y

ax(tn) =0, tlirglo x(t,) = L. (3.6)

Assume, for the sake of contradiction, that x does not satisfy (3.3); i.e., L < S. First
consider the case when @ > 0, b > 0 and ¢ < 0. Using (3.4), (3.5) and (1.5) we obtain

Ao(ty) < af(w(ty) —b(L — &) +¢(L — ),  t>to+1. (3.7)
Also (3.4), (3.6) and (1.5) imply
Mr(t,) > af(x(t,) —b(S+¢e)+c(S+e)), t>to+l (3.8)
Let n — oo in (3.7), (3.8). Then we obtain respectively that
AS < af(S —b(L — )+ c(L — ¢)),

and
AL > af(L —b(S+¢e)+c(S+e)).
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Since ¢ is arbitrary small, we get

AS <af(S—(b—c)L), (3.9)
and

AL > af(L—(b—c)S). (3.10)
Assume that S < 0. Then L < 0 which, by (3.10), yields

f(L—=(b—c¢)S) <0.
From (H1) we conclude that
f(L—(b—=¢)S)>(L—(b—c)5).

Thus (3.10) yields

AL > a(L — (b—c¢)S). (3.11)

Hence,
L(A—a) > —a(b—c)S. (3.12)

But (3.1) leads to A —a > 0, then L > 0 which is a contradiction. If S > 0, from (3.9)
we get

0<AS <af(S—(b—-c)L).

It follows that
f(S—=(b=c)L) > 0.

From (H1), we conclude that
f(S=®B—-cL)<S—(b—c)L.

Thus
(A—a)S < (—ab+ ac)L. (3.13)
Which implies that L < 0. Therefore, we obtain (3.11) and (3.12). Combining (3.12)
and (3.13), we get
S((A—a) + afe — b)) < L((A — a) + a(c — b)),
or equivalently
(S—L)(A—a(l+b—-¢)) <0,

which is impossible in view of (3.1) and the fact that S > L. This contradiction implies
that L = S.
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When a <0, b <0 and ¢ > 0, similar arguments as in the above case, imply easily
(3.7), (3.8) as well as their consequences (3.9), (3.10). If S < 0, then L < 0 and hence

(3.10) yields
f(L—=(b—1¢)S)>0.

From (H1) and (3.10), we conclude that
AL > a(L — (b—¢)S).

Hence,
(A—a)L > —a(b—c¢)S > 0.

Thus L > 0, which is contradiction. If S > 0, using similar arguments we obtain

0<(AN=a)S < (—ab+ac)L,
which implies that L < 0. Therefore, (3.14) leads to
(A—a)L > (—ab+ ac)S.
From the previous two inequalities we get

(S—L)A—a(l+b—c)) <0

(3.14)

which is impossible in view of (3.1) and the fact that S > L. This contradiction implies

that L = S.

When a < 0, ¢ <0 and b > 0, using similar arguments as before, we find
\x(t,) > af(x(t,) —b(L — &)+ c(L — ¢)).

Also
At (ty) < af(z(t,) —b(S + )+ c(S +¢)).

Let n — o0 in (3.15), (3.16). Then we obtain respectively that
AL > af(L —b(L — &)+ (L — &),

and

AS <af(S—=0b(S—¢)+c(S—e)).
Since ¢ is arbitrary small, we get

AL > af(L(1 — b+ c)),

and
AS <af(S(1—b+c)).

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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Suppose that S > 0 then (3.20) yields
f(S(1—=b+¢)) <0.
So (H1) and (3.20) imply that
AS <af(S(1—b+c)) < Sa(l—b+c) <AS.
which is impossible. Therefore S < 0 and hence L < 0. From (3.19) we get
AL >af(L(1—=b+¢)) > La(l —b+c) > AL.

which is also impossible. Then L = S.

Consider now the last possible case; that is @ > 0, ¢ > 0 and b < 0,. The above
reasoning implies similarly the inequalities (3.15)-(3.20). Suppose that S > 0. Then
(3.20) yields

f(S(1=b+¢))>0.
Thus
AS <af(S(1—=b+c)) <aS(1—b+c) <AS.

It follows that
AS <aS(1—=b+c) <\S,

which is impossible. Consequently we have L < 0. So, in view of (3.19), we obtain
AL < al(l—=b+c) <AL,

which is a contradiction. Hence L = S.
Since the trivial solution is the unique equilibrium, due to the second inequality of
(3.1),weget L=S=0. m

Lemma 3.1 If all solutions of (2.2) are bounded and A > a > 0 or a < 0, then the zero
solution of (1.5) is globally exponentially stable.

Proof. We know that

t()\faM(s))ds
2(t) = :L’(t)e({ , t>0. (3.21)

is a solution of (2.2), for t > [, if z(t) is a solution of equation (1.5). Since

JO—aM(s))ds e axo
| Xt 4> 0.

Then,
t
— [(A—aM(s))ds e M, a<0
0 < |z(t -
< <>|{ e~ A9t N >a>0.
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Since all solutions of (2.2) are bounded, then there exists a constant A > 0 such that
|2(t)] < A for all t > 0. It follows that

f)\t a <0
<A Y —
(0] { 0t A>a>0

for all ¢ > 0. Then x(¢) is exponentially stable. m
Next we give some delay-dependent global asymptotic stability results. The first
result is extracted from [11, Theorem 2.2] and [12, Theorem 2.2] for the equation

dy(t) S
= Za, y(t—1)), (3.22)

where as usual y(t) = ¢(t) for all t € [, 0], ¢ € C([-I, 0], R) and | = max{r; :

i =20,1,...,m}. Also, a, a; are continuous bounded functions on [0, co) such that

a(t) >0, a;(t) > 0forall 0 <i<m,t>0and > " a;(t) >0, [~ 3", a;(t)dt =

The functions g; are continuous on R with the following property;

gi(z)
x

9;(0) =0and 0 < <1, forx #0, and all 0 <7 < m.

We use the following notations:

_ e(inftZIIttila(s)ds)
s

1
and
t m —
< SUP¢>; L 1 Lai= oaz(t) dta ( ) =0
A= exp (sup;>; ft L a(s)ds)— .
inf;>0 a(t) ( t>0 Ez =0 al( ))7 lnftZO CL(t) >0

Now Muroyas’ results [11, Theorem 2.2] and [12, Theorem 2.2] can be joint into the

following result.

Theorem 3.2 All Solutions of equation (3.22) are bounded from above and below if
A< % + p, and the zero solution of (3.22) is globally asymptotically stable if A < % + 1.

The second result from literatures is the following one:

Theorem 3.3 [9] Consider the delay differential equation (2.4) where T and o are non-

negative constants and p, q are continuous functions satisfying the conditions

p(t) + q(t =7 +0) #0,

for T sufficiently large and

2limsup | f lq( s+a)|ds|+hmsup f|p )+ q(s—T+0)|ds < 1.

t—oo  t—7 t—oo t—1

Then every oscillatory solution of equation (2.4) tends to zero as t — 0.
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To be able to apply Theorem 3.2, we need the following lemma.

Lemma 3.2 Assume that z(t) is a solution of equation (1.5) and y(t) = x(t) — bx(t —
T)+cx(t — o). Iflimy_o y(t) =0, then limy_o, x(t) = 0. Furthermore, if 0 < @ <1
and the trivial solution of (1.6) is stable, then the trivial solution of (1.5) is also stable.

Proof. From (1.5), we obtain

ey
A — oo pye). (3.23)

Integrating from t — [ to t and rearranging, we obtain

z(t) = e Ma(t — 1) + ae™™ /t_l e fy(s))ds

which yields
(0] < Mot =01+ S0 - ) max (76NN, 12 @20

Since limy—o max;_j<s<¢{|f(y(s))|} = 0, then for any € > 0 there exists ¢ > [ such that
lz(t)| < (e M4 e)|x(t — 1) +e¢, for t > ..

Therefore limt_,oo |z(t)| = 0 according to [6, Lemma 1.5.3].

Now if 0 < £ ) < 1 and the trivial solution of (1.6) is stable, then for any ¢; > 0, there
exists 6; > 0 such that for the initial function ¢, associated with a solution y of (1.6)
we have |y(t)| < € for all ¢t > [ when ||¢,|| < 6; where ||¢,|| = max{¢p,(t) : 0 <t <[}
Let € be an arbitrary positive number. Choose ¢; = F;\\E and 0 < 0; < €. Assume
that ¢, is the initial function associated with a solution = of (1.5) such that y(t) =
x(t) —bx(t — 1)+ cx(t — o). We claim that if ||¢,|| = max{¢,(t) : =1 <t <0} < <,
then |z(t)| < € for all ¢ > 0. Suppose not, then there exists to > 0 such that |z(t)| < €
for all t <ty and |z(tp)| = €. Therefore, for ty > [, (3.24) yields

< o (5w < max () < e

—1<s<tg —1<s<tg

which is impossible. When tq < [, we see from (3.23) that

z(tg) = e M0 x(0) 4 ae o /0 0 e fy(s))ds

Then

e < max (7(u(s)1y <

0<s<tg — )\ 0<s<

was {ly()} < 25, <,

which is also imp0551ble. Thus we get our claim which means that the trivial solution
of (1.5) is stable. m

Now assume that m =2, a(t) =\, g; = f foralli =0, 1, 2, ap(t) = —a, a1(t) = ab
and ay(t) = —ac. Then, applying Theorem 3.2 on (1.6) and using Lemma 3.2, we obtain

the following result.
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Theorem 3.4 Assume that (H1), a <0, b <0 and ¢ > 0 are satisfied. If

A

1 2}
\ <§—|—€,

then the zero solution of (1.5) is globally asymptotically stable.

—af(l —b—i—c)6

The next result can also be obtained using Theorem 3.2 and Lemma 3.2. In this
case we assume that m = 3, a(t) =0, go(x) =z, g; = f for all : = 1, 2, 3, ag(t) = A,

ai(t) = —a, az(t) = ab, and a3(t) = —ac.

Theorem 3.5 Assume that (H1), a <0, b <0 and ¢ > 0 are satisfied. If
(A —a(l—b+ o)l < ;

then the zero solution of (1.5) is globally asymptotically stable.

As in the proofs of Theorem 2.3 and Lemma 3.1; any solution z(t) of (1.5) can be
related to a solution y(t) of equation (2.4) where

ft (A—ab(s))ds
p(t) = abM(t)e= ,

and

ft()\—aM(s))ds
q(t) = —acM (t)et— :

If (H4) holds then the continuity of M and the boundedness of all solutions of (1.5)
(according to Lemma 2.1) lead to the existence of a constant B > 0 such that M(t) > B
for all t > 0. If ab > 0, we have

eA—a)7 fA>a>0
t) > B ’ - ’
plt) { e, if a <0.

Now when ab, —ac > 0, we have p(t) +q(t) > 0 for all t > 0, [;*(p(t) +¢(t))dt = co and

- ableX=97 — qeleP =07 ifa <0,
A<
able*™ — acle, if a > 0.

Applying Theorem 3.2 on equation (2.4) and using Lemma 3.1 we obtain the following

result.

Theorem 3.6 Assume that (2.3), (H1), (H2), (H4) hold and ab > 0. Then the zero
solution of (1.5) is globally exponentially stable if either one of the following conditions
18 satisfied:

ableP=7 — geleP -2 < %, if a <0,

able? — acle? < %, if A>a > 0.
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Now by making use of Theorem 3.3, we obtain the following result.
Theorem 3.7 Assume that (H1), (H2), (2.3) and
ab >0 (3.25)
are satisfied. If x(t) is any solution of (1.5), then tlgglo x(t) = 0 provided that either
abre® VT — ace* V(2T — 0|+ 7) < 1, when a <0,

or
abre’ — ace® (2T —o| + 1) < 1, when A > a > 0.

Proof. We know that (2.2) has the form (2.4) with

Jt’ (A—aM(s))ds f‘ (AaM (s))ds
p(t) = abM (t)et= . q(t) = —acM(t)et= .

Thus the functions p and ¢ are continuous and

f (A—abM(s))ds t7}+o(AaM(s))ds
p(t) +q(t — 7+ 0) = abM(t)e —acM(t — 7+ o)e = £0.

Taking into account that

A —a, if a <0,
A —aM(s) < “oona= (3.26)
A, if a > 0.
From (3.26) we have,
s+o
—ace [ e a<0
Q\q(s—i—a)\ S 2 s4o ’ -
J Xds
—ace s , a> 0.
B —aceP~47 4 <0,
B —ace?, a > 0.
Also,
p(s) +qls —T+0)| = |abM(s)els—-A-aMENds _ qenp(s — 7 + a)efss:ﬁo()‘_“M(s))ds |
< abeloorA=aM(9)ds _ o [77T7(A—a M(s))ds
Then

IN

|p($) + Q(S -7+ 0)| fssi_r \ds IS*T“’ \ds

— ace s ifa > 0.

abelirO=ads _ o[ O=a)ds e <
abe

abeP=97 — qeeP=@7 - if ¢ <0
abe’™ — ace’?, if a > 0.
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Thus

A< { abreP =0T — aceP=V7 (2|7 —g| +7) < 1, ifa <0
abre’ — ace’ (2|t — o] + 1) < 1, if a > 0.
where
t—o t
A:2lirtnsup\ | q(s+0)|ds| +lirtnsup| | p(s) + q(s — 7+ o)|ds|.
t—7 t—7

Then every oscillatory solution of equation (2.4) tends to zero as t — oo according
to Theorem 3.3. Therefore every oscillatory solution of equation (1.5) tends to zero
as t — oo according to Lemma 3.1. To complete the proof. We consider the case
when equation (1.5) has a nonoscillatory solution, say x(t). As usual, we assume that
x(t) > 0, t >ty for some ¢y > 0. Therefore

ft (A—aM(s))ds
y(t) = x(t)eot > 0.

It follows from equation (2.4) that

du(t d ft (A—ab(s))ds
% = g(a:(t)eto“ ) <0, t>ty+I.

Then there is exists L > 0 such that tlim y(t) = L. Thus z(¢) is bounded and hence, as
before, a number B > 0 exists such that M(t) > B for t > ¢y + . Assume that o > 7.
Then t — o <t — 7 and

T a(s))ds
z(t—o) >zt —71)et~

If L > 0, there exists ¢ > ¢, such that y(¢f) > L for all ¢ > ¢’ + [ and hence equation
(2.4) yields

dy(t) f (A—aM(s))ds f (A—aM(s))ds
ot Ml =)ot + acM(t)a(t — o)eo ,
[ Oant(s)ds [ (—aM(s))ds b (s))ds
< B(—abeot! + ace'ot! et Jx(t —7),
t t—r
J (A—aM(s))ds [ (A—aM(s))ds
= Bel=" (—ab+ acet=7 Yy(t — 1),
ft()\faM(s))ds ft()\faM(s))ds
< BLet=" (—ab + acet=
Thus p
t
% <—K, forallt>t+1
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where K = BL(ab — ac) > 0. Integrating the last inequality from ' + [ to oo we get

lim y(t) = —o0.

t—oo

Which is a contradiction. Therefore L = 0.
When ¢ < 7, similar arguments leads to the above conclusion (L = 0). Thus
limy o y(t) = 0 and lim;_., x(t) = 0; i.e., every nonoscillatory solution of equation (1.5)

tends to zero as t — oco. m

Remark 3.1 It should be noted that there are many interesting linear stability criteria
that can be applied here (see, e.q., [1, 17] and the references cited therein) but of course

it 15 not possible to apply all these results due to space limitation.

We conclude our results with the following consequences of Theorems 3.4-3.6 (with
¢ =0, ] =7) on the single delay model (1.3). As far as the authors know these results

are new.

Corollary 3.1 Assume that a < 0, b < 0. Then the zero solution of (1.3) is globally

asymptotically stable if either one of the following conditions is satisfied:

1
—a(l=0b)(e" —1) < 5t e’

(I—a(l=0)T < ;

Corollary 3.2 Assume that ab > 0. Then the zero solution of (1.3) is globally expo-

nentially stable if either one of the following conditions is satisfied:

abrel=97 < %, if a <0,
abre™ < 2, if 1 >a>0.
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