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Abstract. In the present paper we consider local center-unstable manifolds at a sta-
tionary point for a class of functional differential equations of the form x(t) = f(x;)
under assumptions that are designed for application to differential equations with
state-dependent delay. Here, we show an attraction property of these manifolds.
More precisely, we prove that, after fixing some local center-unstable manifold W,
of X(t) = f(x¢) at some stationary point ¢, each solution of %(t) = f(x;) which exists
and remains sufficiently close to ¢ for all ¢ > 0 and which does not belong to W,
converges exponentially for t — oo to a solution on We,,.
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1 Introduction

In the last decade the theory of differential equations with state-dependent delay made sig-
nificant progress. Apart from other results, the framework developed by Walther in [7, 8, 9]
had a remarkable impact. This series of works is concerned with a class of abstract functional
differential equations and contains a proof that under certain mild conditions the solutions
of the associated Cauchy problems define a continuous semiflow on a smooth submanifold
of a function space. In particular, the resulting semiflow has continuously differentiable so-
lution operators and the linearization of the semiflow along a solution is described by linear
variational equations. The vital point of that framework with respect to delay differential
equations is the fact that it seems to be typically applicable in cases where the functional dif-
ferential equation represents an autonomous differential equation with state-dependent delay.
Consequently, under the assumption of applicability, one obtains a general setting of smooth
dynamical systems for the study of differential equations with state-dependent delay.
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2 E. Stumpf

Nowadays, the semiflow mentioned above is analyzed in various articles and many of
its dynamical aspects are well-understood. For instance, a general survey of basic properties
together with the linearization process at stationary points as well as the principle of linearized
stability is presented in [1]. In addition, [1] contains a proof of the existence of local stable
and local center manifolds at stationary points. The counterpart of the principle of linearized
stability, that is, the principle of linearized instability is discussed in [4]. For the existence of
continuously differentiable local unstable manifolds at stationary points we refer the reader
to [2]. The construction of Cl-smooth local center-unstable manifolds is carried out in [5],
whereas the authors of [3] show the existence and smoothness of local center-stable manifolds.

In the present article we address another feature from the dynamical systems theory of
semiflows as laid out in the framework [7, 8, 9]; namely, an attraction property of local center-
unstable manifolds obtained in [5]. We show that each solution which starts and stays close
enough to a stationary point converges exponentially for ¢ — oo to a solution on a local
center-unstable manifold of the semiflow. In particular, this property provides an asymptotic
description of the dynamics of such solutions: for all sufficiently large ¢ they behave like
solutions on the considered local center-unstable manifold. However, in order to formulate
our main result in detail we have to recall some relevant material. This is done below without
presenting proofs. For a deeper discussion of the theory and for the absent proofs we refer
the reader to [1, 7, 8, 9].

Throughout this paper, let 1 > 0, n € IN and let || - ||[g» denote a norm in R”. Further,
we write C for the Banach space of all continuous functions from the interval [—F, 0] into R”,
provided with the usual norm || ¢||¢ := SUP,e 0] |@(s)||r of uniform convergence. Similarly,
let C! denote the Banach space of all continuously differentiable functions ¢: [—h,0] — R”"
with the norm [|¢||c1 == ||¢]lc + ||¢'|lc. Given some function x: I — R" defined on some
interval I C R, and some real t € R with [t — h,t] C I, the segment x; of x at t is defined by
xe(s) = x(t+s), —h <s <0.

From now on, we consider the functional differential equation

x(t) = f(x) (1.1)

given by some function f: U — R" defined on some open neighborhood U C C! of the origin
0 € C! and satisfying f(0) = 0. A solution of Eq. (1.1) is either a continuously differentiable
function x: [ty — h, t,) — R" with ty < t, < oo such that x; € U for all ty < t <, and Eq. (1.1)
holds for all ty < t < t,, or a continuously differentiable function x: R — R" satisfying x; € U
and Eq. (1.1) for all t € R, or a continuously differentiable function x: (—oo,t,] - R", t, € R,
such that x; € U for all t < ¢, and Eq. (1.1) holds as t < t,.

As f(0) = 0 by assumption, it is clear that x(t) = 0, t € R, is a solution of Eq. (1.1) in the
sense above. In particular, the subset

Xp={pecUl|¢(0)=f(g}

of C! is not empty. We impose that the function f additionally satisfies the following condi-
tions:

(S1) f is continuously differentiable, and

(S2) for each ¢ € U the derivative Df(¢): C! — RR" extends to a linear map D, f(¢): C — R"
such that the map U x C 3 (¢, x) — D.f(¢)x € R" is continuous.
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Then the results of the framework [7, 8, 9] show that the subset X of U is a Cl-smooth
submanifold of codimension n. Moreover, for each ¢ € X there is a unique real £, (¢) > 0
and a unique solution x?: [—h,t,(¢)) — R" of Eq. (1.1) such that x; = ¢ and x? is not
continuable in the forward time direction. For all ¢ € X¢and all 0 <t < ¢, (¢) the segments
x belong to X £, which is therefore called the solution manifold of Eq. (1.1). By assigning

F(t,¢) = x{
for all (¢, ¢) € Q) where

Q:={(s,9) €[0,00) x X¢ |0<s <t (¥)},

we obtain a continuous semiflow F: (3 — X with continuously differentiable time-t-maps.

Since x(t) = 0, t € R, is a solution of Eq. (1.1), it is clear that ¢y := 0 € U is a stationary
point of the semiflow F such that F(t,0) = 0 for all t > 0. The linearization of F at ¢y = 0 is the
strongly continuous semigroup T = {T(t) };>0 of bounded linear operators T(t) := D,F(t,0)
on the Banach space

ToXy:={x € C" | x'(0) = Df(0)x}
with the norm || - |1 of C'. The action of an operator T(t), t > 0, on x € ToXy is given by
T(t)x = v}, where vX: [~h, ) — R" is the uniquely determined solution of the variational
equation
o(t) = Df(0)or
with initial value vy = . The infinitesimal generator G of the strongly continuous semigroup
T is given by the linear operator

G: D(G) S X — X/ S T()Xf
defined on the subset

D(G) = {x € C* | X'(0) = Df(0)x, X"(0) = Df(0)x'}

of the space C? of all twice continuously differentiable functions from [—, 0] into R".

The semigroup T is closely related to another strongly continuous semigroup. In order to
clarify this point, recall that, due to assumption (S2) on f, the operator D f(0) may be extended
to a bounded linear operator D.f(0): C — R" on C. In particular, the operator L, := Df.(0)
defines the linear retarded functional differential equation

v'(t) = Levs.
The solutions of the associated initial value problems

{ v'(t) = Levy

1.2
vo=x€C 1.2)

induce a strongly continuous semigroup T, = {T,(t) };>0 on C. The generator of T, is defined
by
Ge: D(Ge) 2 x— x €C

on the domain
D(G.) :=={x € C' | X'(0) = Lex}.
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We have D(G,) = ToXy and T(t)p = T,(t)¢ for all t > 0 and all ¢ € D(Ge).

The relation between the semigroups T, T, notably has an effect on the spectra 0(G), o(G,)
of the two generators G, G,: they coincide as shown in [1]. The spectrum ¢(G,) C C of the
generator G, of T, is given by the zeros of a familiar characteristic equation. In particular, it is
discrete and contains only eigenvalues of finite rank, that is, all generalized eigenspaces are
finite-dimensional. Moreover, for each f € R the intersection 0(G,) N {A € C | ReA > B} is
finite. Therefore, the spectral parts

0.(Ge) == {A € 0(G,) | ReA = 0}

and
0u(Ge) = {A € 0(G,) | ReA > 0}

of 0(G,) are empty or finite. The associated realified generalized eigenspaces C. and C, are
called the center and unstable space of G,, respectively, and each of them is a finite dimensional
subspace of C. In contrast, the stable space C; of G,, that is, the realified generalized eigenspace
associated with the spectral part

05(Ge) == {A € 0(G,) | ReA < 0},

is an infinite-dimensional subspace of C. All the spaces C,, C., and C; are closed and invariant
under T,(t), t > 0, and provide the decomposition

C — Cu EB CC @ Cs (13)

of the Banach space C. The semigroup T, may be extended to a one-parameter group on
each of the two finite dimensional spaces C,, C., and the decomposition of C also leads to a
decomposition of the smaller Banach space C':

Cl=Cc,@C.ac! (1.4)

with the closed subspace C! := C; N C! of C!. With respect to the semigroup T and its
generator G, it turns out that both C, and C; belong to D(G,) = ToX f and coincide with the
unstable and center space of G, respectively. The stable space of G is given by the intersection
Cs N ToX ¢ and we get the decomposition

T()Xf =C,®C.® (Cs N Ton)

of the Banach space Tp X £ All the spaces C;, Cc, and C; N Tp X rare closed in Tp X 7 and invariant
under the action of the semigroup T. In addition, T is extendable to a one-parameter group
on both C, and C..

After the preparatory steps, we are now in the position to recall the main result from [5]
about the existence of local center-unstable manifolds for the semiflow F at the stationary
point ¢y = 0. In doing so, we write C, for the so-called center-unstable space C. & C, of G.

Theorem 1.1 (Theorems 1 & 2 in [5]). Given f: U — R", U C C! open, with f(0) = 0 and
satisfying assumptions (S1) and (S2), suppose that {A € o(G,) | ReA > 0} # @ or, equivalently,

Ceu # {0}.

Then there exist open neighborhoods Cey of 0 in Cg,, and C;O of 0 in Cl with Ngy = Ceyo + Csl,o
contained in U, and a continuously differentiable map wey,: Ceypo — C;O with we,(0) = 0 and
Dw,(0) = 0 such that

Wew = {¢ +weu (@) | ¢ € Ceup}
has the following properties.
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(i) Wey is a continuously differentiable submanifold of the solution manifold X of Eq. (1.1) and
dim W,, = dim C,,.

(ii) If x: (—o00,0] — R" is a solution Eq. (1.1) and if x; € Ny, for all t <0, then x; € Wy as t < 0.

(iii) Wy is positively invariant with respect to F relative to N, that is, for all ¢ € Wy, and all t > 0
with {F(s,¢) | 0 <s <t} C Ny, we have {F(s,¢) | 0 <s <t} C W,

The goal of this paper is to prove the following additional attraction property of local
center-unstable manifolds.

Theorem 1.2. Under the assumptions of Theorem 1.1, there exists an open neighborhood Uy of 0 in
U, and reals K4 > 0 and 14 > 0 with the following property: If ¢ € U and if the solution x?¥ of
Eq. (1.1) does exist for all t > 0 and its segments x{ belongs to U 4 as long as t > 0, then there is some
P e Xy with x;p € Wy for all t > 0 such that

Ixf = xfllcr = | E(t, @) = F(t, )]l < Kqe "4,
ast > 0.

In the next sections, we establish this statement. The main idea of the proof is to con-
sider the global center-unstable manifolds of some smooth modifications of Eq. (1.1) and to
show an attraction property for these manifolds — compare Theorem 4.1 — first. This is done
constructively by adopting the ideas contained in Vanderbauwhede [6], where a similar re-
sult for ordinary differential equations is given. An essential ingredient of the method is to
deduce certain integral equations and then to solve these equations by the contraction prin-
ciple on suitable Banach spaces. Having the attraction property of the global center-unstable
manifolds, the main result easily follows by a cut-off technique.

This paper is organized in detail as follows. The next section contains some prelimi-
naries. There, we recall the variation-of-constants formula and some integral operators for
inhomogeneous linear functional differential equations. Further, we introduce some smooth
modifications of Eq. (1.1) and describe the construction of global center-unstable manifolds.

The third section is devoted to the study of some global semiflows of the modified equa-
tions. Apart from the modifications introduced in the second section, in this section we con-
sider further auxiliary modifications of (1.1).

Section 4 begins with a statement about an attraction property of global center-unstable
manifolds. Thereafter, we develop step by step a strategy for a proof of this statement. It
turns out that the claimed attraction property may be characterized in an alternative way,
which notably involves global solutions of certain parameter-dependent integral equations.

In Section 5 we prepare the last arguments for a proof of the attraction of global center-
unstable manifolds: we construct parameter-dependent contractions on Banach spaces to solve
the parameter-dependent integral equations obtained in Section 4. In addition, we show that
the resulting fixed points depend continuously on the parameter. At the end of Section 5, we
finally give a proof of the statement claimed at the beginning of Section 4.

The last section contains the proof of our main result.

2 Preliminaries

In this section we recapitulate some standard facts on delay differential equations and discuss
some basics results needed for a proof of the main statement.
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2.1 Sun-reflexifity

For each t > 0, let T)(¢) denote the adjoint operator of the bounded linear operator T,(t)
induced by the solutions of the initial value problems (1.2). The family T} = {T,(¢) }+>0 forms
a semigroup of bounded linear operators on the dual space C* of C. But in general T, does
not constitute a strongly continuous semigroup on C* with respect to the topology induced
by the norm |¢*[lc+ = sup|,.<; |¢"(¢)|. However, let C* denote the set of all ¢~ € C*
with the property that the curve [0,00) > t — T (t)9® € C* is continuous. Then C® is a
closed subspace of C* and for all + > 0 we have T, (#)(C®) C C®. As a consequence, the
family T” = {T,’(t) }+>0 of operators T;”(t): C¥ 3 ¢“ — T, (t)p® € C® becomes a strongly
continuous semigroup on the Banach space C®.

Similarly, carrying out the process above with the semigroup T,” on C® instead of T, on
C, we first obtain the family T,”* = {T;”*(¢) }+>0 of adjoint operators of T;” on the dual space
C®* of C? and then the Banach space C®® C C“*, on which the restriction of T®* is strongly
continuous. The original Banach space C and semigroup T, are sun-reflexive: There is an
isometric linear map j: C — C®* such that j(C) = C®® and T *(#)(jo) = j(Te(t)¢) for all
t > 0and all ¢ € C. For simplicity, we identify C with C®® and omit the embedding operator
j in the following.

For the spectrum ¢(GS*) of the infinitesimal generator G'* of the semigroup T,”* we have
c(GP*) = 0(G,). By analogy to the decomposition (1.3) of C, C®* can be decomposed as

C* = C, ® C. & Co* 2.1)

and the subspaces C,, C,, and C* are closed and invariant under T.”*. We have continuous
projection operators Py*, PP*, and PY* of C®* onto C,, C., and C{*, respectively. Further,
there exist real constants K > 1, ¢; < 0 < ¢, and 0 < ¢, < min{—cs, ¢, } such that

ITe(t)gllc < Ke“[lo]c, t<0, ¢ €Cy
ITe(t)gllc < Ke“lgllc, teR, g €C,, (22)
1T () lice: < Ke'[l@™[cor, t>0, 9" € G

From the decomposition (1.4) of C!, we also get continuous projection operators P,, P,
and P, of C! onto subspaces Cy, C, and Cg, respectively. By the identification of C and C® it
easily follows that C! = C! N C*. Finally, in analogy to (2.2), for the action of T on subspaces
of ToX ¢ we also have

IT(t)gllcr < Ke @]l cn, t<0,¢€Cy
IT(t)gllcr < Ke“ll|lgllci,  tER, 9eC, (2.3)
IT(t)gllcr < Keol|c1, t>0, ¢ € CND(Ge).

2.2 Variation-of-constants formula

Next, we are going to recall the variation-of-constants formula for solutions of the inhomoge-
neous linear differential equation
£(t) = Loy + q(0) 4

with a function q: I — R" defined on some interval I C R. Here, a solution is a continuous
function x: I + [—h,0] — R" satisfying (2.4) for all + € I. In order to state the variation-
of-constants formula and its properties, we need some preparations and notation. To begin
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with, let L*([—h,0],R") denote the Banach space of all measurable and essentially bounded
functions from [—h,0] into R", equipped with the usual norm || - ||z~ of essential least upper
bound. Then the product space R" x L*([—h,0],R") equipped with the norm

(&, )l pow = max{||al|g, [[@][L=}

is isometrically isomorphic to the Banach space C®*. After fixing a norm-preserving iso-
morphism k: C®* — R" x L®([—h,0],R"), let for each i = 1,...,n the element ri’* € C*
be defined by r”* := k™1(e;,0), where ¢; is the i-th canonical basis vector of R". The family
{r{*, o r%} clearly forms a basis of the subspace Y®* := k~!(IR" x {0}) of C®* and by claim-
ing l(el) = r”* we find a unique linear bijective mapping I: R” — Y®* with ||I|| = ||I7!]| = 1.

Given reals a < b < ¢ and a continuous function w: [a,b] — C%*, define the weak-star-
integral

/ TO* (¢ (t)dt € Co*

by
(/ T (c )dT) (¢?) := /ab (T (c — T)w(7)) (¢%) dt

for all ¢ € C®. In addition, set

/ﬂ T(c — T)w(t) dT := — /b T*(c — T)w(7) dT.
b a

Then it follows that the weak-star-integral lies in C. We have
N b b
TO*(t) / TO*(c — T)w(t) dt = / TO*(t+c — T)w(T) dT
a a
as t > 0, and for any of the continuous projections P)?* with A € {s,c, u} the identity

b b
P* / TS*(c — T)w(t)dT = / T (c — 1) Py w(T) dT

holds. In addition, as usual the norm of the weak-star-integral is bounded by the integral of

the norm:
[ e < [T - o). it

We return to Eq. (2.4). If g: I — R" is continuous and if x: I + [—h,0] — R" is a solution
of Eq. (2.4) then the curve u: I 5 T — x; € C satisfies the abstract integral equation

w(t) = To(t — s)u(s) + / TO* (¢ (1) dt 2.5)

with Q: I >t — I(q(7)) € Y?* for all 5,t € I, s < t. Conversely, if Q: I — Y®* is continuous
and if u: I — C is a solution of Eq. (2.5) then there exists a continuous x: I + [—h,0] — R"
such that x; = u(t) for all + € I and that x is a solution of Eq. 24) on I for q: [ 5 7 —
[71(Q(7)) € R™. In this way we have a one-to-one correspondence between solutions of
Eq. (2.4) and Eq. (2.5).
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2.3 Preparatory results on inhomogeneous linear equations
Let X denote a Banach space and || - || x its norm. Then for each 77 > 0 the linear spaces
Cy((—00,0], X) := {g € C((=00,0], X) | Sup ]E”Sllg(S)Hx < 00}
s€(—00,0

and

Cyr(R, X) := {g € C(R,X) | supe”||g(s)[[x < 00}
seR

provided with the weighted supremum norms
gllc, = supe™lg(s)lx and igllc,x =supe™|lg(s)[lx,
s<0 seR

respectively, become Banach spaces as well. Some of these spaces we will consider repeatedly
in the sequel. In order to simplify notation, we shall use the following abbreviations through-
out the paper:

C) = Cy((=0,0,C),  Cy:=Cy((—00,0],C"), Yy = Cy((—00,0], Y™),
Cyr = Cyr(R,C), Cyr = Cyr(R,CY), and YR = C;r(R,Y%).

Moreover, we write P, := P + P, for the projection of C! along C! and PS* := P{* + P2* for
the projection of C“* along C{*.

Definition 2.1. Given Q: (—o0,0] — Y®* and Qgr: R — Y®*, set

t
(KK Q / TO* (£ — 1)PE*Q(7) dt + / TO*(t — 7)PO*Q(7) dt 2.6)
for all + <0, and
(K10R)(t / T (t — 7)PO* Qg (1) dt 2.7)
and
(K2QR) (¢ / T (t — T) P2 Qg (7) dt 2.8)
forallt € R.

Proposition 2.2 (compare Proposition 3.2 in [5]). Let # € R with ¢ < y < min{—cs,c,} be
given.

(i) Eq. (2.6) defines a bounded linear map K : Y, 20— K*"Qe€ C,(; with

A PO PO* PO*
H,CHSKC\C [ r|>'

N—=C Cutn G+
Moreover, u := (KQ), Q € Y, is a solution of the integral equation
u(t) = T,(t —s)u +/ To*(t—1)Q(T)dt (2.9)

as —co < s <t <0, and it is the only one in Cy) with the property PG*u(0) = 0.
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(i) Eq. (2.7) defines a bounded linear map K': Y, r 2 Q — (K1Q) € C?],IR with

KB

1KY <
cs+1

Moreover, (K'Q), Q € Yy, R, is a solution of the integral equation
w(t) = To(t— s)u(s) + / TO*(t — 1)P2*Q(7) dt 2.10)

as —oco < s < t < oo, and (K'Q)(t) € Cs forall t € R,

(iii) Eq. (2.8) defines a bounded linear map K?: Y, Y,r > Q— (K?Q) € C2,IR with

. P@* P@*
N—=C  Cu+1

Moreover, (l@Q), Q € YyRr, is a solution of the integral
w(t) = Tu(t — s)u / T (t — 1)PE*Q(7) dt @.11)

as —oo < s < t < oo, and (K?Q)(t) € Cy forall t € R.

Proof. For the first part of the statement we refer the reader to Proposition 3.2 in [5] where the
proof is carried out in full detail. Following these lines, one easily concludes parts (ii) and (iii)
of the statement. O

Remark 2.3. Under the assumption on 7 from the last proposition, it is not difficult to see that
(K'Q) is actually well-defined for all Q € C(R,Y“*) satisfying Q |(_c0 € Y;. Furthermore,
for such Q € C(R,Y®*) the image u := (K!Q) is a continuous map from R into C with
U |(—oo0)€ Cy, s0lves Eq. (2.10) for all —oo < s <t < oo, and satisfies u(t) € Cs as t € R.

All the functions £Q, K'Q and K2Q are not only continuous but continuously differen-
tiable, as established in our next result.

Proposition 2.4 (compare Corollary 3.4 in [5]). Consider § € R as in the last result. Then the
following holds.

(i) Eq. (2.6) induces a bounded linear map
Ky: Y, 3Qm—K"QeCy

with

Kol < K(1+e™||L <H c W Ww T I%s >—|—e’7h.
H 17” = ( H EH) N —ce Cut 1 Co+ 7]

Moreover, given Q € Yy, u == K, Q is the only solution of Eq. (2.9) in C}] with the property
P&*u(0) = 0.
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(ii) Eq. (2.7) induces a bounded linear mapping
Ky:Yyr2Qr K'Qe Gy
with 1P|
ICl < K nh L, s 17h P(D*
1Ky FePlLell) g+ e IR
Moreover, given Q € Yy, all segments of the solution Ky Q of Eq. (2.10) belong to Cj.
(iii) Eq. (2.8) induces a bounded linear mapping
Ky Yyr 2 Q= K*Qe Gy

with - -
L (|

n—c  Cuty

12| SK(1+e’7hHLeH)( )+e’7hupéz*u.

Moreover, given Q € Yy, all segments of the solution IC%Q of Eq. (2.11) belong to Cey.

Proof. For the proof of the first assertion compare Corollary 3.4 and its proof in [5], whereas
the proofs of assertions (ii) and (iii) immediately follows from Proposition 2.2 in combination
with Proposition 4.2.1 in Hartung et al. [1]. O

Remark 2.5. An important ingredient of the proof of the last statement is a smoothing prop-
erty of the integral equation (2.5). For example, if Q € C(R,Y®*) and if u € C(R, C) satisfies
the integral equation (2.5) for all —co < s <t < oo, then u € C(RR, Cl). For a proof, compare
for instance the proof of Proposition 4.2.1 in Hartung et al. [1].

Corollary 2.6. For given 1 € R with ¢, < 1 < min{—c, ¢y}, let
Ky:Yyr = Cyr

denote the map Q — (K + K7)(Q), where the operators K, and IC are defined as in the last
proposition. Then K, forms a bounded linear operator with

[Pl n [P 1P|l
Cy+1 1 —C Cs +1

IKCH] < K(1+ ™| Le]) ( ) Y

and for each Q € Yy R the function u = (K + K7)(Q) satisfies

u(t) = T,(t —s)u —I—/ To*(t (t)dt
forall —co < s <t < oco.

Proof. In view of Proposition 2.4, it is clear that the sum K of the two bounded linear oper-
ators IC,11 and IC% from Y, r into C,17 R is @ bounded linear operator from Y, r into C}7 r as well.
Furthermore, from the estimates for ||IC,17 || and for ||IC% | we get

1 1< G+ 1

[Pl N [P 1P|l
Cu+1 1 —Cc Cs + 17

< K1+ ™| L)) ( ) e (1P + 1227 ).
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For the remaining part of the assertion, consider u = K;"Q for some fixed Q € Y, r. Using
Proposition 2.4 again, it follows that

u(t) = (/C+Q)(t)

= (K,Q)(1) + (KQ)(t)

= (K'Q)(1) + (K*Q)(t)
(K

)+ / T (t — T)PE*Q(t) dT + Tu(t — ) (K2Q) (s)
+/S T (t — T)P2FQ(1) dt

= T(t =) [(K'Q)(s) + (PQ))] + [ 17°(¢ = o) [P Q(1) + B Q(x)] de

= Tt = 9)(KQ)) + [ T (- T)Q() e

Te(t —s)

for all —oco < s <t < oo, which proves the corollary. O

2.4 Smooth modifications of the nonlinearity and the global center-unstable
manifolds of the modified equations

Below we recapitulate some essential ingredients of the proof of Theorem 1.1. In particular,
we describe the construction of global center-unstable manifolds for smooth modifications of
Eq. (1.1). For the details we refer the reader to [5]. Compare also the construction of local
center manifolds contained in Hartung et al. [1].

Introducing the maps

L:=Df(0) and r:U>¢+— f(¢)— Ly e R",

we may rewrite Eq. (1.1) as
%(t) = Lxt +r(x¢)

where the right-hand side is separated into a linear and a nonlinear term. It is easily seen that
r inherits conditions (S1) and (S2) from f. In particular, we have r(0) = 0 and Dr(0) = 0.

In view of dimC, < oo, there exists a norm || - ||, on Cgy such that its restriction to
Ceu \ {0} is C®-smooth. Using this norm, define

lollx = max{[|Peuelcu, | Psollcr }

for all ¢ € C!. In this way we obtain another norm || - ||; on C!, which is equivalent to || - || 1.
Choose next a C®-smooth map p: [0,c0) — R satisfying p(t) =1as0 <t <1,0< p(t) <1
as1<t<2 and p(t) =0 forall t > 2, and set

. r(e), for e U,
(p) = () ¢
0, for ¢ ¢ U.

For each § > 0 we introduce by

Ts: cls . <||§ch||cu> 0 <||§02HC1> ?(QD)
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a modification of r that is defined on all of C'. Here, ¢, denotes the component P, ¢ of
¢ € C!, and analogously @s the component Ps¢ of ¢ € C'.

For all sufficiently small 6 > 0 the restriction of r; to a small neighborhood of 0 € C? is
continuously differentiable, bounded, and has a bounded derivative. More precisely, there
exists some dy > 0 with {¢p € C! | ||¢s]|1 < o} C U such that for each 0 < § < &) the restric-
tion 75 |{yec||y|, <o} 1S @ bounded and continuously differentiable function with a bounded
derivative. Furthermore, for all ¢ € { € C! | ||¢s]|1 < 6} we have

Tl tpec |l h<e} (@) = F(@) p (”"’5”) :

Next, there is some 0 < & < Jp and a monotone increasing A: [0,d1] — [0, 1] satisfying
A(0) = 0 and lims\ g A(d) = 0 such that

I7s(@)|[rn < 6 A(5) (2.12)

and
[75(@) —75(P)[IrRe < A(S)ll@ — Pl (2.13)

forall 0 < § < 61 and all ¢, € CL.
The proof for the existence part of Theorem 1.1 begins with the construction of global
center-unstable manifolds for the modified equations

x(t) = Lxy + rs(xy) (2.14)

where 0 < 6 < J1. Recall that these equations are closely related with the integral equations

u(t) = To(t —s)u(s) + /t T (t— 1)l (rs(u(T))) dt. (2.15)

For instance, if x: (—co,0] — R" is a continuously differentiable solution of Eq. (2.14), then we
obtain a solution of Eq. (2.15) by u: (c0,0] 3 t + x; € C1. On the other hand, if u: (—oo,0] —
C! satisfies (2.15), then x: (—o0,0] — RR" given by x(t) := u(t)(0) as —0 < t < 0is a C!-
smooth solution of Eq. (2.14).

Consider now some fixed 7 € R satisfying

cc < n < min{—cs,cy,}.

There clearly exists some 0 < § < J; ensuring

1
2O Il < -

With this choice of J, let us temporarily denote by R: C((—o0,0],C!) — C((—00,0], Y®*) the
substitution operator of the map C! 5 ¢ — [(rs(p)) € Y®*, that is, R(u)(t) = I(rs(u(t))) for
all u € C((—00,0],C") and all t < 0. Then R maps C, into Y; and thus induces a mapping

Rsy: C,1] Sur— R(u) €Yy,
which particularly satisfies

IRsy ()[ly, <6A(6) and [[Rsy(u) — Rsy(v)lly, < A@)[lu—vllcy (2.16)
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forall u,v € C,17.

Given some ¢ € C., the curve (—0,0] > t — T,(t)¢ € C! belongs to C,17. Therefore, we
may define a map S;: C! D Coy — C% by (S,¢)(t) == T.(t)p as ¢ € Coy and t < 0. It easily
follows that S, forms a bounded linear operator with

1Syl < KCP ||+ 1) (2.17)

Using the mappings K; from Proposition 2.4, Rs;, and S;, we introduce another map
Gy: C% X Coy — C,17 given by

giy(u/ (P) = Sr]q) + IC77 o R(s;? (u)

Under the given assumptions, for each ¢ € C, the induced map G, (-, ¢): C% — C% has an
uniquely determined fixed point u(¢) since it forms a contraction of a sufficiently large ball
about the origin into itself. The associated solution operator

iy: Cou > @ — u(e) EC;

is globally Lipschitz-continuous, and for each ¢ € C., the function i, (¢) is a solution of
Eq. (2.15) on (—o0, 0] with vanishing C., component at t = 0. Thus, in view of the one-to-one
correspondence of solutions of Eq. (2.14) and Eq. (2.15), we see that for each ¢ € C., there
exists a continuously differentiable function x: (—oco,0] — R” with x; = ii(¢)(t) as t < 0 such
that x solves Eq. (2.14) for all t < 0. The global center-unstable manifold of Eq. (2.14) at the
stationary point 0 € C! is now the set

W = {1, (9)(0) | ¢ € Cuu}.
We have
W= {g+w(p) | ¢ € Cau}
with the map
w': Ceu > ¢ — Ps(ily(9)(0)) € C! (2.18)

and for each solution v € C,l7 of Eq. (2.15) we have v(t) € W7 as t < 0.

3 Global semiflows of modified equations

The first step towards a proof of our main result Theorem 1.2 will be a similar statement for
the modified equations (2.14) and the associated global center-unstable manifolds. As this
statement will assert an asymptotic behaviour for ¢+ — co of certain solutions of Eq. (2.14), we
need some preparations containing, among other things, a discussion about the existence of
continuously differentiable solutions for t > 0. This is done below.

To begin with, observe that Eq. (2.14) may be written as

(t) = fs(xt) 3.1)

with the function f5: C! 3 ¢ + Lo + r5(¢). By construction, the set

Xs={peC | ¢'(0) = fs(9)}
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is clearly not empty since we have f;(0) = f(0) = 0. Nevertheless, f; does not need to have
the properties (51) and (S2). For this reason, we can not use the results in Walther [7, 8, 9] in
order to conclude the existence of solutions of the initial values problems

X(t) = fo(xi) (= Lxe +1s5(xt)),  xo=¢ € X, (3.2)

for t > 0. However, this issue was already addressed by Qesmi and Walther in [3] where the
authors prove that for all sufficiently small 6 > 0 the initial value problems have uniquely
determined solutions. More precisely, the following holds:

Proposition 3.1. Let 0 < 0 < 01 with A(6) < 1/5 be given. Then for each ¢ € X there exists a
unique continuously differentiable solution x: [—h,c0) — R" of the initial value problem (3.2), and
xt € Xs forall t > 0.
Moreover, the equations
Fs(t, @) = x{, @€ X5, t >0,

define a continuous semiflow Fy: [0,00) x X5 — X, and for each s > 0

Lipgy<s Fs(t, ) < co.
Proof. Compare Corollary 6.2 and Proposition 6.3 in [3]. O

Now, recall once more the one-to-one correspondence between solutions of the differential
equation defining the initial value problem (3.2) and solutions of the integral equation (2.15).
Fixing some appropriate 6 > 0 and any ¢ € X; and setting u(t) := Fs(t, ¢) for all t > 0, we
first see

Fitg) = Tt = )Fs(s, ) + [ T2 (= 0)l(rs(B(x, ) dr (33)

and then after application of P,
PeuFs(t, @) = PCQu*Fﬁ(t/ )

= BTt~ 5)Fs(s,9) + P [ 1O (- D)l (rs(Fo(x, 9))) de
= Tt~ PG R )+ [ T (- P rs(Fo(r, ) dT
= T.(t — s)PeyFs5(s, @) + /St To*(t — 1) PS1(rs(Fs(T, 9))) d,

that is,
t
PeuFs(t, @) = Te(t — s)PeuFs(s, ) +/ T (t — TP (s (Es(T, 9))) d, (3.4)

forall0 <s <t < 0.

Apart from the global semiflows F; generated by solutions of (3.2), we will need other
auxiliary semiflows. In order to define these semiflows, we first have to study solutions of the
modification

2(t) = LPyxi + (171 o P50 1) (r5(xt + Psg)) (3.5)

of Eq. (3.1) for t < 0 where ¢ € X;. We show that, for each 7 € R with ¢, < < min{—c;, ¢, }
and all sufficiently small 6 > 0, every ¢ € X; uniquely determines a continuously differen-
tiable solution x: (—o0,0] — R" of Eq. (3.5) with xg = Py@ and [(—0,0] >t — x; € Cl] € C,%.
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The proof of this statement is based on a fixed-point argument completely similar to the one
used for the construction of the global center-unstable manifolds W7. However, for the con-

venience of the reader, we carry out the details below.
For the remaining part of this section fix some 7 € R with

cc < n < min{—cs,c,}

and choose 0 < § < 1 such that

L1
AN < AN IR < 5-

We begin with a minor modification of Corollary 4.3 in [5].
Corollary 3.2. Let R denote the operator which assigns to u € C((—oo,0], Cl) the mapping
(—00,0] 3 5+ PO I(rs(u(s))) € YO*

in C((—o0,0], Y*).
Then R(Cy) C Yy, and the induced mapping R, C; > u — R(u) € Y satisfies

IRsy ()|l < P& (16A(0)

and
IRsy (1) = Roy (0) Iy, < MO P Mllu = vllcy

for all u,v € C%.

Proof. Observe that for each u € C((—o0,0],C') and all s < 0 we have
R(u)(s) = P, 1(rs(u(s))) = Pey"R(u)(s)

(3.6)

where R: C((—00,0],C') — C((—00,0],Y®*) denotes the substitution operator of the map
C' 2 ¢ — I(rs(@)) € Y. As PS5 : C®* — Cqy is continuous and R(u) € C((—o0,0], Y®¥), it

becomes clear that R maps C((—o0,0],C!) into C((—o0,0], Y®*).

Next, consider some u € C%. Using the first inequality of (2.16) we infer
sup e/ R(u) (1) |-+ = sup e[| PSR (u)(t)
t<0 t<0

< [P2]| - sup e [ R(u) (1) |y
t<0

YO*

< 1P M Rsy (w)ly,
< [P 6A(6).-

Hence, it follows that R(C;) C Y, and that R, is bounded by || PG || 6A(5).
Similarly, from the second inequality of (2.16) we get for all u,v € C%:

IRsy (1) = Roy (0) Iy, = [IR(#) = R(2) |y,
= sup e"|| Pe; R(u)(t) = PG R(v)(t)
< [Pl Stlige”tllR(u)(t) = R(@)(8) [ly=-
= 1P IRy (1) = Ry (0)ly,
< AP [Hu = ol

Y©O*

This proves the assertion.
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Next, we consider a slight modification of the bounded linear operator S, used for the
construction of W7.

Corollary 3.3. For each ¢ € C! the curve (—o0,0] > t — T,(t)Peyq € C! belongs to C}, and the
mapping Sy: C' — Cy defined by (S;¢)(t) = To(t)Peu for all ¢ € C' and all t < 0 is a bounded
linear operator with

1Syl < K (Peull (NP1 + 12711)-

Proof. First, by Corollary 4.5 in [5] it follows that for every ¢ € C! the continuous curve
(—=00,0] 2 t = T.(t)Pue € C! is an element of the Banach space C,17. Moreover, we have
§,7 = S, o P Hence, as a composition of two bounded linear operators, §,7 is a bounded
linear operator as well, and the estimate (2.17) finally leads to

1551l = 1Sy © Peull < 1Syl | Peull < K| Peu [ (P11 + 1 P271])-

O
For given ¢ € C! consider the constant map
C(p): (—e0,0] — C!
defined by
C(@)(t) = Psg. (3.7)

Clearly, we have C(¢) € C,17. Using Corollary 3.4 in [5] and the last two corollaries, we obtain
a well-defined map
Gy: CyxCl =Gy

where

Gy (1, @) = Sy + Ky o Rey (u + C(9))
with the bounded linear operator KC;;: Y, — C% from Proposition 2.4. Next, we show that for
each fixed ¢ € C! the induced map G, (-, ¢): C% — C% is a contraction such that the equation
u = G, (u, ¢) has exactly one solution in the Banach space C%.

Proposition 3.4. For any ¢ € C' the mapping G,(-,¢): C; — C; has exactly one fixed point
u = u(¢) and the associated solution operator

y: C'3 ¢ = 1) € C,
of U = G, (1, @) is Lipschitz continuous.

Proof. We mimic the proof of Proposition 4.6 in [5].
1. Let ¢ € C! be given. Choose v = y(¢) > 0 such that 2||S,| [[¢||c: < 7. Then from
Corollaries 3.2 and 3.3 we infer
Gy (1, @)llcy = ISy + Ky © Rey (1 + C ()l
< IISy9llgy + 1€, o Roy) (1 + Peg)

< ISyl + Iy I IRy () Iy,

< ISylll@lict + A Iy HIPE | Hlwllcy
T,

<ty L .

S5t5 (see (3.6))

=7
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for all u € C,% with HuHC% < 7. Consequently, the restriction of G, (-, ¢) to the closed ball

{ue C% |||u HC% < 7}in C% is a self-map. Moreover, G, ( -, ¢) is a contraction. Indeed, Corollary
3.2 in combination with condition (3.6) implies

1G5 (1,9) — Gy (0,9)llcs, = 1Ky © Ry (1 + C(9)) — Ky 0 R0+ C(9))
< 11Kyl 1Rsy (1 + €(9)) — Ray(0 + (),
< M@K PG I 1w = ol

1
< Sllu— UHC}]
forall u,v C,17. We conclude that there is a unique
i(g)e{ueCy|lulle <vtcdc

satisfying u = G, (u, ¢).
2. It remains to show the global Lipschitz continuity of the map ,: C' 3 ¢ — 7(g) € C%.

For this purpose, consider ¢, ¢ € C!. Using Corollaries 3.2 and 3.3 and the estimate (3.6) once
more, we infer

12y (@) =y (P)llcy = (o) —u(@)llc
=119y ((@), @) = Gy (), ¥)llc;
=[Sy (9 — ) + (Ky o Roy) ((@)) — (Ky © Roy) (@(9)) |
< ISyl e = ¢llcr + 1y [l Roy (#()) — Ry (11()) |,
< ISyl 1l = wllcr + AP Iy [ () — w ()l

- 1
< ISyllle = ¢ller + 5 [[e) = u(y)llcy

—_— —

_ 1, . X
= 1Syllllg = dller + 5y (@) — 2y (§) Iy

that is,
1y (@) =y (®)llcy < 2[1Sylle = ¥llcr-

Consequently, 71 has a global Lipschitz constant as claimed. O

For every ¢ € C' the fixed point 2, (¢) € C; of u = G, (1, ¢) from the last result is a special
solution of the abstract integral equation associated with Eq. (3.5) by the variation-of-constants
formula. More precisely, the following holds.

Corollary 3.5. For all ¢ € C' the mapping i, (@) from the last proposition is a solution of the abstract
integral equation

u(t) = Te(t — ) Poyui(s) + /t T (t = T) P Urs(u(T) + Ps @))dT (38)

for —oo <5 <t <0.
In particular, 11, (¢)(0) = Pey@ and 1, (@) (t) € Cey forall t < 0.
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Proof. Following the proof of Corollary 4.7 in [5], consider for given ¢ € C! the map
2= iy(@) = Sy9 = Gy iy (9), 9) € C.
By Corollary 3.4 in [5], we conclude that
(1) = Tult = 5)2(s) + [ (= 0)Ray iy (9) + (@) (D)dT
as —oo < s <t <0 and that P,,z(0) = P5*z(0) = 0. Hence, it follows that

(4))(0 — (Sy9) (1)

= Tt = 9)2(5) + [ T (= ORsy iy (9) + C(p)) (D0
= Tt = )y (§) ) — Tult = 5) (5,9 )

+ [ T = DR 0y (9) (1) + Clg) T
= Te(t = s)ity () (s) — Te(t —5)Te(s) Peugp

+ [ T = P05y (9)(0) + ),

that is,
By (9)(0) = Tt = )y (9)(5) + [Tt~ Py (9)(0) +ClgN)dr, ()

for all —co < s <t < 0. In addition, we get

Pey (117 (9)(0)) = Peyz(0) + Peu((Sy9)(0)) = 0+ Py T, (0) ¢ = Peyop. (3.10)

Next, recall that PS*PS* = PO*, PO*PY* = 0, and that C, is invariant under the action of
the semigroup T,”*. Combining this facts with the definition of K, from Proposition 2.4, we
get

2(t) = Gy (1(e), @)(t)
= [(Ky o Roy) (it (@) + C(9))](t)

= [T - PRy (9) + C@) (e + [T (= DR R0y () +Clp)) (1) dr
= / To* (£ — 1) PSP (15 (i (9) (1) + Pog)) dT
b [T )R P iy (9) () + Peg)) dt
= [T (= )P0y (9) (1) + Pag)) dT
=Py’ /0 TS (t— )1(rs(ity (9) (1) + C(9)) dT € Cey
for all + < 0. Hence,

ay(@)(t) = z(t) + (Sy) (t) = z(t) + Te(t) Peugp € Ceu
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as t < 0 and thus
i (¢)(0) = Peytly (9)(0) = Peugp

due to Eq. (3.10). Moreover, we see
T (t — S)f‘n(q’) (s) = Te(t — S)Pcuﬁr](q’)(s)

for all —co <'s <t <0 such that Eq. (3.9) takes the form

t
iy (@) (t) = Te(t — s) Peutly () (5) +/S T (t— )P 1(rs (i (9) (1) + C(9))) dT
as —oo < s < t < 0. This shows the assertion. O

From the one-to-one correspondence between solutions of the abstract integral equation
(3.8) and solutions of the differential equation (3.5) we conclude that for each ¢ € C! there
is a continuously differentiable function x: (—o0,0] — R" satisfying Eq. (3.5) for all + < 0
and having the properties xo = Py and [(—o0,0] 3 t — x; € C'] € C;. Moreover, all the
segments of x are contained in the center-unstable space C.,, and in view of the uniqueness
result from Proposition 3.4 there is no other solution y: (—co,0] — R” of Eq. (3.5) having the
two properties yo = Pey¢ and [(—o0,0] 5 ¢ — y; € C'| € C; (compare also the details in the
proof of the next proposition).

Using the solution operator 7, we define a map

Fi*: (—o0,0] x Ct — C'

by
E (t @) = iy (@)(t) + C(e)(t).

Below we prove that F;" defines a continuous dynamical system on cL

Proposition 3.6. The map F"': (—o0,0] X C! — C! forms a continuous semiflow.
More precisely, F" is continuous and satisfies

E"(0,9)=¢ and F'(s+t ¢)=F"(s, F"(t ¢))
forall s, t € (—o0,0] and all ¢ € C.

Proof. 1. (Proof of the continuity of Fj".) Let t € (—co0,0], ¢ € C' and ¢ > 0 be given. As
i, () € C,% is continuous, there is some §; > 0 such that for all s € (—o0,0] with |t — 5| < &

s

17, () (#) =y (@) (8) [ < 3

holds. In addition, we find 3, > 0 such that for each ¢ € C! with ||¢ — || < > we have

€ (i3 . n €
Pl = pller < 5 and e 5 Lip(i,) g — yller < 5

where Lip(#1,) is a global Lipschitz constant of 1, due to Proposition 3.4. Set § := min{4,,}
and consider arbitrary (s,¢) € (—o0,0] x C! with |t —s| < § and ||¢ — ¢||a < §. Then we
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infer

IE"(8 @) = B (s 9)llcr = [y (@) (£) + C(@) (8) — ity () (s) = C(¢)(s) |

<y (@)(t) = 1, (@) ()l + 1€ () (5) = ) (5) |

< 1y (@)(t) =y (@)()llcr + 1y (9)(5) = 1y (¥)(5) |
+ [|Psp — Psp|| o1

< 5+ e ey (9)(s) = iy (9) ()l + BN 19 = ¢l

< S+ ey () — 1y ()l + 5

< 5 +e D Lip(ay)llg - lla + 3

<&

This proves the continuity of F* at (¢, ¢).
2. (Proof of the algebraic properties of a semiflow.) To begin with, observe that from the
definition of F;" and the last result it immediately follows that

FS*(0, 9) = ity (9)(0) + C(9)(0) = Pougp + Pogp = @

for all ¢ € Cl. Therefore, the only thing remaining to prove is the additive property of S
For this purpose, let f,§ € (—c0,0] and ¢ € C! be given. We have

E' (41 ¢) =0,(9)8+1) +C(@)(8+F) = ay(9) (8 +1) + Psg

T R R 9) = 0, (FG ) () + CE G ) ()
— ay(F" (6, 9)) () + PE(5, )
— i (FS"(5,9)) () + Puliy(9)(8) + C(9)(4)]
= i, (F" (3, ¢)) (f) + Ps[C(9)(8)] (due to Corollary 3.5)
— 4 (E"(5,9)) () + Pug

Thus, it suffices to prove
y (@) (8 + 1) =y (F (3, 9)) (F)
in order to see Fj*(8 +1,¢) = Fi* (£, F;*(8, ¢)). To this end, define
o(t) =iy (@)(t+8) and w(t) =i, (F"(5 ¢))(t)

for all t < 0. Accordingly to the last two results, v,w € C,% and v(t),w(t) € Co as t < 0.
Moreover, in view of

1y (9)(8) = Peu[ty (@) (8) + Psg] = Peulity (¢)(8) + C(9) (8)] = PeuFy" (5, ¢) = 2(F;" (3, 9))(0),

we have v(0) = w(0) and both v and w satisfy
t
u(t) = Telt = 9)Pati(s) + [ T (¢ = )P Urs (u(7) + Pag) T
s

forall —co < s <t <0 as PSF,;” (8,9) = Psop.
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Consider now the mapping z: (—o0,0] — C! given by

z(t) == v(t) — Te(t) Peyw(0) = v(t) — T(+)w(0).

Using estimates (2.2), we see

sup e[| T (t)w(0)||cr = sup e[| Te(t) Puw (0) | 1

£<0 £<0
< sup e[| T, (t) P-w(0)|| 1 + sup e[| Te (£) Pyw(0) || 1
t<0 t<0
< Ksupe~ (cc— HP w(0)||c1 + Ksup e(C“J“”)tHPuw(O)H@
£<0 +<0
< K[|P|[[lw(0) || + K[ Pu][[|ew(0) [ o1
< oo.

Thus, z € C,17. In addition, forall s <t <0
z(t) = o(t) — T(t)w(0)
J(t—5) +/ T (t — TP 1(rs(0(T) + Pog))dT — To(t — 8)To(s)w(0)
Lt —5)z +/ T (t — 1) P2 1(rs(0(7) + C(9) (7)) dr.
Combining this fact together with Ry, (v 4 C(¢)) € Y, due to Corollary 3.2 and
P5*z(0) = Peyz(0) = Pyv(0) — T, (0) Pyyw(0) = v(0) — w(0) =0,
we obtain z = K, o Ry (v + C(¢)) from Corollary 3.4 in [5]. Hence, it follows that

o(t) = 2(t) + T(t)w(0)
= (Ky o Ray(v +C(9))) () + Te(t) Peutw(0)
= (Ky o Rey) (v + C(F" (5, 9))) () + Te(t) Peuthy (F;
= (1) +

) 7 (5,9))(0)
’CW OR5,7)(0+C(FCM ))) Te(t) PeuF (§ (P>

for all t+ < 0. In the Banach space C,ll the last equation reads

v =Ky oRsy(v+C(F"(S )+ 5y (F"(,9) = Gy(o, F"(5,9)).

Therefore, Proposition 3.4 implies

— ,(F"(5,9)) = w.

In particular, it follows that

which completes the proof. O
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4 An attraction property of the global center-unstable manifolds of
the modified equations: the statement and the main idea of the
proof

After the preparations in the last sections, we are now in the position to state an attraction
property of the global center-unstable manifolds W of the modified equations (2.14).

Theorem 4.1 (Attraction property of the global center-unstable manifolds). Let f: U — R",
U C C! open, with f(0) = 0, satisfying the properties (S1) and (S2), and with Ce, # {0} be given.
Further, for fixed 1 € R with c. <y < min{—cs,c,}, let 0 < 6 < &1 satisfy

A(0) < -, (4.1)

N| — U1 =

AQ) - I, < 5, (4.2)

and
1

A@) - Iy I < A@) - Iy I - 1P|l < 5 (4.3)

Then there exist a continuous map Hp,: Xs — W' such that for all (¢, ) € W' x X; the
following holds:

sup e[ Es(t, @) — Es(t,9)l|o < o0 (8.4

£20
if and only if = HJ, ().

From now on and until the end of the next section, we suppose that the assumptions of
this theorem are satisfied. For a proof we adopt the ideas of Vanderbauwhede [6], where the
assertion for the case of ordinary differential equations is discussed. The initial point of this
strategy is an alternative characterization of property (4.4).

Lemma 4.2. Suppose that F: R x X5 — Cl is continuous and satisfies
(a) F(t, ) = Fs(t, @) forall t > 0 and all ¢ € X;, and
(0) F(-,9) |~ € Cy for each ¢ € Xs.
Let @, € X be given. Then the following statements are equivalent:
(i) ¢y € W' and
sup e’ |[Fs(t, ) — Fo(t, @)1 < oo.

t>0

(ii) There exists some z € C%,]R such that F( -, ¢) + z is a solution of

u(t) = To(t —s)u(s) + /t T (t— 1)l (rs(u(t))) dt (4.5)

as —o0 < s < t < ooand P = ¢+ z(0).
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Proof. We follow the proof of Lemma 5.6 in [6].

1. To begin with, assume that under given assumptions, property (i) holds. Then Corollary
4.7 in [5] in combination with the definition of W” shows that i = i, (P.,)(0). Moreover,
ity (Peutp) € C% and ii; (Py1p) is a solution of Eq. (4.5) as —co < s < t < 0. Setting

o(t) = ﬁW(Pcugb)(t), for t <0,
o Fs(t, ), for t >0,

we obtain a continuous function v: R — C!, which satisfies Eq. (4.5) for all —co < s < t < c0.
While the last point is clear for the cases —c0 < s <t < 0and 0 <s <t < oo, in the situation
—00 <5 < 0 <t < oo this results from the following straightforward calculation:

o) = Fs(t,¢)
= T(OR(O0,9) + [ T2 (= Dl0s(Fs(T,9)) dT

= T(0)ty (P} (0) + [ T2°(t = Ol(rs(o(x) de
= TE(t)Te(_S>ﬁ17(PCLt¢)(S) + T.(t) /SO TE*(_T)Z(U(%(PCLIVJ)(T)>) dt
+/t T (t— T)1(r5(0(7))) dT
0
0
= Te(t — 8)iy (Peutp) (s) +/s T (t - T)1(rs (i (Paup) (7)) dT
+ [ 1= Ols(e(0)) e
0
0 t
= T.(t —s)v(s) —1—/ TO*(t—1)l(rs(v(T))) dT+/0 TO*(t—1)l(rs(v(7))) dT
— Tt — 8)o(s) + /St T (¢ — 1)l (rs (0(7))) dr.

Consider now z: R — C! given by z(t) := v(t) — F(t, ). In view of property (b) and the
above, it follows that

sup e’ lZ(t)ller = sup e [lo(t) — F(t, @)l

t<0
= sup ety (Poutp) (t) — F(t, @) |1

< sup e’ ||ty (Peutp) (t) |1 + sup [ F(t, @) |1
£<0 t<0
< 09,

thatis, z € C%. Moreover, combining (a) and (i) we see

sup e ||z(t)|lcr = sup e™[[o(t) — F(t, @)1
t>0 t>0

= sup e’ || F5(t, ) — F(t,9) |l

t>0

= sup e’ || F5(t, ) — Fs(t, @) [l
£>0

< 00,
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Therefore, z € C%/IR. As, in addition,

Y =0(0)=F(0,¢9)+2z(0)=¢+z

we conclude that property (i) indeed implies (ii).

2. Suppose now that (ii) holds. Then, in consideration of the one-to-one correspondence
between solutions of Eq. (2.14) and of Eq. (2.15) and in consideration of the uniqueness result
contained in Proposition 3.1, we have Fs(t, ) = F(t,¢) +z(t) as t > 0. Using property (a)
and the fact z € C%,]R, we also infer

sup e’ | F5(t, ) = Fs(t, @) [l = sup e || Es(t, ) —F(t, @) [l 1 = sup e”||z(¢) [ 1< oo.
t>0 t>0 t>0

Hence, it remains to prove ¥ € W'. For this purpose, observe that z |(_« € C% and
F(, 9|~ € C%. Thus, for v: (—o0,0] — C! given by v(t) := F(t,¢) +z(t) as t < 0,
we also have v € C,17. As, in addition, v is a solution of Eq. (4.5) for all —co < s <t <0,
Proposition 4.8 in [5] shows v(0) = ¥ € W" and the assertion follows. O

In view of the assumptions of the last result, it becomes clear that we need some continu-
ous map F: R x X5 — C! with properties (a) and (b) in order to be able to use property (ii)
for a proof of Theorem 4.1. Below we construct such a map. The key ingredients here are the
global semiflows Fs and F;" discussed in the last section. Indeed, defining

F: R x X5 — C!
by

F(t, ) == {Fé(t"”)’ st =0, (4.6)

E (t, @), otherwise,
the map F has the desired properties as shown next.
Proposition 4.3. The mapping F: R x X5 — C! defined by Eq. (4.6) is continuous, possesses proper-
ties (a) and (b) from Lemma 4.2, and satisfies

_ _ to _
Py F(t,¢) = T,(t —s)Pe, F(s, @) + / To*(t— )P 1 (rs(F(T, @) dT 4.7)
forall g € Xsand all —oo < s <t < oo,

Proof. 1. Recall that, by Proposition 3.1, Fs is continuous on [0, 00) x X, and that, by Proposi-
tion 3.6, F;" is continuous on (—00,0] x Xs. As for all ¢ € X; we have

F5(0,9) = ¢ = F"(0, ),

it is obvious that F is continuous on all of R x X;. Moreover, in consideration of the definition,
it is also clear that F has property (a) from Lemma 4.2. Next, observe that for each ¢ € X; we
have

F(-,9)l(—wo = F" (-, 9) =1(e)(-) +C(e)(+)
and both #(¢)(-) and C(¢)(-) belong to C,ll due to Proposition 3.4 and the introduction in

front of it. For this reason, F(-,¢) € C,ll, which shows that F also has property (b) from
Lemma 4.2.
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2. It remains to prove that Eq. (4.7) holds. In order to show this, consider ¢ € X; and
—oco <5 <t <oo Ifs <t <0 then Eq. (4.7) follows from Corollary 3.5:

PoF(t, 9) = PuFy (L, 9)
= Pcu [uﬂ( )(t)
= cuﬁ17< )( )
= Pcuﬁvy( )(t)

= Tt = )Pty (9)(5) + [ T2 (= DR 1ra(0y (0)(2) + Pog) T

Co)(t)]
PcuPs(P

= Tt = )P [0 (9)(5) + Pog] + [ Tt = 0P 1rs(F (1,9))
= Tu(t = 5)PaF"(5,9) + [ T (= OPG15(Flr,9))) de
= Tt = )PuF(s,0) + [ 19 (= TP rs(F(T,9))) d.
In case 0 < s < t < oo, Eq. (3.4) implies
PeuF(t, @) = PeuFs(t, @)
= Tt = 9PuFils ) + [ T = TP s(Fa(T,9)))
= T(t=)PuF(s, ) + | IO (b — TP I(rs(E (T, 9))) dT,
so formula (4.7) holds again. Finally, for s < 0 < t we get
PuF(t,9) = To(H)uF(0,0) + [ T2°(t = 0)PG1rs(F(x, 9)))
= ()T (~5)PaF(s,9) + Tult) [ T2 (~0RS1(rs(Flz, 9))) o

/T@* (t — 1) P21 (rs(F(7, 9))) dT

= T,(t - 5)PuF(s, @) + / T2 (¢ — ) PL (s (E(7, 9))) dr
S
by combining the two preceding cases. This establishes the formula. ]

Given ¢ € X;, we would like to find some z € C;’]R such that F( -, ®) + z is a solution of
Eq. (4.5). For this purpose, we deduce a necessary and sufficient condition for z € C%,]R to turn
F(-, )+ z into a solution of Eq. (4.5).

Lemma 4.4. Let ¢ € Xsand z € C%,]R be given. Then F( -, ¢) + z satisfies
u(t) = To(t —s)u(s) + /st To*(t — 1)l(rs(u(t))) dt (4.8)

forall —oco < s <t < coifand only if
2(1) = ~PF(t,9) + [ T2t~ )P 1(rs(F(r,9) + 2(1))) de

— [T (=R [1rs(Fr,9) +2(2) = 1(rs(Flz,9)))] d

forall't € R.
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This result is motivated by Vanderbauwhede [6, Lemma 5.7]. For its proof we need
two corollaries, which both are easy consequences of the exponential trichotomy (2.2) of the
strongly continuous semigroup T.,.

Corollary 4.5. Let z € C}],]R and t € R be given. Then

lim T,(t —s)P5*z(s) =0

S— 00
in C.

Proof. Recall that T, defines a group on the center-unstable space C,, C C. In particular,
R 5> s — T.(t —s)P5*z(s) € Ce is a continuous mapping from R into C. Furthermore,
combining the estimates ||z(s)||c < e"75‘||z||c(q>’]R and HZHCS]R < HZHC},,]R together with (2.2), we
conclude
ITe(t = )P 2(s)llc < [ Te(t = )Pz (s) [l + (| Te(t = 5)P2(s) e

< Ke Sl P2 (s) o + Ke 9| P *z(s) | c

< Ke" P flz(s)lle + Ke [ P ]|z (s) lle

< Ke“E e P P |zl o, + Keo U 2e [P [zl o,

< el M Ke™ o P |lzll o, + €™ K P |z o

< el Kem o P Jzll o e KeS [P |zt

<o <00

forall s,t € Rwitht—s <0. As 0 < ¢, < 17 < ¢y, taking the limit for s — oo indeed shows
lims_,e0 Tp(t — s)P5*z(s) = 0 as claimed. O

Corollary 4.6. Let ¢ € Xy, z € C g, and t € R be given. Then

lim T,(t—s) [PY*F(s, ¢) — P*z(s)] =0

5—r—00
in C.
Proof. Recall that we have F( -, ¢)| (—o00] € C%. Consequently, using the estimates (2.2) we infer
ITe(t =) P (F(s, @) —2(s))llc < KU |[P*F(s, @) + P"z(s) | c

< Ke 22 (IF (s, @) e + 12(5) I )

< Ke 0[P e (e |[F(s, ) + € 12(5) |

< e @K P (IF(, ) —eogyleg + 2] (ool )

< e DK B (IF (@) eopi I+l )
for all s < min{0,t}. Since ¢; < 0 < 17 < —c; it becomes clear that

ITe(t —s)(P7"F(s, ) — P7"z(s))lc = 0

as s — —oo. O
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Having established the auxiliary results, we are now in position to prove Lemma 4.4.

Proof of Lemma 4.4. We adopt the proof of Lemma 5.7 in Vanderbauwhede [6].
1. Assume that, given ¢ € X5 and z € C}],IR, F(-,¢)+z is a globally defined solution of
Eq. (4.8) for all —co <'s <t < co. Then, in view of Proposition 4.3 and Eq. (4.7), we get

2(t) = To(t — 8)[E(s, @) + 2(5)] /T@* (t—T)I(rs(E(T, 9) +2(7))) dt — F(t, 9)
= —PsF(t, ) — PeuF(t, @) + To(t —s)[F(s, @) +2(s)]

+Telt = $)[PE(s, ) +2(5)] — P (t @) + To(t — 5)PeuF (s, )

t— TP (15 (F(x, 9) + 2(1)))d
+ [ Tt — 1) PO 1(rs(F (1, @) + 2(1))) dT

= —P.E(t,¢) + To(t — 5)[P.F(s, ¢) + 2(s) / T (t— )P 1 (s(E (7, 9))) dr
+/ TO (£ — 1) P 1 (rs(E (1, ) + 2(7))) dT
+ / TS (£ — )P 1(rs (E(s, @) +2(7))) d,

that is, B B
z(t) = —DPsF(t, @) + T.(t — s)[PsF (s, ) + z(s)]

+ | Tt =) [Hrs(F(T, @) +2(7))) = L(rs(F(T, 9)))] dT
+ [ T (= )P (rs(F(T, 9) +2(1))) dT
as —oo < s < t < co. Hence, the application of the projections PS* and P”’* shows that

PC*z(t) = T,(t — s)Po*z(s)

cu

t _ _ (4.10)
+/S T (t = T) P [H(rs (F(T, ¢) + 2(7))) = 1(rs(F(T, 9)))] dT
and that
P7*z(t) = =P7"F(t, @) + To(t — 5)[P"F(s, ¢) — P z(s)]
(4.11)
+ [ T = P (F(x, 9) + 2(0)) e

as —o0 < 5 <t < co. Moreover, we claim that Eq. (4.10) holds for all 5, € R. Indeed, as T
defines a group on the center-unstable space C, we may apply the operator T,(s — t) to both
sides of Eq. (4.10) in order to see that

T.(s — t)PSz(t) = To(s — t) To(t — s) P z(s)
s 0 [ T (= ORSs(F(r, )+ 2(2)) — s, )]

= Pyra(s +/ T (s = 1) P [1(rs(F(1, @) + 2(7))) = L(rs(F(z, 9)))] dT,
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that is,

Piz(s) = Te(s — £) Pz ( / T, (s = TP [1(rs(F(z, ) + 2(7))) — 1(rs(F(1, 9)))] d,

for all —co < s <t < co. Thus, formula (4.10) holds for all 5,¢ € R as claimed. In particular,
this proves that for fixed t € R, we may take the limit for s — oo in Eq. (4.10). Then, in
consideration of Corollary 4.5, we get

Poa(t) = — [T 0P I0s(F(r ) +2(0)) — 1rs(F(7, 9)))] .

t

Similarly, carrying out the limit process s — —co in Eq. (4.11) in combination with Corollary
4.6 leads to

Poz(t) = —PE*F(f,(P)Jr/_tOO T (t = 1) P 1(rs(F(T, 9) +2(7))) dT.
Hence, it follows that
z(t) = P&*z(t) + P5z(t)
= —P?*F(t/¢)+/; T (t= TP 1(rs(F(T, 9) +2(7))) dT
—/too T (t =) Pg [1(rs(F(T, @) +2(7))) — L(rs(F(T, 9)))]
= —PsF(f,(P)Jr/:o T (t= TP 1(rs(F(t, @) +2(7))) dT
—/too T (t = 1) Pg [1(rs(F(T, @) +2(7))) — L(rs(F(T, 9)))]

for each t € R. This proves one direction of the assertion.
2. Suppose, conversely, that for given ¢ € X; and z € C%,]R Eq. (4.9) holds, and let s < t be
given. Obviously,

PF(g) +2(0) = [T (= 0P I(s(Flz,9) +2(0)) de
—/ T (t— T)PS 1 (rs(E(T, ) + 2(7))) dT (4.12)

+ / TO* (£ — T) P (rs(E(T, 9))) d

and

z(s) = —PF(s, ) + /_s To* (s — T)PO*1(rs(F(T, @) + 2(7))) dT
_ /°° T (s — ) P21 (rs(E(t, @) + 2(7))) dt

+/ T (s — T)P2*1(r5 (F(7, 9))) d.

Applying T.(t — s) on both sides of the last equation gives
T,(t —s)z(s) = —To(t — s)PsF(s, ¢) + / T*(t — )P 1(rs(F(T, ) + 2(1))) dT
N / T (t = TP 1(rs(F(T, ¢) + 2(7))) dT

+/ TO*(t — 7)PS*1(rs(F(7, @))) dT,
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that is,
0= - /f T (¢ = D) PG (s (F (T, 9))) dT + To(t = 5)z(s) + Tel(t = ) PE (s, 9)
_ / TE* (= T) P 1(rs (F(T, 0) + 2(7))) d
+ / T (t— 1) P 1 (rs(F(T, 9) +2(1))) d,

Next, after adding zero in the way represented above to the right-hand side of Eq. (4.12), a
simple calculation leads to

BsF(t, @) +z(t) = To(t — s)z(s) + To(t — s)PsF(s, @) + /St TO*(t — )l (rs(F(T, ) + 2(7))) dT
/ T (t — 1) P2 1(r5(E (1, 9))) d.

Hence, by combining the last equation with Eq. (4.7), we finally obtain
F(t, ) +2(1) = PuF(t, ) + P.E(t @) + 2(1)
ZTe(f—S)Pcuf(SIGD)Jr/S T (t = TP 1(rs(F(t, 9))) dT
FT(t —5)z(s) + Tu(t — $)PE(s, ) + /St T (t — T)I(rs(F(7, ) + 2(7))) dT
= [ T = P (F(r g)) dr
= T(t = )F(s,9) + Tult = 9)2(s) & [ T2°(t = Ol(rs(F(x,9) + 2(1))) e

= Tt = 9)(Fs,9) +2(9) + [ T (6= lr5(F(, 9) +2(0)) d.

As s < t were arbitrary given, we conclude that F(-,¢) + z is a solution of Eq. (4.8). This
completes the proof. O

Now, consider some fixed ¢ € X;. If we find some z € C%,]R satisfying Eq. (4.9) then Lemma
4.4 implies that F( -, ¢) + z is a global solution of the abstract integral equation (4.8). Hence, in
turn, by application of Lemma 4.2 it follows that i := F(0, ¢) +z(0) = ¢ +z(0) belongs to W"
and that ¢ and 1 satisfy (4.4). Therefore, in the next step towards a proof of Theorem 4.1 we
would like to solve Eq. (4.9) in C%JR for each given ¢ € X;. Moreover, under the assumption
that these solutions are uniquely determined, in this way we also would obtain a possible
choice for the map H/, from Theorem 4.1, namely, X5 3 ¢ + ¢ +z(0) = ¢ € W'.

5 The remaining part of the proof for the attraction property of the
global center-unstable manifolds

Our next goal is to show that for each fixed ¢ € X; Eq. (4.9) has a uniquely determined
solution in Crly,]R‘ This will be done by construction of a parameter-dependent contraction on

the Banach space C}],]R below.
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To begin with, observe that Eq. (4.9) may be formally written as
2(H) = ~PF(t,9) + /t T (t - T)PE L (rs(F (T, ) d

b [ TP (rs(Fx, ) 4 2(1)  ro(Flx, ) dr

- [T = DR (rs(Flx, ) 4+ 2(0) — 1s(F(x, 9)))

Thus, after introducing the mapping 75: R x X; x C! — R" given by
7ot 9,2) = 15(F(t, @) +2) —15(F(t, 9)),

we get the representation

z(t) = —PBsF(t, @) + /t TO*(t — T)PP*1(rs(F(T, 9))) dT
v / T (E — T)PO*1(s(t, ¢, 2(7))) dT (5.1)

_ /t TO*(t — T) P 1(7s(T, 9, 2(T))) dT

of Eq. (4.9). Note that the involved map 7; is continuous. Moreover, using (2.12) and (2.13), it
easily follows that

175(t, @, 2)[[Rn < A(9)]|z]| 1 (5.2)
and
17s(t, @, 21) = 75(t, @, 22) [Rn < A(0)||z1 — 22| (5.3)

for all (t,¢) € R x Xs and all z,z1,2, € CL.

In the first instance, representation (5.1) of Eq. (4.9) is purely formal. But next we are going
to prove that all the improper integrals on the right-hand side of (5.1) indeed exist. We begin
with consideration of the first integral.

Corollary 5.1. Consider ij € R with ¢, < < ij < min{—cs, ¢y }. Then for each ¢ € X;

t|—>/ T (t — TP 1(rs(E(t, 9))) dt

. . . 1 . . . o 1
defines a continuous map v(¢) from R into C*, and its restriction to (—oo, 0] belongs to Cy.

Proof. Set Q(t) :== I(rs(F(t,¢)) € Y®* as t € R. Then, in view of the continuity of the maps I,
rs and F(-,¢), Q defines a continuous map from R into Y®* as well. Furthermore, we claim
that Q[ (0 € Yj. Indeed, by Proposition 4.3 we have

F(-,9)l(—w0) € Cy € Cj
and thus, by (2.13),

sup e [|Q(t)[|co- = sup ™ [[I(rs(F(t, 9)))||co- < supeTA(S)[F(t, ¢)[|cr < co.
t<0 £<0 t<0

For this reason, from Remark 2.3 it follows that u := (K!'Q), that is,

t>—>/ T (t — T) P2 1(rs(E (7, 9))) d,
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defines a continuous map from R into C, that its restriction to the interval (—co, 0] belongs to
Cg, and that it additionally satisfies Eq. (2.10) for all —oo < s <t < co. Hence, using Remark
2.5 from the second section and Proposition 3.3 in [5], we see that u = (K'Q) € C(R,C!) and
(K'Q)|(—eo] € C,17. This proves the assertion. O

Proposition 5.2. Let 7j > 0 be as in Corollary 5.1, and let Zj; denote the map, which assigns to ¢ € X;
the mapping

t
R >t —PE(tg) +/ T (t — )P 1(rs(E(1, 9))) d € C.

Then Z5(Xs) C C%,]R.

Proof. 1. At first, note that by Proposition 4.3 and Corollary 5.1, for each ¢ € X;, Z;(¢) forms
a well-defined continuous map from R into C!. Consequently, it remains to prove that for
given ¢ € X; we have

sup e[| 25 (@) (t)l|cr < eo.

teR

For this purpose, let ¢ € X; be given. Then

supe”|| Z;5(9) (1) |1 < supe™|[Z5(@) (1) llcr + sup e[| Z5 (@) (H)]| 1.
teR t<0 £>0
and next we estimate the two terms on the right-hand side separately.
2. (Estimate of sup,_e™ | Z;(¢)(t)||c1.) Using the triangle inequality together with the
definition of F and Corollary 5.1, one obtains

supe™ || 2;(¢)(t)[|cr = supe™|| — BE(t, ¢) + v(9) (1) [ 1
t<0 <0

< sup e ||BE(t, ¢) |1 +supe”[[o(@) (1) |
t<0 t<0

< sup e[ R (t, 9)llc + [o(9) ()],
t<0 ii

= sup e’ Pty (9) (1) + P C(9) (1)l cx + |[0(@) ()] o

t<0

sup e[ Pogllc: + [(9) ()l -o

t<0

= [Pglle: + (@) ()l o

1
G

1
G

1
G

< 0.

3. (Estimate of sup,. e[| Z;(¢)(t)||c1.) We begin with the observation that, in view of the
definition of F and Eq. (3.3), we have

Zi(g)(0) = ~PF(t,9) + [ TO(t— 0P U(rs(Flx,9) do
= —RF(,g) + [ T (= 0P 1(rs(F(r,9)) dT

0 _
b [T DR (Fr, )
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= —P.Es5(t, 9) + /Ot TO*(t — ) PY*1(rs(Fs(T, @) dt
[T R (P 9))) e
= TOPEO9) + [T 0 Urs(F(r, ) dr
= TPg+ [T TR Ur(F(r, g)) dr
ast > 0. Set u(t) := Z;(¢@)(t), t > 0. We claim that
u(t) = To(t —s)u(s)
forall 0 <'s <t < c0. Indeed, from the representation of Z;(¢) derived above it follows that

u(t) — Te(t —s)u(s) = Zi(@)(t) — Te(t —5) Z5 (@) (s)
:—n@&¢+/oﬂ”6—ﬂQWWMHL¢»MT

+T.(t —s)Te(s)Psp — T (t —s) /Ooo To* (s — T)PO*1(rs(F(T, @))) dt

= T(OPg+ [T TP Irs(F( g)) dT

PR~ [T TP Ur(F(r, ) e

=0

as 0 < s <t < co. In particular, u(t) = T,(t)u(0) for all ¢ > 0.

Next, we claim that, for each t > 0, u(t) lies in the domain D(G,) of the generator of the
semigroup T. In order to see this, recall once more the one-to-one correspondence between
solutions of Eq. (2.4) and Eq. (2.5). The map x: [—h, o) — R" given by

XG%:{umﬂﬂ,as—hgtga
u(t)(0), ast>0
is continuously differentiable, its segments x; coincide with u(t) for all ¢+ > 0, the mapping
[0,00) 5t — x; € C! is continuous, and additionally x satisfies the differential equation
x'(t) = Lex; as t > 0. In particular, the last point implies u(t) = x; € D(G,) = ToXs as
claimed.

In addition, note that we also have

0 _
u(0) = Zy(9)(0) = R+ [ T (—0)PI(rs(F(x, 9))) dT € CI.
As a consequence,

u(t) = T,()u(0) = T(Hu(0) € (C* N ToXs) = C N ToX;
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for all t > 0, such that the last estimate of (2.3) in combination with 7j 4 ¢; < 0 finally implies
sup e[| Z () (t)]|cr = sup ™ [|u(t)] 1
t>0 t>0
= sup || T(£)u(0)/ 1

t>0

< supe”e™![u(0)]|cx
t>0

= [[u(0) |
< 00,

This is the desired conclusion. O

After analyzing the first improper integral on the right-hand side of Eq. (5.1), we now
address the existence of the last two.

Corollary 5.3. Suppose that ij > 0 satisfies c. < y < ij < min{—c,, ¢y} and let G denote the map
which assigns to each point (¢,z) € X5 X C}%R the curve R 3 t — 1(75(t, @,2(t))) € C*. Then G

maps X5 X C%,]R into Y R.
Moreover, the induced map

Gsj: X5 X C%,]R 2 (¢,z) = G(g,z) € V3R
satisfies
1Gs7 (9, 2) = Gog (@, 2) vy < AO)l2 = Zllca
forall p € Xsandall z,Z2 € C}%]R.
Proof. 1. As the maps [ and 75 are both continuous it is clear that G indeed defines a map from

X5 X C%JR into C(R, Y®*). Furthermore, in view of (5.2), we have

sup "' (|G(g,z)(t) || cor = sup ™ [[1(7s(t, ¢, 2(1)))||co- < A(0) supe™|[z(t) |1 = A(O)]|z]lcx
teR teR teR I
for all (¢,z) € X5 C;17,1R' Therefore, it follows that G(X; x C}%]R) C Yj R
2. Given ¢ € Xsand z,£ € C%,]R, estimate (5.3) implies

1Gs7(9,2) = G (9, 2) vy = sup e|1(7s(t, @,2())) — 1(Fs(t, @, 2(1))) [l cor
€

< A(8)supe||z(t) — 2(t)]|
teR

=A@z~ 2l
Hence, G; is Lipschitz continuous with Lipschitz constant A(4), and the claim follows. O

Given (¢,z) € X X C%,]R, the existence of the last two integrals on the right-hand side of
Eq. (5.1) now follows from Proposition 2.4 and the corollary after it. Indeed, for those (¢, z)
the sum of the two integrals coincides with the value (K 0 G;,)(¢,2)(t) as t € R. Moreover,
introducing the map

Ry: Cor X X5 = Cor

where
Ry(z, ) = Zy(¢) + (K 0 Gs,)(9,2),
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we obtain a representation of the right-hand side of Eq. (5.1) in the Banach space C}L]R. Con-
sequently, given ¢ € X;, a solution z of Eq. (5.1) in C%,]R is a fixed point of the map R, (-, ¢).
Below we prove that each ¢ € X; leads to a uniquely determined solution z of z = R, (z, ¢)
in Cl p.

7R

Proposition 5.4. For each ¢ € X;, the induced map Ry (-, @): C}MR — C}LIR has a uniquely deter-

mined fixed point z = z(¢p).

Proof. Let ¢ € X; be given. As || Z,(¢)[|c1 < oo due to Proposition 5.2 there clearly is some
n,

real v > 0 with 2y > || Z,(¢)[|c1 . Combining this with Corollary 5.3 and assumption (4.2),
1,
we conclude that

IN

IRy (z )t < Zq(9)llcr, + 1y 0 Gop)e 2l
g
> H I G (9:2) v,

Y +
5 TAOIKE zller

IN

IN

2
<YL
-2 2
=7

as long as z € C%,]R satisfies HZHC}MR < 7. Hence, the map R,(-, ) maps the closed ball

{z € C%,]R | HZHC}7IR < v} of radius 7y about 0 € C%,]R into itself. Similarly, we see

IRy(2,9) = Ryz @)llcs , = 0G0 o) (9,2) = (K;f 0 Goy) (9, e,
< 1G5 111G (912) — Gy (9,2 Iy,
<A@ Mz~ 2ller,

<1 Z
= EHZ —Z||c}7/]R

forall z,Z € C;,]R. Consequently, R;( -, ) is a contractive self-mapping of the closed subset
{z € C}MR | Izl Cly < 7} of the Banach space C}L]R. Thus, the Banach contraction principle

shows the existence of a unique z = z(¢) € C}],]R with z = Ry (z, ¢). O

Remark 5.5. Observe that the choice of the reals ¢, < 77 < min{—cs,¢,} and 0 < § < &
satisfying condition (4.2), that is, A(d)[|/C; || < 1/2, is the essential hypothesis for the proof of
the last proposition. Now recall that by Corollary 2.6 we have

1K1l < e(n)
where &: (¢, min{—cs, ¢, }) — [0,00) is given by

P, PP P
cut+1 n—=¢c C+7y

&) = K(1+ ™| L] ( ) A

The function ¢ is clearly continuous. For this reason, under condition (4.2) we have

1
MO < 5
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for all < 77 < min{—cs, c,} with 7 —#x > 0 small enough. Hence, after fixing some real
n < 7 < min{—cs,c,} with 7 —#x > 0 sufficiently small, one can draw exactly the same
conclusion as in Proposition 5.4; that is, for each ¢ € X; the map R;(-,¢): C%,]R — C}%]R given
by

Rij(z ¢) = Z5(9) + (Kj 0 Gs)(9,2),

asz € C%,]R has a uniquely determined fixed point in C%,]R.

Our next goal is to show that the fixed point z(¢) € C%,]R from the last statement depends
continuously on ¢ € X;. For this purpose, we need some auxiliary results. We begin with the
proof that the map Zj: X5 — C%/]R is continuous.

Proposition 5.6. The map Z;: X5 — C%,]R from Proposition 5.2 is continuous.

Proof. 1. Given ¢, € X, we trivially have

127(¢) = Z3(@)llcr, < sup M| Z5(@) (1) — Z5(¥) (Dl cr + sup | Z5(@) (1) — Z5() (1) |-

Hence, it suffices to show

sup e’ (| Z5(¢) (1) = Z5(¥) ()2 = 0

£<0
and
sup e Z5(@) (1) — Z5(¥) ()|t — O

as ¢ — 1. We consider the two expressions separately below.
2. (Estimate of sup,, e™'[| Z3(9)(t) — Zz()(t)[ 1) Let Q1, Q2: R — Y©* be given by

_ JUrs(E(t, 9)), t <0,
QiD= {6’_’7”(?(5(13(0/ ¢)), t=>0,
and
_ JUrs(E(ty)), t<0,
QZ(f) = {g‘ﬁtl(i’(s(F(O,lp)), £>0,

respectively. Clearly, both Q; and Q are continuous. Moreover, we claim that Q1, Q> € Yjr.
For a proof, consider Q first. As shown in the proof of Corollary 5.1, we have

sup e[| Q1 (t)||ce- < oo,
£<0

Next,

sup 7| Qu ()l = sup e [le”T1(rs(F(0, )= = 1(rs(9)) o < o

Thus

sup e”|| Q1 (1) | cor < supe™||Q1(t)| cor + supe||Qa(t)]|cor < oo,
£<0 £>0

teR

which implies Q1 € Yjr. Similarly, we see Q> € Y;Rr. In particular, Q1 — Q> € Yj;r and, by
combining estimate (2.13) with the fact 7 > r > 0 and Proposition 3.4, we infer
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1Q1 — Qally; e < sup M| Qu(t) = Qa(t)llco- + supe™[[Qu(t) — Qa(t)|co-
<

= sup e[ I(rs(E(t, 9))) — l(rzs(FtZ(ij)))Hce*
+sup eMe M |1(rs(F(0, ¢))) — 1(rs(F(0,9))) [l co-
< sup e |Irs(E(t, ) — rs(F(t, ) [Ire + [Irs (@) — 75(9)[|re
< S;lig?\(5)€"t|\F§”(fr ¢) = E (L9l +A(0) ]l — ¢llc
= sup A@)e™ iy (@) (1) + C (@) (t) — iy () (1) + C(®) ()| +A(S) ]l — ¢lln
< @) sup iy (9)(£) = 2y () (D
+ S;lig)\(fS)e”tllC(@)(f) —C) )l + Al — ¢l

=A%) <Hﬁn(¢) — ()l + sup e"||Psg — Ptpllcr + [l — ’7””(:1)

< A(&)(Lip(ﬁn>||<o—¢ncl IRl — pller + qu—wncl),

that is,
1Q1 — Qally, < A) (Lipmq) IR +1) lo -l

Now, observe that from Proposition 2.4 it follows that both IC}7 Q; and IC,17Q2 are well-defined
and belong to C%,]R' Further, in view of the last estimate

IK5Q1= K3 Qaller, < IKGIIQr = Qallvgn < A IKGII(Lip(ay) + [Pl + Dllg = e

Therefore,
sup 1 Z5() (1) — Z5()(1)|

< supe | PE(t, ¢) — BE( 1)l

£<0

~ t _ t _
+sup e / TO*(t — T)PE*1(rs(F(T, @) dT — / TO*(t — T)PP*rs(F(T,9)) dT
tSO —o0 —00 Cl

= sup || P (1, 9) — R (1, )l cx +sup e | (K1Qu) (1) = (K'Qa) (1)]|

t<0 t<0 c
< sup eM|[PsC(@)(t) = PsC(9) (1) [lcr + sup eM[(KT Q1) (1) = (K1Q2) (1) |

= €
= stlig’ eﬁt”PSQD — Ppller + H’C%Ql - ’C;17Q2Hc}7m

<[P llg = llcr + A1 (Lip(ay) + [1P] +1) @ = gl
= (Il + 2@ IIKF I (Lip(ay) + [P +1)) 9 = pllcr:

3. (Estimate of sup,- e[| Z;(¢)(t) — Z;(¢)(t)[|c1.) Define the maps uy, uz: [0,00) — C
by uq(t) == Z;(¢)(t) and us(t) := Z;(¢)(t), respectively. As shown in part 3 of the proof of
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Proposition 5.2 both u; and uy are solutions of u(t) = T,(t —s)u(s) forall 0 < s < t < oo.
Moreover, u(t) := uq(t) — up(t) satisfies u(t) = T,(t —s)u(s) forall 0 < s < t < oo as well.
Following the proof of Proposition 5.2 further, we first see

sup [ Z;(9) (1) = Z5(¥) (D)l < [u(0)llcr = 127 (9)(0) = Z7() (0) |z

t>0

and then, in view of the estimate derived in the last step,
sup e[| Z;(9) (1) = Zi(¥) ()]l cr < 1Z5(9)(0) = Z;()(0) |

t>0
< sup e Z5(@)(H) = Z5(¥) (Dl
< cllg = ¢llc
with some ¢ > 0.
4. By part 2 and part 3 it follows that

sup e Z5(9) — Z5()|lcc = 0 and sup e Z5(9) — Z7() | — 0

as ¢ — . Hence, the first part of the proof implies Z;(¢) — Z;(¢) in C%’]R for ¢ — . This
shows the continuity of Zj. O

Remark 5.7. Observe that in view of the proof the map X5 > ¢ — Z;(¢) € C}%]R is not only
continuous but Lipschitz continuous with a global Lipschitz constant.

Next, we show that, given ¢ € Xj, the uniquely determined fixed point of R, ( -, ¢) is also
a fixed point of R ( -, @) for 7j > 0 with 7j — 1 > 0 sufficiently small.
Proposition 5.8. Let 0 < 57 < 7j < min{—cs, ¢, } with A(0) || || < 1/2 and ¢ € X; be given.
Further, suppose that zy € Cy  is the uniquely determined fixed point of Ry(-,¢): Cyr — Cy g,
and that z € Cj is the uniquely determined fixed point of Ry: (-, ¢): Ci g — Cjy, which both
exist due to Proposition 5.4 and the remark after it. Then zq(t) = z(t) forall t € R.

Proof. Under the given assumptions, a straightforward calculation results in

21(0) = za(0) = [Tt = P I(Rs(r, 0,21 (1)) ~Tol 9y 2a(0)) e
+ [T = DRt 9 21 (7)) — 75(7, 0, 22(7))

for all t € R. Thus, after defining Q: R — C®* by

Q) = 1(s(t, 9, 21(1)) = Ts(t, 9, 22(1))),

we formally obtain

z1(t) — z2(t) = (K'Q) (1) + (K*Q) (1) (5.4)

ast € R.
Next, define u: R — C! and Q: R — C®* by

u(t) = z1(f) — zp(1), fort <0,
e M [z1(t) — z(t)], fort >0,
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and
o Q(t), fort <0,
Q) = {eﬁtQ(t), fort >0,

respectively. We claim that u € C%JR and Q € Ygr. Indeed, as 77 > 1 we clearly have
21| (—o0,0], 22| (000] € C}7 and so

supe”[|u(t) |1 < supe”||za(t) — za(t) 1 +supe”|le T (z1(t) — z2(t)) [l

teR t<0 >0
< (21 = 22) [~y (D)l 2 +supe™|lz1(£) [ e + sup e | z2(t) |
t>0 t>0
< 0,

that is, u € C717,IR' Combining this with estimate (5.3) leads to

sup eﬁtH Q(t) HC@* = Su%)) eﬁtHl (?(S(tl @, Zl(t)) - ?5(tl @, ZZ(t))) ||C(T)*
t<

t<0

< sup e |[75(t, @, 21 () — 75(t, @, 22(t)) ||
t<0

< sup e"A(8)|z1 () — z2() [l
t<0

< A(8) supe™ Ju(t)| o

t<0

< A(8)supe™||u(t)]cs
teR

= A@)lulley,

and similarly to

sup " |Q(#)[|co- < A)[[ullct -
>0 1

Hence,
sup e”(|Q(#)[|co- < max{sup e”[|Q(¢)[|co+, sup ™ | Q(H) |-} < A(O)[[ullcr
teR <0 >0 1

and therefore Q € Yj R as claimed.
Using the arguments above, especially Eq. (5.4), together with the linearity of the integral
operators K one easily finds u = IC,;r Qin C%,]R. It follows that

1
luller . = 167 Qllcy, < IK7 1Rl < AGIKG uller, < Sllullcr

andsou =0 € C%,]R' For this reason, we conclude that z;(f) = zy(t) for all t € R, and this
finishes the proof. O

The following corollary is the last auxiliary result for the proof that the uniquely deter-
mined fixed point of R, ( -, ¢) depends continuously on ¢ € X;.

Corollary 5.9. Suppose that fj > 17 and z € C} g N Cy . Then the map X5 > ¢ — Gy (@,2) € Yyr
with Gy defined in Corollary 5.3 is continuous.
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Proof. 1. Let ¢ € Xs and ¢ > 0 be given. Then, in view of # — 7 < 0 and HszR < oo by
1,

assumption, we clearly find some R > 0 with
€= 2)‘(5)3(}7_’7)RHZHC%,R <e.
Next, recall from Proposition 3.1 that we have

sup Lip(F;(t, -)) < co.
0<t<R

Therefore, there is some sufficiently small (R, e) > 0 with the property that both
c2 :=2A(0) - 0(R,¢e) - (|| Ps|| + Lip(11,)) < e

and
3 :=2A(6) - 6(R,e) - sup Lip(Fs(t, -)) <e

0<t<R
are satisfied. Now, we claim that
1Gsy(9,2) — Gs (P, 2) Iy, <€

for all ¢ € X5 with ||¢ — |1 < (R, ¢€). In order to see this claim and so the assertion of the
corollary, we show that under given assumptions

t = "Gy (¢, 2) (£) — Gay (9, 2) (1) ]| cor

is bounded by c¢; on (R, o), is bounded by ¢, on (—o0,0], and bounded by c3 on [0, R].
2. (Estimate of sup,_ g €| Gs, (¢, 2)(t) — G5y (,2)||co+.) From the assumptions and estimate
(5.2) it follows that

sup e”'[|Gyy (9,2)(t) — Goy (1, 2) (t)l|co < sup e |[Fs(t, @, 2(t)) —Fo(t, . 2(t)) e

t>R t>R
< 2A(8) sup e"[|z(t)]| e
#>R
= 2A(J) sup e(’7_’7)te’7t\|z(t) Il
t>R
< 2A(8) sup e Mt ||z| 1
>R R

= 21(8)e" Rz

i,R
for all ¢ € X;.

3. (Estimate of sup, e ||Gsy(9,2) — Goy (9, 2)[|co+.) Let p € X; with [l¢ — pllcr < I(R,¢)
be given. Using the Lipschitz continuity of r; given by (2.13), we first deduce that

sup e[ G (9, 2) (1) = Gay (1,2) (1) |-

< supe"[[75(t, @,z(£)) — 75 (£, 9, 2(t))[|r

t<0
= sup |13 (F(t,9) +2(1)) ~ ro(F(t,9)) — ra(F(t9) + 2(0)) +75(F(t9) e
< sup "1y (F(t, ) + (1)) = ro(F(t, ) +2(0) e+ supe [ (Ft, ) = rs(Flt, ) e
< 20(8) sup " F(t, ) — F(t, )|

t<0

= 2A(8) sup " ||} (t, ) — E" (£, 9) |-
t<0
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Now we may proceed similarly as in part 4 of the proof of Proposition 5.6 to conclude that

sup || (t, ) — E"(t, ) lwe < (Lip(ity) + [[PslD)ll@ — 9llcr-

t<0

Combining these finally yields

sup e’ |Gy (¢, 2)(t) — Goy (1, 2) (1) [ co+ < 2A(8) (| Bs|| + Lip (1))l — ¢l n

t<0

< 2A(8)([IPs[| + Lip(2,))5(R, €)

= ().

4. (Estimate of supy, " |Gs,(¢,2)(t) — Gs; (1, t)[|ce+.) Using once more the Lipschitz
continuity of the map r;, we get

sup e[| G, (9,2) () — Gy ($,2) ()| co-

0<t<R
< S e\ 7s(t, @, 2(t) — To(t, 9, 2(1)) || v
< e sup [rs(F(t,9) +2()) = ro(F(t, ) = 16(Flt, ) + (1) + 16(F ) e
< e sup (Irs(F(t, @) +2(0)) = ro(F(t )+ 2(0)) o + rs(F(t 9)) = rs(F(t ) )
< 2A(5) sup. IE(t, @) — F(t, 9)]| e
< 2A(6) oil}lfR |Fs(t, ¢) — Fs(t, )|l

for all ¢ € X;. Hence, if |9 — ¢||c1 < (R, €) then

sup e[| Gey (,2)(t) — Gy (,2) (1) [ co- <2M(0) sup [[Fs(t, @) — Fo(t, ) e

0<t<R 0<t<R
<2A(6) sup Lip(Fs(t, -))ll¢ — ¢llcr
0<t<R
<2A(6) - 6(R,¢) - sup Lip(Fs(t, -))
0<t<R
as claimed. n

Now we are in the position to state and prove the continuous dependence of the fixed
point of the map R;( -, ¢) on the parameter ¢ € X;.

Proposition 5.10. Let z,: X5 — C}. ¢ denote the solution operator of the parameter dependent con-
traction from Proposition 5.4; that is, zﬂ((p) = Ry(zy (@), @) for all ¢ € Xs. Then z, is continuous.

Proof. Let ¢ € X; be given. Then the definition of R, together with Corollary 5.3 imply that
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forall p € X;

l20(9) — 2y () s,

= 112 (9) + (K ©Gsy)(924(9)) = Z3(#) — (S5 © Gay) (0 2y (@)llcr,

< 110G © Gay) (9,24 (9)) — (S 0 o) (,20(9)) s,
1 25(9) + (S5 © Gy (9 24(9)) = Z(9) — (K 0 o) (B2 (9)llcr,

<11 M1Ga (9, 20(9)) = Gy (8,20 (@) vy + 1125 (0) = Z4 (),
I Gay (8, 20(9)) = Gy (924 (0,

<11 M1Ga s (9, 20(9)) = Gy (8,20 (@) vy + 11 25(0) = Z4 (),
FAG) I M2y () = 2 (®) .

that is,

It
1—1@5% 1Gan(9:21(9)) = Gy (9,25(9)) v,
1
TG T AWy

7,R

I21(9) = 2 (®)ley, <

Fix some 17 < ij < min{—cs, ¢, } with HIC,;r |A(6) < 1/2, which is possible due to Remark 5.5.
By Proposition 5.8, we see z,(¢) = z;(¢) € C}],IR N C}%R. Hence, Corollary 5.9 yields that the
map

X5 2 P G5,,7 (1,[1, ZW(QD)) € Y’?r]R

is continuous. In addition, due to Proposition 5.6 the map X; > ¢ — Z,(¢) € C%,]R is
continuous as well. Therefore, from the estimate above for ||z, (¢) — z; ()| . it follows that
zy () — z4(¢) as p — @. This proves that z, is continuous at ¢. " O

After having established all the necessary preparations, we are now able to prove Theorem
4.1 about an attraction property of the global center-unstable manifolds.

Proof of Theorem 4.1. 1. For each ¢ € X; let

Hl () == ¢ +2;(9)(0)

with z,(¢) € C}],]R introduced in the last proposition. Observe that we have H/, () € W for
all ¢ € X;. Indeed, by Proposition 5.4, z,(¢) € C; is a global solution of Eq. (4.9). Therefore,

Lemma 4.4 yields that F(-,¢) + z,(¢) with F from Proposition 4.3 satisfies Eq. (4.8), and so
in view of Lemma 4.2 it follows that

Hlu(¢) = ¢ +24(9)(0) = F5(0, ¢) +z(9)(0) = F(0, 9) + 24 ()(0) € W".

Consequently, H/, forms a map from X; into the global center-unstable manifold W”. More-
over, as a sum of the two continuous maps ¢ — ¢ and ¢ — z,(¢) it is clearly continuous as
well.

2. Now consider some fixed ¢ € Xs; and assume that ¢y € W' is such that estimate (4.4)
is satisfied. By combining Proposition 4.3 with Lemma 4.2, we find some z € C%/IR with the
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property that y = ¢ +z(0) and that F(-, ¢) + z is a solution of Eq. (4.5). Hence, by Lemma
4.4, z satisfies Eq. (4.9). But then Proposition 5.4 yields z = z,(¢) and so

¥ =¢+2(0) = ¢ +2;(¢)(0) = Hl(9).

This shows one direction of the statement.
3. On the other hand, suppose that ¢ = H/, (@) for (¢, ¢) € X; x W'. Then it follows that
Y = ¢ +2,(¢)(0), where z,(¢p) € C%,]R is such that F(-,¢) + z,(¢) is a solution of Eq. (4.8)

due to Lemma 4.4. In particular, we have (F(-,¢) + z;(¢))
of the uniqueness of solutions, F(t, ¢) + z,(¢)(t) = F(t,¢) for all + > 0 . Consequently,

(—e00] € C}] and, in consideration

sup e’ || F5(t, ) — Fs(t, @)1 = sup e [[F(t, ) — F(t, 9)l|
t>0 t>0

= sup e’ |[E(t, ) + 2y (@) (t) = F(t, @)l

t>0

= 8111096’”|\Zq((/))(t)||cl

t>
< 2@l

< o9,
which proves the other direction of the assertion. O

We close this section with a consequence of Theorem 4.1.

Corollary 5.11. Under the assumptions of Theorem 4.1 and with the map Hl,: X; — W7 defined in
its proof, the following holds: For each € W' and for each ¢ > 0 there exists some & > 0 such that

|Fs(t, ) — Fs(t, HL(9)) || o1 < ee™
forall t > 0and all ¢ € X5 with || — ¢||c < 6.

Proof. To begin with, observe that in consideration of the definition of H!,, of Lemma 4.4, and
of the uniqueness of solutions we have

Fs(t, Hou(9)) = Es(t, @) = Es(t, @) + 24 (9)(t) — Fs(t, @) = 2y () (1) (5.5)
for all t > 0 and all ¢ € X;. Next, it is easily seen that H7, () = ¢ for all ¢ € W'. Hence,
zy(p)(t) =0 (5.6)
as (t,¢) € [0,00) x WT.

Now let € W7 and ¢ > 0 be given. By the continuity of the map z, due to Proposition
5.10, we clearly find some 6 > 0 such that, for all ¢ € X; with |[¢ — || <6,

HZW((P) - Zﬂ(‘/’)Hc}ﬂR <ée
holds. Hence, in view of Eq. (5.6), it follows that

sup e”'[|z; () (t)[|cr = S;gge”tHzn((P)(t) —z()Dller < llzy(9) =2y (@)l < e

t>0
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for all ¢ € X; satisfying ||¢ — || < . Combining this with Eq. (5.5) finally shows that for
@ € X; with |l¢ — ¢|lan <6,

1Es(t, Hou (@) — Fs(t, @)l < ™" supe™ || Fs(t, Hau(9)) — Fs(t, @) l|cn

£>0

= e Msup ez, (¢) (1)
£>0

< ge M.

6 Proof of Theorem 1.2

In the following we use the attraction property of the global center-unstable manifolds ob-
tained in the last sections to give a proof for Theorem 1.2 asserting an attraction property of
local center-unstable manifolds.

Given the assumptions of Theorem 1.1, and thus of Theorem 1.2 as well, we clearly find
constants 7 > 0 with ¢, < 77 < min{—c¢;,¢,} and 0 < § < 47 such that the conditions of
Theorem 4.1 are satisfied. Now, set

Cono = {9 € Cau |l pll1 < 6},
clo={oecllllglh <o},
Ney = Ccu,O + Csl,O/

Wey = W' |c

cu,0”/

and

Wey = {4’+wcu(§0) | (RS Ccu,O}/

where the map w" is defined by Eq. (2.18). With these definitions Theorem 1.1 follows as
shown in [5] in detail. In particular, we have @9 = 0 € W, C W' and r;(¢) = r(¢) for all
@ € N¢y. The proof of our main result is now straightforward.

Proof of Theorem 1.2. 1. As N, C U is open and both norms || - || and || - |1 are equivalent,
there clearly exists some & > 0 with {¢ € C! | ||¢||cx < 28} C N.,. Next, using Corollary 5.11
with ¢ = g = 0 € W' we find some 0 < § < & such that for all ¢ € X; with ||| < § we
have

1Es(t, @) — Fs(t, Hu(@)) [l < &, (6.1)

and so
IEs(t, Hu(@))lcr < &7+ |[Fs(t, @) |l

ast > 0.

2. Suppose now that x: [—h,c0) — R" is a solution of Eq. (1.1) with ||x¢||cx < ¢ for all
t > 0. Set ¢ := xg and note that r5(x;) = r(x;) for each t > 0, since the segments of x stay in
N, for all + > 0. Hence, we have x; € X; N X fast >0 and x is a solution of the smoothed
equation (3.1) as well. In particular, Fs(t, $) = F(t,$) for all t > 0.
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Next, observe that the last inequality of the first part shows that for t > 0

IEs(t, HE(¢) lor < ge™ ™ + [|Fs(t, @)l o
=g 1"+ |[F(t, §) o
=g M+ ||x||
<&+6
< 2%

Consequently, all the segments y; = Fs(t, Hl,($)) of the unique solution y: [—h,o0) — R"
of Eq. (3.1) with initial value yo = H{,($) € W' are contained in the neighborhood N, of
@0 = 0 € CL. Therefore, for each t > 0 we have r5(y;) = r(y;) and thus vy is also a solution
of Eq. (1.1) with segments y; € Xs N X;. In particular, yo = H{,(¢) € Wey, and F(t, HY,(§)) =
Fs(t,¢) as t > 0. Now the positive invariance of W, with respect to F relative to N, that is,
property (iii) of Theorem 1.1, shows y; = F(t, H?u((p)) € W, as t > 0. Furthermore, estimate
(6.1) implies

lxe = yeller = [1E(t, @) — F(t, Hou(§))llcr = [[Fs(t, @) — Fs(t, Heu(9)) o < 2™

for all t > 0.
3. Setting K4 :=§ 14 =1, and

Un={peC |l <3}

completes the proof. O
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