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1 Introduction

During the past two decades, fractional differential equations and fractional differential
inclusions have gained considerable importance due to their applications in various fields,
such as physics, mechanics and engineering. For some of these applications, one can see
[16,22,27,33] and the references therein. El Sayed et al. [15] initiated the study of fractional
multivalued differential inclusions. For some recent development on initial value problems for
differential equations and inclusions of fractional order we refer the reader to the references
[1,32,34-38].

Some applied problems in physics require fractional differential equations and inclusions
with boundary conditions. Recently, many authors have studied differential inclusions with
various boundary conditions. Some of these works have been done in finite dimensional
spaces and of positive integer order, for example, Ibrahim et al. [25] and Gomma [17] consid-
ered a functional multivalued three-point boundary value problem of second-order. Gomma
[18] studied four-point boundary value problems for non-convex differential inclusions.

Several results have been obtained for fractional differential equations and inclusions with
various boundary value conditions in finite dimensional spaces. We refer, for example, to
Agarwal et al. [1] who established conditions for the existence of solutions for various classes
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of initial and boundary value problems for fractional differential equations and inclusions
involving the Caputo derivative, Ouahab [31] studied a fractional differential inclusion with
Dirichlet boundary conditions under both convexity and nonconvexity conditions on the mul-
tivalued right-hand side and Ntouyas et al. [30] discussed the existence of solutions for a
boundary value problem of fractional differential inclusions with three-point integral bound-
ary conditions involving convex and non-convex multivalued maps.

For some recent works on boundary value problems for fractional differential inclusions
in infinite dimensional spaces, we refer to Benchohra et al. [8] who established the existence of
solutions of nonlinear fractional differential inclusions with two point boundary conditions.

Anti-periodic boundary conditions appear in a variety of situation, see [2,3,12,13] and the
references therein.

Let 2 < & < 3 and E be a Banach space. In this paper we consider the following two
fractional boundary value problems :

‘D* x(t) = f(t,x(t)), ae.on]=][0,b], (L.1)

x(0) = —x(b), xMW(0) =—-xV(b), x@(0)=—-x@(b), .
and

CDg_z x@(t) € F(t,x(t)), ae.on]=10,b], 1.2)

x(0) = —x(b), xMW(0) = —-xV(b), x@(0)=—-x@(b), '

where ‘D" is the Caputo derivative of order a with the lower limit zero, f: | x E — E is
a function, “Dg is the Caputo derivative of order « in the generalized (weak) sense with the
lower limit zero, which is specified later, and F: | x E — 2F is a multifunction.

Firstly, we shall prove that if h € L'(],E) and x € AC3(J, E) is a solution of the fractional
boundary value problem

‘D “x(t) = h(t), a.e.on]=][0,b], (1.3)
x(0) = —x(b), xMW(0) = —-xV(b), x@(0)=—-x@(b),
then
1t 1
x(t) = F((X)/o (t—s)”‘lh(s)ds—zr((x)/o (b — )% h(s) ds
m /Ob(b —§)2p(s) ds (1.4)

+m4b(b—s)”h(5) ds, teJ.

Moreover, if h € AC(J,E) and x: | — E such that (1.4) holds, then x € AC3(J,E) and
satisfies (1.3).

In [28], Lan et al. pointed out that we can neither prove that if 1 € C([0,1],R), then x given
in (1.4) is a solution of (1.3) nor show that if & € C(]J,R) satisfies (1.3), then x and h satisfy
(1.4) although these results have been widely used in some papers such as [2, Lemma 2.1],
[3, Lemma 1.2] and [12, Lemma 2.7]. Due to the requirement & € AC(J, E), the continuity
assumption on f is not sufficient. To overcome this difficulty we shall impose a Lipschitz type
condition on f. Motivated by the work of Lan et al. [28] we introduce a correct formula of
solutions of (1.1).
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Also, due to the requirement & € AC(],E), a problem arises when we study the problem
(1.1) in the case when f is a multifunction. This problem arises because we do not know the
conditions that guarantee the closedness of the set of absolutely continuous selections for a
multifunction. To avoid this problem we consider the Caputo derivative in the generalized
sense when we study the problem (1.2). We shall show that if x € AC3(J,E) is a solutions of
(1.2), then the following fractional boundary value problem

‘D*x(t) € F(t,x(t)), ae.on]=][0,b],
x(0) = —x(b), xM(0) = -xV(b), x@(0)=—-x2(b)

holds. We note that Ahmed [2] considered (1.1) in infinite dimensional Banach spaces while
Cerna [12] considered (1.2) in finite dimensional spaces. It is important to note that, based
on the remark of Lan et al. [28], and mentioned in the preceding paragraph, the proofs in the
paper of both Ahmed [2] and Cerna [12] require additional assumptions.

The present paper is organized as follows: in Section 2 we collect some background ma-
terial and basic results from multivalued analysis and fractional calculus to be used later. In
Section 3 we prove an existence result for (1.1) and in Section 4 we establish various existence
results for (1.2) and we prove the compactness of the set of solutions. At the end of the paper
we give examples in order to illustrate the feasibility of our assumptions.

The proofs rely on the methods and results for boundary value fractional differential in-
clusions, the properties of noncompact measure and fixed point techniques.

2 Preliminaries and notation

Let C(],E) be the space of E-valued continuous functions on | with the uniform norm
x|l = sup{||x(t)||, x € J}, L(J, E) be the quotient space of all E-valued Bochner integrable
functions on | with the norm ||f|| 1, p) = fob Ilf (¢)]| dt, P,(E) = {B C E : B is nonempty and
bounded}, P, (E) = {B C E : B is nonempty and closed}, Px(E) = {B C E : B is nonempty
and compact}, P4(E) = {B C E : B is nonempty, convex and compact}, Py ,(E) = {B C
E : B is nonempty, closed and convex}, Conv(B) (respectively, Conv(B)) be the convex hull
(respectively, convex closed hull in E) of a subset B.

Let G: | — 2F be a multifunction. By S. we will denote the set of integrable selections
of G;ie. Si = {f € L'(J,E) : f(t) € G(t) ae.}. This set may be empty. For P, (E)-valued
measurable multifunction, it is nonempty if and only if + — inf{||x|| : x € G(t)} € L' (J, R™).
In particular, this is the case if t — sup{]||x|| : x € G(t)} € L' (J,R") (such a multifunction is
said to be integrably bounded). Note that S C L! (], E) is closed and it is convex if and only
if for almost all t € ], G(t) is convex set in E.

Definition 2.1. Let X and Y be two topological spaces. A multifunction G: X — P(Y) is said
to be upper semicontinuous if G~1(V) = {x € X : G(x) C V} is an open subset of X for every
open V C Y. G is called closed if its graph I'c = {(x,y) € X x Y : y € G(x)} is closed subset
of the topological space X x Y. G is said to be completely continuous if G(B) is relatively
compact for every bounded subset B of X.

If the multifunction G is completely continuous with nonempty compact values, then G
is u.s.c. if and only if G is closed.

Lemma 2.2 ([26, Theorem 1.3.5]). Let Xy, X be (not necessarily separable) Banach spaces, and let
F: ] x Xo — P(X) be such that
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() for every x € Xo the multifunction F(-, x) has a strongly measurable selection;
(ii) for a.e. t € ] the multifunction F(t,-) is upper semicontinuous.

Then for every strongly measurable function z: | — Xo there exists a strongly measurable function
f: ] — X such that f(t) € F(t,z(t)), a.e.

Remark 2.3 ([26, Theorem 1.3.1]). For single-valued or compact-valued multifunctions acting
on a separable Banach space the notions measurability and strongly measurable coincide. So,
if Xp, X are separable Banach spaces we can replace strongly measurable with measurable in
the above lemma.

Definition 2.4. A sequence {f, : n € N} C L'(J,E) is said to be semi-compact if:

(i) it is integrably bounded , i.e. there is ¢ € L! (J,R") such that
£l < q(t) aete];

(ii) the set {f,(t) : n € N} is relatively compactin E a.e. t € .
Lemma 2.5 ([26]). Every semi-compact sequence in L' (], E) is weakly compact in L' (], E).

Definition 2.6. Let (X,d) be a metric space. A multifunction G: [a,b] — 2% is said to be
absolutely continuous if for any € > 0 there is 6 < 0 such that if {a;, b;}!=" (with arbitrary n €
N), a < bl <a < bz <...<ag, <b,and Z?:l(bi — ai) < ¢, then Z?:l h(P(bZ),P(aZ)) < €,
where /1 is the Hausdorff distance.

Lemma 2.7 ([7, Theorem 3]). Suppose that (X,d) is a metric space, G: [a,b] — 2% is absolutely
continuous with compact values, ty € [a,b] and xo € G(to). Then G admits an absolutely continuous
selection g satisfying g(ty) = Xo.

For more about multifunctions we refer to [4,11,23,24,26].
Let (A, >) be a partially ordered set. A function y: P,(E) — A is called a measure of
noncompactness (MNC) in E if
7(Conv B) = 7(B),
for every B € P, (E).
The Hausdorff measure of noncompactness is defined on P,(E) as

X (B) = inf{e > 0 : B can be covered by finitely many balls of radius < €},

Lemma 2.8 (Generalized Cantor’s intersection [4]). If (B, ), >1 is a decreasing sequence of nonempty
closed subsets of E and limy, o X(Byx) = 0, then NS, B, is nonempty and compact.

Lemma 2.9 ([10, p. 125])). Let B be a bounded set in E. Then for every € > 0 there is a sequence
(Xn)n>1 in B such that
X(B) <2x{x,:n>1}+e.

Lemma 2.10 ([29]). Let xc(j,r) be the Hausdorff measure of noncompactness on C(J,E). If W C
C(]J,E) is bounded, then for every t € ],

x(W(t) < xegp) (W),

where W(t) = {x(t) : x € W}. Furthermore, if W is equicontinuous on J, then the map t — x{x(t) :
x € W} is continuous on | and xc(j,ey(W) = sup,; x{x(t) : x € W}.
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Lemma 2.11 ([20]). Let C C LY(J, E) be countable with ||u(t)|| < h(t) for ae. t € ], and every
u € C, where h € L*(J,RT). Then the function ¢(t) = x{u(t) : u € C} belongs to L*(J,R") and
satisfies

)({/Obu(s)ds:ueC} §2/Ob)({u(s):u€C}ds.

Lemma 2.12 ([5, Lemma 4]). Let {f, : n € N} C LP(J,E), P > 1 be an integrably bounded
sequence such that

X{fu(t) :n>1} <(t), aete],

where v € Ll(], R™"). Then for each € > 0 there exists a compact K¢ C E, a measurable set J. C ],
with measure less than €, and a sequence of functions {¢5} C LP (], E) such that {g&(t) : n > 1} C
K, forall t € ] and

| fu(t) — g5 (B)]| < 2v(t) +€, forevery n>1 andeveryt € | — Je.
We need the following lemma which is related to [4, Theorem 1.1.4].

Lemma 2.13. Let (K,,) be a sequence of subsets of E. Suppose there is a compact convex subset K C E
such that for any neighborhood U of K there is a natural number N so that for any m > N : K,,, C
U. Then Nj>1 ConvU{K; : n > j} C K.

Definition 2.14 ([6]). The Riemann-Liouville fractional integral of order g > 0 with lower
limit zero for a function f € L¥(J,E), P € [1,00) is defined as follows:

IF() = (gq % f)(t) = /tU_S)H
! o T(q)
where the integration is in the sense of Bochner, I is the Euler gamma function defined by

T(q) = [, t7 e " dt, g,(t) = %, fort >0, g;(t) =0, for t < 0 and * denotes the convolution

of functions. For g = 0, we set I°f(t) = f(t). It is known that 11 f(t) = I7Ff(t), B,q > 0.
Note that by applying the Young inequality, it follows that

f(s)ds, te],

1 quL”(],E) = ng *fHLP(],E) < ngHLl(],]R)HfHLP(],E) = gq+1(b)HfHLP(],E)-
Then I7 maps L” (], E) to LY(J, E).

Definition 2.15 ([6]). Let 4 > 0 and m the smallest integer greater than or equal to q. The
Riemann-Liouville fractional derivative of order g for a function f € L(J,E), gu—q*f €
W™1(],E) is defined by

DIF(E) = S0 p (1) = (g g F)(0)
1 am rt M—d—
:r(m_q)dtm/o(t—s) 1f (s)ds, te]J,

where

m, _ s RPTR N A G)
W 1(],E)_{f.ﬂgoeLl(],E).f(t)—k;) ckH—k/O W(p(s)ds, te]}.

Note that ¢(t) = f"(t) and ¢, = f®(0), k = 0,1,...,m — 1. Let W"'(J,E) = {f €
WP (J,E) : f0(0) =0,k =0,1,...,m —1}.
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Lemma 2.16 ([6, Lemma 1.8]). Let g > 0, m be the smallest integer greater than or equal to q and
1 < P < oo. Let Ly be an operator with domain LF (], E), defined by ILq(f) = I1f = g, * f and £,
be an operator with domain R}""(J,E) = {f € LY(J,E) : gm—q* f € WJ"'(J,E)} and defined by
,(f) = DIf. Then £, =L, .

To know more about fractional calculus see [7,27,33]. The proof of the following lemma is
the same way as in the scalar case (see [27,33]).

Lemma 2.17. Let AC(], E) be the space of absolutely continuous functions defined on | to E and q €
(0,1).

() If f € AC(J,E) and E is separable, then I1(D 1f (t)) = f(t), a.e. t € ].
(ii) I maps AC(],E) to AC(],E).

Proof. (i) Let f € AC(],E). From Lemma 2.16, it suffices to show that g1, * f € Wi (], E).
Since E is separable, f has a Bochner integrable derivative f(!) almost everywhere and

£8) = £0) + [ F) ax
Then

0= N0 = ey i (=90 s

e A RO OBy WRIGE P

— F(Ji(g)q) /Ot(t —s) Tds+ F(ll—q) /Ot(t —s) 1 (/Osf(l)(x) dx) ds
% L ([emres)e

The first term is an absolutely continuous function because t!~9 = (1 —g) fot x~9dx. The
second term is also a primitive of a Bochner integrable function and hence it is absolutely
continuous. Moreover, (g1-4 * f)(0) = 0. So, g1 * f € Wé”’l(],E).

(i) Let f € AC(J,E).By arguing asin (i), we get I'™7f € AC(J,E). Again, since0 <1—¢ <1,
then If = I'-(1=9) f ¢ AC(J,E).
O

We denote by C" (], E) the Banach space of m times continuously differentiable functions
with the norm ||f{| = sup,¢; Xl | £®)(£)] and

AC™(J,E) = {f € C"M(J,E) : f"V) € AC(J,E)}
={feC™ Y(LE): f™ e L'(J,E)}.

Definition 2.18 ([6]). Let 4 > 0 and m be the smallest integer greater than or equal to 4. The
Caputo derivative of order q for given function f € AC™(],E) is defined by

1

wvwzquszrm_wﬂwﬂquw%Mateﬁ
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We need the following lemma.

Lemma 2.19. Let E be a separable Banach space and f € AC®(],E). Then
I*(°D*f(t)) = f(t) + by +thy +t?b3, aetc],
where by, by and bs are elements in E.

Proof. In view of Definition 2.18 we have

[ D) = B (O 0) = PO = £0) - T L O,
k=0 .

O]

The following lemma is essential and its proof is similar to the proofs of Theorems 2.4 and
2.7 in [28].

Lemma 2.20. Let E be a separable Banach space.
(1) Ifh € LY(J,E) and x € AC3(J, E) satisfy (1.3), then (1.4) holds.
(2) Let h € AC(J,E) and x: ] — E such that (1.4) holds. Then x € AC3(],E) and satisfies (1.3).

Proof. (1) Since x € ACS(], E), then by Lemma 2.19, there are by, by, b3 in E such that

I*(°D*x(t)) = x(t) + by +t by +1°b3, ae.tec].

Because x is a solution of (1.3)

I“h(t) = X(f) +by+tbh + t2b3, ae. te].

Therefore,

x(t) = I*h(t) — by — thy — t°b3
1

= r(a)/ot(f—S)"‘lh(s)ds—bl —tby — b, ae te J. 2.1)

Since h € L!(]J,E) and & — 1 > 1, then the function z defined by
z(s) := (b —5)*"th(s)

belongs to L!(], E). Then, I*h € AC(J, E). Hence, the two functions in both sides of (2.1)
are continuous and thus (2.1) holds for every t € J.

Then for t € |

xM () = 1_(“1_1> /Ot(t —5)%2h(s)ds — by — 2tbs, (2.2)
and
t
@ (f) = r(al_z) /0 (t — $)*3n(s) ds — 2bs. 23)
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By applying the boundary conditions x(0) = —x(b), xM(0) = —x((b), x?(0) =
—x@(b) and (2.1)~(2.3) we find that

= gy Jy (b= s = gy [ (=) ) ds

1 b - b b o
bz:Zl"(tx—l)/o (b—>s) Zh(s)ds_ém—Z)/(, (b—s) Sh(s)ds,

by = H(;_Z) /Ob(b )" 3n(s) d.

(2) Assume that h € AC(J, E) and (1.4) holds. Since « — 1 > 1, the equation (1.4) gives us

and

200 = o [ 6= 9 ds - sl [T "
2 s i) s
Since for each t € |
/Ot(t — 8)*3h(s) ds < o,
then (2.4) implies
@ (1) = r(“l_z) / (= $)3h(s) ds — zml_z) / (b~ 5 h(s) ds
= 1) - gt [ -9 ) s @5)

Because i € AC(J,E) and a —2 € (0,1), then Lemma 2.17(ii) implies I* 2h(t) €
AC(J,E) and thus x®) € AC(J, E), which means that x € AC3(], E). Moreover, because
3—ua € (0,1), then from the definition of the Riemann-Liouville fractional derivative of
order 3 — « and (2.5) we get

DY (1) = gy o [l (1 90" () s
— ;t(l“zh(t)) _ B, ter.

Again, since h € AC(J,E) and 3 —« € (0,1), then by Lemma 2.17 (i) and the last equality
we get forae. t €]

‘D¥x(t) = P~*x®)(t) = P*D3%n(t) = h(t).

We need also to the following auxiliary results:

Lemma 2.21 (Kakutani—Glicksberg—Fan theorem [19]). Let W be a nonempty compact and convex
subset of a locally convex topological vector space. If R: W — Pp, (W) is an u.s.c. multifunction,
then it has a fixed point.
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Lemma 2.22 ([26, Prop. 3.5.1]). Let W be a closed subset of a Banach space X and R: W — Py (X)
be a closed multifunction which is -y-condensing on every bounded subset of W, where <y is a monotone
measure of noncompactness defined on X. If the set of fixed points for R is a bounded subset of X then
it is compact.

The following fixed point theorem for contraction multivalued is proved by Govitz and
Nadler [14].

Lemma 2.23. Let (X, d) be a complete metric space. If R: X — Py (X) is contraction, then R has a
fixed point.

3 Existence of solutions for the problem (1.1)

In the rest of the paper, E will denote a separable Banach space. In this section, we give an
existence result of solutions of (1.1).

Theorem 3.1. Let E be a separable Banach space, f: ] x E — E be a function. We assume the
following hypothesis:

(Hy) For each p > 0, there exists L, > 0 such that for all s,t € ]| and x,y € E with |x|| < p,
ly[l < p we have

1£(s,2) = f(£;y)|| < Lomax{]s — ], [|x = y|[}.

Then, the problem (1.1) has a solution provided that there is a positive real number r such that

2 o
(L, max{b, 7} + || £(0,0)]) (2"‘2r (;ij))b <r (3.1)

Proof. According to condition (Hj), there exists L, > 0 such that for all s,t € J and x,y € E
with ||x|| <7, ||y|| < r we have

1f(s,%) = f(t,y)l| < Ly max{|s —¢], [|x —y]|}. (32)

Let us introduce a function T: C(J, E) — C(J, E) defined by

(TX)(t) = 1"(10¢) /Ot(t — s)“—lf(s,x(s)) ds — 21"1(04) /Ob(b _ S)“_lf(s,x(s)) ds
T m /Ob(b — )" 2f(s,x(s)) ds (3.3)

+ zltr((ic__t;)/oh(b—s)“f(s,X(s))ds, te .

Firstly we prove, by using Schauder’s fixed point theorem, that T has a fixed point. The
proof will be given in several steps.
Step 1. Let By = {x € C(J,E) : ||x|| < r}. Obviously, B is a bounded, closed and convex
subset of C(], E). We claim that T(By) C By. Let x € By. We note that, by (3.2), for t € |

Lf @ x(E) < NIf(Ex(t)) — £(0,0) + (| £(0,0)]
< L, max{b,r} + | £(0,0)| (3.4)
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Let y = T(x). Then (3.3) and (3.4) imply that for t € |
ly (I < (Lr max{b, r} + [ £(0,0)]])

|b—2t| b a— t(b—t) b o
+4r(“_1)/0(b—s) 2d5+4F(oc—2)/o(b_S) 3ds]
< (Lr max{b,r} +[|£(0,0)|)
b b b b
% [F(oc 1) T2 1) | aT(w)  4T(a— 1)}

< (Lomax{br} + OO | 3051 * 317 * 0=
= (Lemax{b,r} +[[£(0,0)]) (fj)f)
< (Lmax{b, )+ 70,0)]) 250

IN

r.

Therefore, T(By) < Bo.
Step 2. Let Z = T(By). We claim that Z is equicontinuous. Let y € Z. Then there is x € B, with
y = T(x). Therefore, for t,t + A € ]we have

ly(t+2) =y < r (A=) = (£ =) f(s,x(s)) ds
t+A
T \ [ (4 A — ) f(s, x(s)) ds
i [ =92 x(e s
2
g R I{CR O
< L, max{bilf(}“;' Hf 0/0 H (t+)\—s)"‘_ - (t_s)zx—l} ds
L max{bzlf(}“j FOOL "y o1
2A(L, max{b, 1} + [FO,00) ¥, e
T —1) /O(b—s) 2 ds
(L, max{b,r} + [|£(0,0)||) (|Ab — 2tA — A?]) (b a
AT (2 —2) /O(b—s) 3ds.

This inequality implies ||y(t+A) —y(f)|| — 0 as A — 0, independently of x. Therefore Z =
T(Bp) is equicontinuous.

Now for every n > 1, set B, = Conv T(B,,_1). From Step 1, B; = Conv T(B,) C By. Also
B, = Conv T(By) C Conv T(By) C By. By induction, the sequence (B,), n > 1 is a decreasing
sequence of nonempty, closed convex and bounded subsets of C(],E). Our goal is to show
that the subset B = N%_; B, is nonempty and compact in C(], E). By Lemma 2.8, it is enough
to show that

n—oo
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where x¢(; r) is the Hausdorff measure of noncompactness on C(J,E).

Step 3. Our aim in this step is to show that the relation (3.5) is satistied. Let n > 1 be a
fixed natural number and ¢ > 0. In view of Lemma 2.9, there exists a sequence (yx), k > 1
in T(By,_1) such that

xc,e)(Bn) = xc,5)T(Bu-1) < 2xc(,p)iyr 1k > 1} +e.

From Step 2, B,_; is equicontinuous. This together with Lemma 2.10 and by using the
nonsingularity of x, the above inequality becomes

Xc(,e)(Bn) < 2sup x{yi(t) 1k > 1} +e. (3.6)
te]

Because yx = T(By,_1), k > 1 there is x; € B,,_1 such that yy = T(x;), k > 1. Lett € | be
fixed. Note that from (3.2) for every natural number m, n we have

1f (& 2m () = f (& xu ()] < Lellxm(£) — 2a(£)]]-

Then

x{f (6 x(t)) sk > 1} < Lix{x(t) -k > 1}
S LTXC(],E)(Bn—l)- (37)

From (3.7) and the properties of yx, for t € | we get

©luelt) k> 1) < o (-9 T sk > 13 ds

['(a)

- 2rL(r,x) /0b<b —s)* " x{xi(s)) k= 1}ds

* 41“(54{1) /Ob(b — )" x{x(s)) 1 k> 1} ds
b2

Tt {/ob(b = 8)" (s, 21(s)) ds s e > 1} .

Therefore,

X{yk(t) k> 1} < LrX(Bn—l) |:r(10‘) /Ot(t - S)ail ds

1 b .
+2T(1x)/0 (b—s)*"tds

+ 41,(;_1) /Ob(b —5)* 2 ds]
B2

+ mx {/Ob(b—s)"‘_3f(s,xk(s))ds k> 1}.

Now in order to estimate the quantity x{ fob(b —5)*3f(s,x¢(s)) ds : k > 1}, we note that
(3.4) implies for any k > 1 and for t € |

1f (s, xk(s))]] < Ly max{b, r} 4[| £(0,0)]. (3.9)
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Then, by (3.7), (3.9) and Lemma 2.12, there exist a compact K. C E, a measurable set
Je C ] with measure less than €, and a sequence of functions {z{} C L!(J,E) such that for
all s € J, {z{(s) : k > 1} € K¢ and

1 (s, xk(s)) = zi(s) || < 2LrXc(p,e)(Bu-1) + 6,
for every k > 1 and every s € | — J.. Therefore, for any k > 1
| 6= 93 mle) — () s

a—2

a—2"

(3.10)

< (2Lrxc(y,E) (Bu-1) +€)

Also, for any k > 1

|

This together with (3.10) we have

/ (b—3)*3f(s,xp(s) ds

Je 3.11)
< (Lymax{b, 7} + | £(0,0)) /] (b— s)" 2 ds.

X {/Ob(b—s)"‘_3f(s,xk(s))ds k> 1} <x {/]]E(b —8)*3(f(s, xx(s)) —z(s)) ds 1 k > 1}
+X{/]]€(b—s)"‘_3zi(s)ds k> 1}
+X{/ (b—35)"3f(s,xp(s)ds : k > 1}

€

bafZ
a—2
+ (L, max{b,r} + | £(0,0)]) /] (b— )" ds.

€

< (2LyXxc(j,p)(Bi1) +€)

From this inequality and by taking into account that ¢ is arbitrary, we get

3b* b*
Xc(,E)(Bn) < 2Lrxc(r,E) (Bu-1) 2T (ax +1) + 4F(a)]
+ LiXc(yE) (Bn—l)r(lxba_l)
= {xc(,) (Bu-1), (312)
where
3b" b* b*

C=2L | Fat 1) At T ara—1)
(202 — a + 6)b*
"o2M(a+1)

By means of a finite number of steps, we obtain from (3.12) for every n € IN,

xc.e)(Bn) < 7" 'xe(E) (Buz1)- (3.13)
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Observe that (3.1) implies

(202 — a + 6)b*
2T(a+1)

r{ = rL,

(202 — a + 6)b*
M(a+1)

< (L, max{b,r} + | £(0,0)[)
<r.

Then ¢ < 1. By passing to the limit as n — +o0 in (3.13) we obtain (3.5) and so our aim
in this step is verified. Therefore, the set B = N7’ ; B, is a nonempty and compact subset of
C(J, E). Moreover, every B, being bounded, closed and convex, B is also bounded closed and
convex.

Step 4. Let us verify that T(B) C B.

Indeed, T (B) C T(B,) C Conv T(B,) = B,1, for every n > 1. Therefore, T(B) C N°_,B,.
On the other hand, B,, C B; for every n > 1. So, T(B) C N_,B, = N_1B, = B.

Step 5. The function T|g: B — 2% is continuous. Consider a sequence {x,},>1 in B with

X, — x in B and let y, = T(x,). We have to show that lim,_,cy, = T(x). For any n > 1 and
te]

(1) = g Jy (=9 Stoxn) s = gy [0 oo s
+ m /Ob(b—S)”f(S/xn(S))ds (3.14)

! m [ =516, as.

Note that for every t € |

£t xu()) ()] < Lymax{b,r} + | £(0,0)]].
Furthermore,

lim [[£(£, (1)) — F(t,x())]| = 0.

n—o00

Therefore, by passing to the limit as n — oo in (3.14) we get lim, oy = T(x).
As a consequence of Steps 1-5 and Schauder’s fixed point theorem, there is x € B such
that x = T(x). That is, forany t € |

x(t) = r(la)/ot(t—s)”‘lh(s)ds - zrlwfob(b—s)“h(s)ds

t(b—t) b o
41‘(0(—2)/0 (b—5)*3n(s)ds,

where h(t) = f(t,x(t)). Obviously h is continuous, and hence x(1)(t) exists. Then there is a
positive number # such that |[x(D(t)|| <5, t € ].
Thus, by (H;) for t,s € |

_|_

17 () = h(s)|| < Ly max{|t — s, 5[t — s}
< |t —s|L, max{1,7}.
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This means that h € AC(], E) and hence by Lemma 2.20(2) the function x is a solution for
1.1). 0

In the following corollary we simplify the condition (3.1).

Corollary 3.2. Assume that the assumption (Hy) is satisfied with L, < o, for any p > 0 then the
problem (1.1) has a solution provided that

o(26% — a + 6)b*

N CES VI 1. (3.15)

Proof. From (3.15) we can take r such that

(202 —a+6)b*
Hf(O 0)| e ) 316
max [ o wr)l <r. (3.16)
T 2C(at1)

We need only to check that T(By) C By. Asin Step 1, let x € By and y = T(x). Then by (3.16)
forany t € |
—a+6)b"

Iy < (or +[I£(0, O)H)( T <"

O]

Theorem 3.3. Let G: | — Py(E) be an absolutely continuous multifunction. Then the fractional
boundary value problem

{cDut]x x(t) € G(t), ae. on]=10,b], (3.17)

x(0) = —x(b), xM(0) = —xW(b), x@(0) =—-xP(b),
has a solution.

Proof. In virtue of Lemma 2.7 there is h € AC(],E) such that h(t) € G(t), a.e. We define
x: ] — E, by

1 gt . 1 b .
x(t) = r(a)/o (= ) h(s) ds — M/O (b— )" Th(s) ds
_ b
+ 4;19(“ E?) /0 (b —s)*2h(s)ds
+ 4;((1706__2) /Ob(b —5)*h(s) ds.
By Lemma 2.20 (2), x € AC?(J,E) and satisfies (3.17). O

4 Existence of solutions for the problem (1.2)

To give existence results of solutions for the problem (1.2) we present the definition of the
Caputo derivative in the generalized sense [27, Sec. 2.4].
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Definition 4.1. Let g > 0 and m the smallest integer greater than or equal to q. The generalized
or weak Caputo derivative of order g with lower limit zero for a function f € | — E is defined

by
m—1 (k)Otk
fi -y, ) ]

k=0

“DYf (1) = D"

So, the generalized or weak Caputo derivative ° Dg f(t) is defined for function f for which
the Riemann-Liouville fractional derivative exists. In particular, when g € (0,1), we have

“DIF (1) = DIIF() — F(O)] = gy [ (=5 () = F0)) . @1

As in the scalar case (see Theorems 2.1 and 2.2 [27]) if f € C"(J,E) then ‘D{f(t) =
°D1 f(t). But it is enough that f € AC™(],E).

Lemma 4.2. Let g > 0 and m be the smallest integer greater than or equal to q. If f € AC™(],E), then
CDg f(t) exists almost everywhere on | and if q is not natural number, then

‘DIf(t) =" DIf(t), ae.
Also, if f € C"(],E), then °D3f(t) is continuous and if q is not natural number, then
‘Dif(t) = DIf(t), Vte].
Next, we need the following auxiliary lemma.

Lemma 4.3. (1) Let z € C(],E) and x € C2(],E) such that x(0) = —x(b), xV(0) = —xM(b). If
x is a solution to the fractional boundary value problem

‘D2 xQ () = z(t), aete],
{x<§<o> ~ —x() 42
then
n=-L_[ “z(s)d L - sy a(s)d
K(0) = gy ) (=926 ds — s [0 =5y a(s) s
+ m /Ob(b —5)"%z(s)ds (4.3)

tHb — 1)

b
+4T(0c—2)/o (b—35)"3z(s)ds, te].

(2) Letz € C(J,E)and x: | — E such that (4.3) holds. Then x € C2(],E), x(0) = —x(b), x(0) =
—x(b) and satisfies (4.2).
Proof. (1) Since x is a solution of (4.2), then
D*2(x2) (1) — x2(0)) = z(t), ae. te].
This equation implies

1“72D* 2 (x@ (1) — x(0)) = 1*"%2(t), ae.te].
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Therefore,
x@ () = 1*722(t) + x2)(0).
From this equation together the condition x(2)(0) = —x(?)(b) we get
1

x@) (1) = 1*722(t) - S 1" 22(b).

By integrating both sides in this equation we get for a.e. t € |

xW (1) = 1*z(t) — %I""Zz(b) +c1.

By using the condition x(1)(0) = —x(1)(b), we obtain for a.e. t € |
b

W) — qa—1, 05y _ La—2 1 [
() =1"""z(t) 21 z(b) 21 z(b)—|—41 z(b).

Again, by integrating both sides in this equation we have for a.e. t € |
o tz a—2 t a—1 tb a—2
x(t) = 1"z(t) — ZI z(b) — 51 z(b) + Zl z(b) + c3.

Applying the condition x(0) = —x(b) we get fora.e. t € |

o t2 a—2 t a—1 tb a—2
x(t) = I"z(t) — Zl z(b) — EI z(b) + ZI z(b)
1 o b2 a—2 b a—1 b2 a—2
_EI z(b)+§1 z(b)+11 z(b) —§I z(b)
= I"z(t) — %I"‘z(b) + b;ZtI"‘_lz(b) + WI“‘zz(b).

The two functions on both sides of this equation are continuous, thus it holds for
every t € |.

(2) Clearly x(0) = —x(b). Since « — 1 > 1, the equation (4.3) gives us

1 t . 1 b o
ey e s - gy [ )

(b — Zt) b a—
iM(a—2) /0 (b —5)¥32(s) ds.

Note that x(1)(0) = —x()(b). Moreover, since for each t € |

/t(t —5)%3z(s)ds < oo,
0

then the equation (4.4) implies

xW () =
(4.4)
_|_

@ (1) = Wl_z) /0 (£ = 5)" 32 (s) ds — zr(;_z) /0 (b — 5)"32(s) ds
1 t .
=Ta_2) /0 (t—35)*3z(s) ds
b
- 21,@3_2)/0 (b —5)*3z(s) ds

() - / (b — $)"32(s) ds. (4.5)
20 (x —2) Jo
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One can easily check that

zr(;l_ 2) /Ob(b — S)“—3Z(s) ds.

Now, let ¢ = « — 2. Then g € (0,1). In virtue of the equation (4.5) we get

x@(0) = —x@(p) =

12z(t) = x? (1) —x@(0), te].

This equation together with (4.1) implies

CDgx(z)(t) = D[x@(t) — x?(0)]
= D19z(t) = z(t), ae.te€].

Then, x(?)satisfies the fractional boundary value problem

‘DIxP(t) =z(t), aete]

x@(0) = —x?(b) = 21"(;1—2) /Ob(b —5)*32(s) ds.

Therefore, the function x given by (4.3) is a solution for (4.2).

Remark 4.4. If x € AC3(J,E), then by Lemma 4.2, for almost every t € |

cya—2 (2 _cpa—2 ..(2
Dy x@ (1) =D* 2 x2 ()
1 t _
=t a Jy -

= ‘D*x(t).

This means that if z € AC(], E), then the function x given by (4.3) is a solution for the
fractional boundary value problem

‘D*x(t) =z(t), ae.te],
x(0) = —x(b), xMW(0) = —-xMV(b), x@(0)=—-x@(b).

As a result of Lemma 4.3 we can give the concept of solutions for (1.2) in the following
definition.

Definition 4.5. A function x € C?(J, E) is said to be a solution of (1.2) if there is f € L'(J,E)
with f(t) € F(t,x(t)), a.e. t € ] such that

x(t) = F(loc) /Ot(t — S)Déflf(s) ds — 21“1(0c) /Ob(b — 5)“*1f(s) ds

e MO W AURE R ICE

Now we are in position to give existence results of solutions of (1.2). We consider first the
case when the values of the multifunction F are convex.

(4.6)
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4.1 Convex case

Theorem 4.6. Let « € (2,3], F: ] x E — Py(E) be a multifunction. We assume the following
hypotheses:

(Hy) Forevery x € E, t —» F(t,x) is measurable, for every t € |, x — F(t,x) is upper semicon-
tinuous.

(H3z) There exists a function ¢ € L%(], R*), 0 < g < 3a — 6, and a nondecreasing continuous
function Q: [0,00) — (0, 00) such that for any x € E

IE(t )| < o(8) Q(l|xl)), aete]. (47)

3
(Hs) There exists a function B € L' (J,RT), 0 < q < 3a — 6, satisfying

b +4) b2
o= ( ) H:BHL ( )pH.BH 1/ (4-8)

7(J, RT)

and for every bounded subset D C E , x(F(t,D)) < B(t)x(D), for a.e. t € ], where p =
I /nt 3 and y =3(a —3)/(3—q) +1.

Then the problem (1.2) has a solution provided that there is r > 0 such that

(a+5)Q(r)p* ! Q(r) ol - b3
) ¢ Lq JR+);71 i

4T (a) el re) + (a—2)

<r. 4.9)

Proof. At first, in view of (H;), Lemma 2.2 and Remark 2.3, for every x € C(],E), the mul-
tifunction t — F(t,x(t)) has a measurable selection and by (Hs) this selection belongs to
F(x())" So, we can introduce the multifunction R: C(],E) — 2€UE) which is defined as: let

(
x € C(J,E). A function y € R(x) if and only if there is f € S}E(. «(-)) Such that for each ¢ € |

V) = g [ @) ds = s [6- 9 ) as
+ 4(;(;3151)) /Ob(b —s)* 72 f(s)ds

N 4;<(’;‘_2> [ ®—s)2p(s)as

It is easy to see that any fixed point for R is a mild solution for (1.2). So our goal is to
prove, by using Lemma 2.21, that R has a fixed point. The proof will be given in several steps.
Step 1. Let Do = {x € C(J,E) : ||x]| < r}. We claim that R(Dy) C Dy. To prove that, let x € By
and y € R(x). By recalling the definition of R, using (4.9) and applying Holder’s inequality,
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there is f € S}T(_ () such that for every t € |

ol < 5 [6- 98 p(e)s + 1 [0 - 51 ol as
OO sy gs)as+ GO sy visya
< SOP ol + a9l + g lollusaey
3—q
ol e, ([ 095 ) ’
< SO gl G + 270 + oLl (],Rﬂlﬁ
< O ol + a5 91 e g

<r.

Therefore, R(Dy) C D,
Step 2. Let M = R(Dy). We claim that M is equicontinuous. Let y € M. Then there is
x € Dy with y € R(x). By recalling the definition of R, there is f € S}(. «(-)) such that

1t e 1 b e
¥(0) = gy ) (VTS 6) s — g [0 =) f(s) ds
tH(b

0
22 -y 0 ds + = [ -5 o) as

By arguing as in Step 2 in the proof of Theorem 3.1, for any ¢, t + A € | we have
1 ! a—1 a—1
Iole+2) =y < s | [ [0+2 =97 = (0= 5)7] sy s
1 t+A A a1 p
+71“(1x) H/t (t+A—s)"""f(s)ds
2) b a—2
F o , OISl

|Ab — 2t/\ )\2|/ a3
Not that by the Holder’s inequality we have
A ALl-13
H/ (F+A—s)*1f(s)ds|| < Q(r Nlell ;, Ry it

The previous two inequalities imply that ||y(t +A) — y(¢)|| — 0 as A — 0, independently
of x. Therefore M = R(Dy) is equicontinuous.

Now for every n > 1, set D, = ConvR(D,_1) and D = N1 D,. Clearly the sequence
(Dy), n > 1is a decreasing sequence of nonempty, closed, convex and bounded subsets of
C(J, E). Our goal is to use Lemma 2.8 to show that D is nonempty and compact in C(J, E). So
we show that

lim x(By) =0, (4.10)

n—oo
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where x¢(; r) is the Hausdorff measure of noncompactness on C(J,E).

Step 3. Our aim in this step is to show that the relation (4.10) is satisfied. Let n > 1 be a
fixed natural number and ¢ > 0. In view of Lemma 2.9, there exists a sequence (yx), k > 1
in R(Dy,_1) such that

xc(,e)(Dn) = Xc(j,eyR(Dn-1) < 2xce)lvk 1k > 1} +e.

By applying Lemma 2.10 and by using the nonsingularity of x, the above inequality be-
comes

Xc(,e)(Dn) < 2sup x{y(t) 1k > 1} +e. (4.11)
te]

Now, since yx € R(D,_1), k > 1 there is x; € D,_; such that y; € R(xx), k > 1. By recalling
the definition of R, repeating the same procedure as in Step 3 in the proof of Theorem 3.1,
applying Lemma 2.11 and using (Hy), for every k > 1 there is f; € S}T(. () such that for every
te]

X{yk(t):kzl}_bal/ﬁ (s)x{xk(s) : k > 1} ds

2

4T(0l:—2)x {/ob(b = )" fi(s)ds : k> 1}

b (a+4)
> T@)XC(]’E)(D”_l) H:BHL%], R)

bZ b o )
+4r(lx_2)x{/0 (b—s) 3fk(S)dS-k21}- (4.12)

+

Now, we use the same procedure as in Step 3 in the proof of Theorem 3.1, to estimate the
quantity x{ fo —5)*3fi(s)ds : k > 1}. We note that from (H,), for any k > 1 and for a.e.

te ], [fit)] < ¢(t) Q(r). Consequently, fi € L%(],E),k > 1. Furthermore, from (Hy) it
holds that for a.e. t € |

X({fe(t) k> 1} < x{F(s, x(t)) : k > 1}
< B(t) x{xx(t) : k> 1}
< B(t) Xx(Dyp-1(t)) = B(t) Xc(,e)(Dn-1) = ¥(1). (4.13)

Note that v € L% (J,RT). Then, by virtue of Lemma 2.12, there exists a compact K. C E, a

measurable set . C ], with measure less than €, and a sequence of functions {g;} C Li (J,E)
such that for alls € J, {gf(s) : k> 1} C Kand

Il fe(s) —gk(s)]| <2v(s) +e€, foreveryk>1andeveryse ]—J.

Then, using Holder’s inequality we obtain

H/ufb — )" 3(fi(s) — gE(s)) ds

3(x—3) ?
<fi=sill g, (] 0= 7 ds
¢\ 273
<2H7|| F o m+)+€b3> T (4.14)
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Also, by Holder’s inequality we get for any k > 1

/] (b—5)*3fi(s) ds

<0() [ (b=5)(s)ds

b S(A—S)d 33;‘7
— 3—
Agil 3, o ([ 09 )

pe—2-3
Q) ekl

Lq (Je, RT) 7]1—
By (4.14) and (4.15), we have

o [0 heas k=1

<a{[ -9 — iy k=1]

Sge(s) ds : kzl}
+x{ [ o=9506)

s ds:kZl}

g pe—2-3
<2||’y||m . ]R+)+eb3>

nt

7 -
3

(4.15)

wis

anlled s E

L‘l (Je,R+)

W=

i

From this inequality with (4.13) and by taking into account that ¢ is arbitrary, we get
b

ba—Z—%
_ )3 k> <
X{/o (b—s)*"fi(s)ds k_l} ZH’YHMI o RY) ;71,%

ba—Z—%
< 2H5IIM R xc(,e)(Dn-1)——

A
Again from the fact that ¢ is arbitrary, this inequality with (4.12) and (4.13) gives us

b1 (a+4
Xc(,)(Dn) < ( )

Wk

fo—xcueCo0lBly
b2
+WPXC]E( n— 1)||5||Lq URY)
= 0Xc(),5)(Dn-1)
where 1 )
b (a+4
0= EORE 1Bl . ( )P||5||Lq 7R
By means of a finite number of steps, we can write

0 < Xc(,g)(Dn) < 0"

"Xcgp(D1), Vn>1
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Since this inequality is true for every n € IN, by (4.8) and by passing to the limit as
n — 400, we obtain (4.10) and so our aim in this step is verified. Hence, D is a nonempty and
compact subset of C(], E). Moreover, it is convex. Note that R(D) C D.
Step 4. The graph of the multivalued function R|p: D — 2P is closed. Consider a sequence
{xn}n>1 in D with x, — x in B and let y, € R(x,) with y, — y in C(J,E). We have to show
that y € R(x). By recalling the definition of R, for any n > 1, there is f, € S}( ) such that

W Xn

i) = 5 [ =9 o) ds = s 6= 9 s

Observe that for every n > 1 and for a.e. t € |

£ < @()Q([|2a(£)]])
< ¢(t) Qllxallc.e)
< ¢(H)Q(r).

This shows that the set { f;, : n > 1} is integrably bounded. In addition, the set {f,(t) : n >
1} is relatively compact for a.e. t € | because assumption (H3) together with the convergence
of {x,},>1 implies that

Jlfalt) s = 1) < 2B {xalt) 10> 11} < B0 {xa(t) 10> 1} =0,
Hence, the sequence{ f,, } ,>1 is semicompact, therefore, by Lemma 2.5, it is weakly compact
in L1(J, E). So, without loss of generality we can assume that f, converges weakly to a function

f € LY(J,E). From Mazur’s theorem, there is a sequence (z,), n > 1 of convex combinations
of f, such that fora.e. t €|

ft) € jgl{zn(t) n>j}C jglm{fn (£) :n >},

and z, converges strongly to f € L'(J,E). Then, for a.e. t € |

f(t) e jgl{zn(t) tn>j}C jglm{fn(t) :n>j}C ]lewp(t,xn(t)) in > gl

But from the upper semicontinuity of F(f,-) with Lemma 2.12, we get

jglmu{F(t,xn(t)) :n > j} CF(tx(t)).

Then f(t) € F(t,x(t)) for a.e. t € J. Now, for any n > 1 we define

n(t) = F(lzx) /Ot(t —8)z,(s)ds — 21}({){) /Ob(b —5)¥ 1z, (s) ds
+ m /Ob(b —5)%2z,(s)ds (4.16)

+ m /Ob(b —5)%32,(s) ds.
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Obviously, for a.e. t € ], the sequence g,(t) converges to y(f). Since F takes convex values,
zj(t) € F(t,x(t)), for a.e. t € ]. So, for every n > 1

Iz < @(B)Q([[x(#)]]
< qo(t)Q(HxHCU’E)), forae. t € J.

Hence, for every t € | and for a.e. s € (0, ]

It =) za() || < [t = s|*p(O)QIx]I oy ))-

Therefore, by passing to the limit as n — co in (4.16),we obtain from the Lebesgue domi-
nated convergence theorem that, for every t € |

V) = g [t =90 s = s [6- 9 ) as

This shows that the graph of R is closed.

Observe that, by repeating the same procedure in the previous step we can deduce that
the values of R is closed.

As a result of the Steps 14, the multivalued R|p: D — 2P is an u.s.c. multifunction with
nonempty convex compact values. By applying Lemma 2.21 there is x € D and x € R(x). O

Remark 4.7. The preceding theorem extends Theorem 3.2 in [12] to infinite dimensional
spaces. Moreover, it gives a correct formula for the solutions.

In the following corollary we simplify the condition (4.9).

Corollary 4.8. Assume that the assumptions (Ha)—(Ha) are satisfied. If the function ¢ in (Hp) is
constant, that is, there exists a positive constant y such that ¢(t) = u for all t € ], then the problem
(1.2) has a solution provided that there is an r > 0 such that

uQ(r)b* o’
S —| <. 4.17

Tatn) 0 2] =T (417)
Proof. We need only to check that R(Dy) C Dy. Let x € Dy and y € R(x). As in Step 2 of
Theorem 4.6, for any t € |

pQ(r) ! . pQ(r) f o
T (a) /O(t—s) 1ds+2r(a)/0(b—s) Lds

r 2 r
+ 45_.1205)_( f) /Ob(b — S)D‘—zds —+ 4‘]/]l‘_'b(“0_( 2)) /Ob(b — 5)04—3 ds
pQ(r)b*  pQ(r)b*  pQ(r)bt | pQ(r)b"
T(a+1) 2[(a+1)  4T(a) @ 4T(x—1)

Iy <

< uQ(r)p* [3  a  a(a—1)

“T(a+1) [2 4 4 ]
uQ(r)b* o?

= C(at 1) 3+7]

<r
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In the following theorem the compactness of the solution set of (1.2) is established.

Theorem 4.9. If the function Q) in (Hz) is given of the form Q)(t) = t + 1, then under the assumptions
of Theorem 4.6 the set of solutions of (1.2) is compact in C(J,E) provided that

W=

(w+5)b1 1 b
41—‘(“) ||§0||L1(],]R+)+4l—v( )H(PH ]]Rﬂﬂl

< 1. (4.18)

w\&

Proof. Note that by Theorem 4.6 the set of solutions of (1.1) is nonempty. In fact, by (4.18) we
can take

W

(oc+5 b”‘*

~llglugre) + g el :

w\\m

T(JRT) '
r =

1 ((x+5 b"‘ 1 5

1— ‘]

lellgr + e lel FURY) g

in (4.9). So we have a solution in Dy. Note that, from Steps 2 and 3 of the proof of Theorem
4.6, the multivalued function R is completely continuous. According to Lemma 2.22 , in order
to show that the set of solutions of (1.2) is compact, it suffices to prove that the set of fixed
points of the multivalued function R is bounded. So, let x be a mild solution for (1.2). Then
there is an integrable selection f for F(-,x(+)) such that for every t € |

0= gy [0 s [0
+ m /Ob(b — )" 2f(s)ds + 4tF((bw_—2) /Ob(b —5)*3f(s)ds

By arguing as in Step 1 of Theorem 4.6 we get

a+ 50 1 b3
rmmuquww><ﬂgg\mmmm+ﬂ()MMMWM14-
Therefore,
Wl
R elugrn + g lol g e 5

xllcep) < T =1
! 5)ba-1 a—1
1—“* Il + arm 191, 5

Then, the set of fixed points of the multivalued function R is bounded of C(],E). Hence,
by Lemma 2.22, the set of mild solutions of (1.2) is compact. O

In the following theorem we give another version for Theorem 4.6.
Theorem 4.10. Let F: | X E — Py (E) be a multifunction. We suppose the following assumptions:

(Hs) Forevery x € E, t — F(t,x) is measurable.
(Hg) There is a function ¢ € L%(], R"), (0 < g < 3a — 6) such that for every x,y € E

h(E(tx), F(ty)) <c(t) [x—yll, foraete],

and
sup{||x|| : x € F(t,0)} <¢(t), forae. te].
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Then the problem (1.2) has a solution provided that

q

(a+5)b% 1 b’

_— 1 4.1
4T (a) “g“Ll(I,R+)+4r(“_2>171 7l LR < (4.19)

Proof. By(Hs) and (Hs) we conclude, from Lemma 2.2, that for any x € C(J, E) the set S} F(-x())
is nonempty. Then we can consider a multifunction map R: C(J,E) — 2¢UE) defined as in
Theorem 4.6. We shall show that R satisfies the assumptions of Lemma 2.23. The proof will
be given in two steps.

Step 1. The values of R are nonempty and closed. Since Si F(.x(-)) 18 nonempty, the values of
R are nonempty. In order to prove the values of R are closed, let x € C(J, E) and (y,),n > 1be
a sequence in R(x) such that y, — y in C(J, E). Then, according to the definition of R, there
is a sequence (fu),n > 1in Sy such that forany t € |

) = 7 [ =91 () ds = s [ 6= 9l

(b—2t) /b 2 t(b—1t) /b _ a3
+4T(uc—1) ; (b—15)"""fu(s )ds+4r( ~27 Jo (b—15)""fu(s)ds
Let t € ] be a fixed. In view of (Hs), for every n > 1, and for a.e. t € |

)
| E(t, x)|| H(F(ffx(f)) {o})
H(F(t, x(
|

E(t,x(t)), E(£,0)) + H(E(£,0),{0})
s(O)lx(B) ]l + ()

o) (1+1I=l_,, )-

Then, for every n > 1, and forae. t € ], || fu()|| < g(£)(1+ ||x]| ). This shows that the
set {fy : n > 1} is integrably bounded. Arguing as in Step 4 in the I(>]1§())0f of Theorem 4.6, we
can show that the values of R are closed.

Step 2. R is a contraction.
Let z1,2z2 € C(]J,E) and y; € R(z1). Then there is f € S}:(.,zl(.)) such that for any t € |

I/\ I/\

VAN

0l = iy [ 0= i s = s [ igs) o

)y 0 RO iy [

Consider the multifunction Z: | — 2F defined by

Z(t) ={u € E:|[f(t) —ull <¢(t) [[21(8) — z2(8)][}-

_|_

t) N F(t,z2(t)) is nonempty. Indeed, let t € J. From (Hg), we have
))) < ¢(t)||z1(f) — z2(t)||. Hence, there exists u; € F(t,2z(t)) such that

[ = FOI < ¢(8) 21 (8) — z2(B)]] -

Moreover, since the functions ¢, z;, z2 and f are measurable [11, Proposition III. 4], the
multifunction V: t — Z(t) N F(t,z1(t)) is measurable. Then there is h € S}C(, () With

For each t € J, Z(
(t ZQ(t)),F ,Zl<t

11(8) = F(OII < 6()) [lz1(8) — za(D) [}, ae te]. (4.20)
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Let us define

yo(t) = 1,(1>/0t(t—s)"‘_1h(s)ds - 2;(“)/0[’(19 — s)*1p(s) ds
(b—t)

+ 4(:(;3?) /Ob(b —8)*2h(s) ds + 4;(“_2) /Ob(b — §)*31(s) ds.

Obviously y, € R(zz). Furthermore, we get from the definitions of y; and y», (4.19), (4.20)
and Holder’s inequality

el =] < g7 [ (0= Te)lae) —2(6) s

s ot [ 6= 97 els) z1(s) — 2(5) s

4|1"b(;3t1|) /Ob(b —5)*726(s)[|z1(s) — z2(s) || ds

- ﬁltF((ba_—t;) /ob(b —5)"73(s)l|z1(s) — z2(s)]| ds

+

3ba—1 ba—l
S <2r(a) + 41—‘(0‘_1)) HZl _ZZHC(],E) “g"Ll(I,R+)
b3
+ WHQHL%(LRﬂHZl - Z2||c(I,E)
3 a—1) !
< llz1 = 22l ¢ <2+ 1 )r(a)HQHLl(],Rﬂ
b3
——— sl 2
4T (a —2)p'=s L7(J,RF)

< Hzl - ZZHC(},E)'
By interchanging the role of ¥, and y; we obtain
IRz1) - R(z2)| < 121 ~ 22|, -

Therefore, the multivalued function R is a contraction and thus, by Lemma 2.23, R has a
fixed point which is a solution for (1.2). O

In the following corollary we simplify the condition (4.19).

Remark 4.11. The previous corollary extends Theorem 3.1 in [2] to a multivalued version
and Theorem 3.7 in [12] to infinite dimensional Banach spaces. In addition, it gives a correct
formula for the solutions.

Corollary 4.12. Assume that the assumptions (Hs) and (Hg) are satisfied. If there exists a positive
constant v such that ¢(t) = v, for all t € ], then the problem (1.2) has a solution provided that

vb* o2
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Proof. Lett € |, we get from (4.19), (4.20) and (4.21)

1926 =1 < g [ =9 M za(s) 229 s

v b a—1
oty € aG) —=) s
v|lb—2t| [P aD
Pty Jy €97 las) —za(s) | ds
vt(b—t) [P a3
a2y Jy €97 las) — () ds
<o o, P 21 — 22
= \2r(a+1) " 4ar(e) " ar(a—1)) 17t "Aleon
< 3b* n ab” n b (e —1) 21 — 2]
> 2F((X—|—1) 4F(DC+1) 4r(“+1) 1 2llc,E)
vb" o ale—1)
< _ 7 s SV _
= T(a+1) <3+ 2772 ) 121 = 22l

vb® o?
< _ 7 adl _
—2T(a+1) <3+ 2 > 121 = 22|

<|lz1 _Z2||C(/,E) .

Then R is a contraction. O

4.2 Nonconvex case

Now we present an existence result for the problem (1.1) when the values of the multivalued
function are not necessarily convex. The proof is based on a selection theorem due to Bressan
and Colombo [9] for lower semicontinuous maps with decomposable values. Our hypothesis
on the orient field is the following:

(Hy) F: ] x E — P, (E) is a multifunction such that

() (t,x) — F(t,x) is graph measurable and x — F(t, x) is lower semicontinuous.

(ii) There exists a function ¢ € L! (J,R™), such that for any x € E
IF(t,x)] < pt), aete].

Theorem 4.13. If the hypotheses (Hy), (Hs) and (Hy) hold, then the problem (1.2) has a solution
provided that there is r > 0 such that the condition (4.9) is satisfied.

Proof. Consider the multivalued Nemitsky operator N: C(J,E) — 2L'(JE), defined by
N(x) = Sp( o) = {f € L'(JLE) : f(t) € F(t,x(t))), ae. t € ]}

We will prove that N has a nonempty closed decomposable value and I.s.c. Since F has
closed values, S is closed. Because F is integrably bounded, S} is nonempty. It is readily
verified, S}: is decomposable. To check the lower semicontinuity of N, we need to show that,
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for every u € LY(J,E), x — d(u,N(x)) is upper semicontinuous. To this end from Theorem
2.2 [21] we have

A, NG) = inf o],

— inf /Hu ()] dt

v EN(x

:/O inf  [fu(t) — 2| dt

z €F(t,x(t))

b
— / d(u(t), F(t, x()) dt. (4.22)

0

We shall show that, for any A > 0, the set
u, ={x € C(J,E): d(u,N(x)) = A}

is closed. For this purpose, let (x,) be a sequence in u, such that x, — x in C(J,E). Then,
forall t € J, x,(t) — x(t) in E. By virtue of (Hy)(i) the function z — d(u(t), F(t,z)) is upper

semicontinuous. So, via Fatou’s lemma and (4.22) we have

A <limsupd(u, N(x,))

= lim sup Obd(u(t),F(t,xn(t))dt
/ lim sup d(u(t), E(t, (1) dt

b
< / d(u(t), F(t, x(£)) dt
0
=d(u,N(x)).
Therefore x € u, and hence N is lower semicontinuous. By applying Theorem 3 of [9],

there is a continuous map Z: C(J,E) — L'(J, E) such that Z(x) € N(x), for every x € C(J,E).
Then, Z(x)(s) € F(s,x(s)), a.e. s € J. Consider a map 7: C(J,E) — C(],E) defined by

() () = rgﬂc)/ot(t—s)ﬂzm(s)ds _ ;m)/ob(b—s)“lz(x)(s) s

m /ob(b —s)" ?Z(x)(s) ds

' m /ob(b —s)" PZ(x)(s) ds.

+

Arguing as in the proof of Theorem 4.6, we can show that 7 satisfies all the conditions
of Schauder’s fixed point theorem. Thus, there is x € C(],E) such that x(t) = (7rx)(¢). This
means that x is a solution for (1.2). O



Fractional differential inclusions with anti-periodic boundary conditions 29

5 Examples

The following examples illustrate the feasibility of our assumptions.

Example 5.1. Let E be a separable Banach space and f: [0,1] x E — E, be a function defined
by
_ tXxo X
f(t,x) = 200]xo] * 50

(5.1)

where xg € E\ {0}. Clearly

£ (8 x) = fs,y)ll < Zlfomax{lf = sl llx—yl}-

Moreover, the inequality
(20> —a +6)
F(a+1)
is always true for any a € (2,3). Then, by Corollary 3.2, the problem (1.1), where f is given
by (5.1), has a solution.

< 40

Example 5.2. Let | = [0, 1], E be a separable Banach space and K a nonempty convex compact
subset of E. Let F: | x E — Py (E) be a multivalued function defined by

T
AMI0+et) (T4 ||x])

F(t,x) = (5.2)
where A is a positive constant such that sup{||z|| : z € K} < A.

Our aim is to prove the assumptions of Corollary 4.12 are satisfied. Obviously the as-
sumption (Hs) is satisfied. In order to show that (Hjp) is satisfied. Furthermore, for t € |, we
have

1 [E —
WE)EEY) < qorey | @ =)~ @+ vl

1
< =y =
1
< —llx—vy|
< llx—yl
Note that F(t,0) = {0}. Hence, the assumption (Hs) holds with ¢(t) = v = 5. We shall

check that condition (4.21) is satisfied with v = & and b = 1. Indeed, it is easy to show that
the inequality

1 o2
— =) <1
200(x 1 1) <3+ 2 > <
is verified for any « € (2,3). Therefore the condition (4.21) is satisfied. Then by Corollary
4.12, the problem (1.2), where F is given by (5.2), has a solution.

6 Conclusion

In this paper, existence problems for fractional differential inclusions with anti-periodic bound-
ary conditions have been considered in infinite dimensional Banach spaces. Some sufficient
conditions have been obtained, as pointed in the first section, these conditions are strictly
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weaker than the most of the existing ones. We have considered the convex as well as the
nonconvex case. The obtained results extend those of [3,12] to infinite dimensional Banach
spaces. Moreover, our technique allows to consider many boundary value problems in infinite
dimensional Banach spaces.
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