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1 Introduction

Let © be a bounded open set of R"(n > 1) with smooth boundary I'. We
consider {I'g,I'1} a partition of T, that is, I' = 'y U Ty, with T’y and T'; having
positive Lebesgue measure and with Ty N T = 0.

Let v be the outward normal to I" and 7" > 0 is a real number. We denote
by Q = Q x (0,T) the cylinder of the R" .
The goal of this work is to solve following strongly nonlinear boundary

problem:

Au =0 in Q=Qx(0,7)
u = on Yo=14yx(0,7)

—" m—vi+uffu=f on X, =TI4x(0,7T)
€T; X;

u(z,0) = up(x) on I,

where A is the pseudo Laplacian operator defined by

A Q) — W), g =1

w = Aw
"9 /0 0
with Aw = — Z o7 <|a—Z|p_Za—Z), 2 < p < o005 pis a positive real constant

i=1
satisfying the conditions (1) and f is a known real value function.

As the solution of system depend of z and ¢ and the equation (x); does
not have temporal derivative of the function wu, this system is not Cauchy-
Kovalevsky type.

This problem associated with evolution equation on lateral boundary, with
p = 2, was study in Araruna-Antunes-Medeiros [1] and Domingos-Cavalcante
[4], both motivated by the idea applied in Lions ([6], pp. 134), which consists
to reduce the problem in a model of mathematical physics on the manifolds
Y1, Also, Araruna-Araujo in [2] studied the system (x) in your form more

simple, that is, p = 2. Recently, O.A.Lima, at al has been researching in
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Partial Differential Equations involving the pseudo Laplacian operator [10].
In this work we use a technique due to Lions [6], which transforms the system
(%) in a Cauchy-Kovalevsky type one by means of a suitable perturbations in
the equation (x);. The solution of (x) is obtained as limit of solutions of the
perturbed problem.

For p > 2, the operator A brings great difficulties, because it is non-linear,
mainly to establish concepts of solutions, in passage to the limit, to work with
the trace application and immersion in spaces W*P(Q2), s € R (for this we
consult Nécas [5]) and to obtain a estimative for derived of the approximate
function(here we use strongly the proprieties of the trace application). Finally
all the difficulties will be overcome through careful handling of the proprieties
of the operator A.

This paper is organized as follows: In Section 1, we will give some notations,
hypothesis and results. In Section 2, we will introduce the perturbed problem.
In Section 3, we will prove the existence of the solutions for the perturbed
problem. In Section 4, we will treat of the uniqueness for the solution of the
perturbed problem. Finally in Section 5, we will prove the main result of this

work.

2 Hypotheses and Notations

We denote by Wﬁ’p(F) the vectorial space of functions v|, when v € WhP(Q),
1 1 1y 1
for —+— =1 By W 7P (T") denotes the dual of the space W (1),
p

p
Let p > 2 be and Vj the Banach space given by Vj = {v e Wtr(Q); U|F0 = ()}

equipped with the norm ||v|y, = (Z/ ‘
i=1 V&

L .. . L
cation v : Vo — W *(T'}) is linear, continuous and surjective.

v ‘p dx) p. Note that the appli-
61’@-

In (%) assume that p is a real number such that

p>0, if n=1 or 0<p<(”+2)p—2(n+1)

< se n>2. (1)
n—p+1
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With the choice we have W™ (I'y) € LP%(Ty) with continuous and dense
1 1 2 1
immersion, for — + — = 1. Therefore L%(Tl) = (L’”Q(l—‘l))/ c WP (Ty)

p p
with immersions are dense and continuous.

Let a : Vo x Vy — R defined by

p—2 Ou Ov
al(u,v) Z / o } oz, or. ™ (2)
which is linear with respect the second variable. Note that, the application

v — a(u,v) is continuous on Vj for u € Vj fix.

Let V = LP(0,T;Vp) and the operator B from V in V' defined by

(B(w),v)vixy = /0 a(u(t),v(t)) dt, vV ou,veV. (3)

Thus B is a hemicontinuous, monotonic operator and || Bully» < Cllull%", Yu €
V.
To facilitate the understand of this work, introduce the followings nota-

tions:

(f. ) = /Q fgdz, (o) = /F o T

3 Perturbed Problem

The Problem (x) is not of the Cauchy-Kowaleska’s type. Thus, consider the
following perturbed problem:

For all € > 0, the family of functions u.(z,t) is defined by:

8u€
ot

+ Au, in Q=Qx(0,T),

:0 on EOZF()X (O,T),
(**) 8’11/5 Z }aU/E }p 2871/5

vi + luc|Pu. = f on Xy =17 x(0,7),

ue(z,0) = wo(x) x € (),

where wy = v lug € V4.

The solution concept for (k%) is established by Gauss’s Theorem as follows:
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For v € Vo, N C%(Q) we have

8'&5 8'&5 8”5 8'&5
e (e - E e e
hence

8 ou, ou, ou, Oou. Ov U, p—2 00U,
(|l ) v dart /y | o do = /;%iyﬂaxi.yi.vdr.

Summmg up from ¢ = 1 to n on both sides of the above equation yields:

(A(ue),v)q = alue, v Z 8u€' ’piQ gzeyzv dr.

From this and observing that (see (**)3)

8u5p26u6 ,
_Z/ }axz vdl = / ot /|u5| ucvdl'y — /fvdrh

we obtain (A(u€)7 U)Q = CL(UE, ’U)"—("}/Uﬁ fyv)Fl +(‘fyu€|pfyu€7 fyv)Fl - (f7 fyU)Fl

Substituting this identity in (xx); we get:

6(’&’6, 'U)Q + (7“; 7”)F1 + a(um 'U) + (|7u€|p7uaa 7”)F1 = (fa /Y'U)Fn

u
where u. means 6—756 Therefore, a solution of the problem (xx) is understood

in the following sense.

Definition 3.1. A real value function u.(x,t) is a solution of the problem (sx)

if, only if,

u. € LP(0,T; Vo) N L>(0,T; L*(52)), (4)

yu. € LPT2(0,T; LP3(T)) N L>2(0,T; L*(Ty)), (5)

ul € LF(0,T; W=7 (Q)), (6)

il € L0, T W7 (), (7)

e(ul, v)a+(yuL, y)r, +a(ue, v)+ (|yueyue, yo)r, = (f,70)r,, Yv € Vo (8)
and satisfying the initial conditions

u:(0) =wo in (9)

yus(0) =uo in I (10)

with ug belongs to Wp_l”p(l“l).
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4 Existence Theorem
In this section we will establish a theorem of existence of solutions.

Theorem 1. Suppose f € L” (0,T, W_P_l”pl(l"l)) and wy € Vo. Then, for each
e > 0 the problem (xx) has a unique solution u. in the sense of Definition
(3.1).

Remark 1. Note that, the date wq is taken such that ywy = ug, since, given
Uy € Wi’p(l“l) there exists wy € Vi such that ywy = ug because the application

v:Vo— Wi’p(Fl) is surjective.

Proof: We will employ the Faedo-Galerkin’s method. In fact, for V we
construct a special Hilbertian basis (w,).en of Vo. By Vo, = [wl, ..... ,wm}
we will denote the subspace spanned by the m first vectors of V. The ap-

proximated problem consist to find a function w.,(t) € Vi, of the type

Uem (T, 1) Z gjem(t)w;(x) solution of the initial value problem for the system

of ordinary dlfferentlal equations:
(ul(£), D) + (Y (£), 01, + 0t (£),0) +
T (Wt ()Pt (8),70)0s = ()00 V0 € Vi (11)
Uem (0) = Ueoy —> wo  in V.

The system (11) has a local solution on the interval [0, ¢,,[, with ¢, < T.
This solution can be extended to the whole interval [0, 7] as consequence of
the a priori estimates that shall be proved in the next step.

Estimates

Taking v = ugm(t) in (11) and integrating from 0 to t < t,, we obtain
‘u€m< )|L2 @ T35 H"Yuem( )”L2 ) ”usm H ds + "7uem Hlﬂri 1‘1
(

/Wf Jﬂnﬂwm@ugp %SC/Hﬂ :

(')

C
Shtania + glbeonliaey < 5 (IS, 4 /n%m||w+

oy tem(8)lvods +

'ﬁ
@\‘H

H/-\

a‘usom‘%Q(Q) + QH’YUeOmH%%FI)-
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From hypotheses about the initial conditions and the continuity of the appli-

cation =, we obtain:

£
e () By + a0 e + / temn(5) 1 s+

+2 (12)
/ [Ytem(s ||Ep+2(pl)d5 <C

where C' is constant which is independent of t and m. This estimate implies
that we can prolong the approximate solution u.,, () to interval [0, 7] and too

we obtain:

Uem) is bounded in  L*(0,T; L*(2));

YUerm) is bounded in  L>(0,T; L*(Ty));

Uem) 18 bounded in  LP(0,T; Vh);

is bounded in  LP(0, T} Wp_l”p(Tl)); (13)
Uem) is bounded in  LPY2(0, T LPH2(T));

uem(T)) is bounded in  L*(Q);

Ve (T)) is bounded in  L?*(T'y).

)

uam

)
)

)

(
(
(
(
(
(
(

T 2 T
Note that / ‘|7u€m|p7u5m‘ PHLdt = / |Vt | T2dt < C. Thus
0 I 0 I'1
o+2 ot
(|yttem| vtier) is bounded in  L#+1(0, T Lo+t (I'y)). (14)
From (11); we get
<{€u</€m7 fyu;m}7 {U, fyv}> = (f(t) - |7u€m<t>|p7u€m<t)7 fy,U)Fl - a’<u€m<t)7 U),

where < .,. > represent the duality paring between V x WP /(Fl) and
{Vo x W# (1)}
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Hence

'<{8u:€m77u;m}7 {U77,U}>‘ S ‘a(u€m<t)7v)‘ +
(Hf(t)llw_;,,pf + et )nwn o, <
(I'1

(') "(r1)

p
(R N e [ P

—1
o ot < (70l g+ ol ) %
1
ol lun )15,

From estimates above we have

<{€u'€m,7u'6m}, {v,'yv}>' <
2! + C"Vuem‘p7u€m|’ 042 + Huem(t)”l\)/gl X
(T1) +1(I1)

(1CRE01 N

VoxWp

Therefore, from bounded (14) and (13)3, we get

’p/(Fl) +C||7uem| /yuemH %

'E\l,_.

1(T)

sl

({gu;m,vu;m}) is bounded in ¥ (0, T; Vy x W~ # ¥ (I'})). (15)

Passage to the Limit
From estimates (13), (14) and (15) we obtain

Uery — 1. weak-star in  L>®(0,T; L*(Q));

Ve — yu,  weak-star in  L>(0,T; L*(I'y));

Uem — ue  weak in  LP(0,7T;Vp);

VUem — Yu. weak in  LP(0,T; Wi’p(l"l));

Ve — YU  weak in  LPT2(0,T; LPT2(Ty)) = LFT2(%);
Uern(T) — x  weak in  L2();

Ve (T) — ¢ weak in  L*(T';)

[VUem|Ytiem, — 1 weak in L%(O, T; L%(Fl)) = Let1(3)
ul, — . weak in LY (0,T;V));

yul, — yu. weak in L¥(0,T; W_ﬁ’pl(l"l))
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Remark 2. Note that by the convergence (16)1, (16)g and (16)s, (16)19 it

makes sense to calculate u-(0) , u.(T) and yu:(0) ,yu.(T) respectively.

Let V = LP(0,T;Vy) and B the operator from V' given by

(B(u),v)vixy = /0 a(u(t),v(t)) dt, YV ou,v eV, (17)

hence, B is hemicontinuous, monotonic operator and ||Bul|y: < Cllul/% ", Vu €

V. Thus, from estimative (16)5 we have (Bugy,), is bounded in  V’, hence
Bu., — ¢ is V' (18)

From convergence (16)g we obtain < u.,,,p >—<ul, o >, Yy € LP(0,T;V)),
that is,

T T
/ (ul,,, v)ofdt — / (ul,v)obdt, v e Vo, C Vo, VOe€D0O,T)cC LP(0,T),
0 0

or

/

(ul,,,v)o — (u.,v)qg v € Vom, in D(0,T). (19)
From convergence (16);9 we have < ~yul,. ,vp >—< yul,yp >, V ¢ €
LP(0,T;Vp), that is,
(vl y)r, — (yul,yv)r, v € Vom, in D'(0,T). (20)
Analogously, we have
(Buem,v) = (C,v) v € Vi, in D'(0,T), (21)
and
(P temlPYttems 70}, = (1,70, 0 € Vo, in DO,T). (22)

Thus, taking the limit as m — oo in the approximated equation (11);, using

the convergence (19) — (22) and the density of Vg, in Vy, we obtain:

€<u::7 U)Q + (f}/uév 7”)111 + (Cv U)Q + (777 7U>F1 = <f<t>7 fYU)IH
VoeV, i D(0,T).

(23)

To follow we will proof that: |yu.|’yu. = n and Bu. = (.
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Proof. In fact, from the estimate above we have

(Ytem) s bounded in  LP(0, T Wﬁ’p(Fl));
(yul,,) is bounded in L¥'(0,T; Wﬁﬁ’p/(f‘l)).

As W#P(T,) < LP(D,) — LXT,) — LP(T,) — W 7% (), we have
Wi’p(lﬂl) < (1) — Wﬁi’p/(lﬂl). Thus, of the Aubin-Lions’s Theorem we
obtain a subsequence, still denoted by (e, ), such that yue,, — yu. in LP(3),
where still we can extract other subsequence which we insist in denote by

(YUem ), such that: yue, — yu. a.e X, thus,
VU [P YU — |Yuc|Pyue ae 3. (24)
From estimative (14) we obtain:

temtytanll gz <€ (25)

Hence, from (24), (25) and the Lions’s Lema, we obtain

[Vtem|Yttem — |yue|’yu.  weak in L%(El).

Thus |yu|Pyu. = 7. O
Now we will prove that Bu. = (.

Proof. In fact for this purpose we needed prove that: (i) u.(0) = wy, (i)
X = u(T), (ii7) yu:(0) = up and (iv) yu.(T) = .

In fact, to prove (i) we use the convergence (16); and (16)9 which yield

T T
/ (Uem, v)" dt — / (ue,v)" dt ¥V v e L*(Q),
0 0

p € CH[0,T]), ¢(0) =1, o(T)=0
and

T d T d
/ a(ugm,v)go dt — / ﬁ(ug,v)cp dt V ve LZ(Q) c Vg,
0 0
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p e CY([0,T]), ¢(0)=1, ¢(T) =0,

where
/OT © { (e )0} dt /OT Sl v} dt ¥ ve 20,
p € CH([0,7)), ¢(0) =1, ¢(T) =0,
hence,
(tem(0),v) = (ue(0),v), ¥V ve LX),
that is,

U (0) — u(0) in  L*(Q).

AS U (0) — wp in Vo — L?(Q), we have u.,(0) — wp in L*(2), where

Uem (0) — wyg in L?(2). Hence
u:(0) = wy.
Analogously, working as ¢(0) = 0 and ¢(7T") = 1 we obtain

u:(T) = x.
In fact, to prove (iii) we use the convergence (16)s and (16)19 which yield

(Yem(0),v) — (yu(0),v), ¥V v L*(Ty),

where

Ytem (0) — yu(0) em L*(T).

AS U, (0) — wp in Vj and v continuous from Vj in Wi’p(l"l), we have that

a1 1 2
Yitem(0) = g in WP (I). Being W' (Iy) < LA(T), for p>2 > f‘r -
n

by Fractionary Sobolev’s Theorem, we have yu.,(0) — ywy in L*(Ty).

Therefore yu.(0) = ywy = wug, by remark 1. Analogously, we have yu.(T) =
S ]
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We will show that: Bu. = (. In fact, being the operator B : V. — V'’

mononotonic, we obtain:
(B, tUem) — (Bugm,v) — (Bv, tem — v) > 0. (26)

Taking v = ., and integrating of 0 the 7" in the approximated equation (11);

we obtain:

T T T
(Buema usm) - / a(“smv uz—:m>dt = / (fa usm)l‘l dt - 5/ (u;m, uem)ﬂdt -
0 0 0

T T
/ (’Yu;m’ ’Yu&m)fﬁ dt — / (|7uam|p7uama /yuem)f‘l dt.
0 0

Thus, substituting in (26), we have

T
€ € 1
0< /0 (fs e ), dt — §‘Usm(T)‘%2(Q) + §‘Usm(0)‘%2(sz) - 5"7Usm<T)|%2(rl) +

1 T
§|7uem(0)‘%2(r‘1) o A nyuemHL/ﬁ? F1) - (Buema U) - (vauem - U)'

Using the convergence obtained and applying the liminf in both sides of the

inequality above we have:

1
- _"Ws(T)ﬁ?(rl) +

T
€ €
0< / (f, ue)r,dt — 5‘“5(T)|%2(Q) + 5‘“’0@2(9) 5
0

1 27)
2
gliolta — [ Il = () - e~ o)

Taking v = u. and integrating of 0 the 7" in the equation (23) we obtain:

T
3 g
| et = ) + STy — Sl +
0

1 1
ey~ ol + [ Il it

If we substitute this expression in (27), we obtain
0<(¢—Bvu.—v), ¥V veV.

Consider u. —v = Aw, A > 0. Thus, using the hemicontinuity of the operator

B, we obtain 0 < (( — Bug,w), V w € V. Working with A < 0 we have:
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(¢ — Bus,w) <0, V welV.
Therefore (( — Bug,w) =0, V w €V, thus Bu. = (.
Note that (Buey,, w) — (Bue,w), Y w eV = LP(0,T;Vp), hence,

T T
/ a(Uzpm, v)0dt — / a(ug,v)dt, ¥ veVy, V 0eD0,T)C LP(0,T).
0 0
Thus a(uep,v) — a(us,v) ¥V veVy in D'(0,T). Therefore,
e(u;, U)Q + (f}/uéa fyv)Fl + a’<u€7 U) +

(Iyue|"yue, yo)r, = (f(t),y0)r, Vv eV in D0, T),
Uniqueness of the Solution
To obtain the uniqueness of the solution, we suppose that there exists two
solutions such that u., @, in the conditions of the Theorem 1. It following

that w, = u, — @, satisfy:

w, € LP(0,T;Vy) N L>®(0,T; L*(1)), (29)
yw. € LPT(0,T; LPT2(T'1)) N L>=(0,T; L*(Ty)), (30)
w. e LF(0,T; W=7 (Q)), (31)

ol € LP(0,T; W7 ¥ (TY)), (32)

g(w;, 'U)Q + (’Y'LU;, 7”)F1 + a(uév U) - a('&\s? U) +
([yuelPyue = |yl yie, yo)r, =0, Vv € V.
Taking v = w, in (33) and integrating from 0 the ¢ < T we obtain:
€ 9 1 9 ¢ .
g [we®)2) + g we®) e, + i (aue, w) = a(te, w))dt+
t
[ by = @ . = e =
0
Using the monotoneity of the function h(s) = |s|?s and a(u., w) —a(t., w) > 0,
we have
€ 2 1 2
§|wa(t)|L2(Q) + §|7we(t)|L2(r1) < 0.
Therefore, we have that w.(t) =0 V¢ € [0,7]. Thus the Theorem is proved.
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5 Main Result

In this Section we will prove the following result

Theorem 2. When ¢ — 0 we have

ue —u in  LP(0,T; V),

being u the solution of the problem (x).

Proof: Making v = u.(t) in (8) and proceeding as in the previous Theorem

we obtain

and

(Veus) is bounded in  L>=(0,T; L*(2));
(yu:) is bounded in L*>(0,T; L*(T));
(ue) is bounded in  LP(0,T; Vj);

(vue) is bounded in  LP(0, T} Wﬁ’p(l"l));
(yu:) is bounded in LPT2(0,T; LPT3(Ty));
(uc(T)) is bounded in L?(Q);
(yue(T)) is bounded in L*(T;).

eu') is bounded in L¥ 0,7;V));
: 0

(|yuelPyu:) is bounded in L%(O,T; L%(Fl))

(vue) is bounded in  LP(0, T} Wﬁ’p(Fl));
(yul) is bounded in L¥ (0, T; Wﬁi’p/(lﬂl))
(Bu.) is bounded in V' = L¥'(0,T; V).

(35)

(36)
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Hence there exists an subsequence, still represented by (u.), such that, when

e—0

VEu:, =0 weak-star in - L>=(0,T; L*(Q));

Yue = yu  weak-star in  L>°(0,T; L*(T'1));

u. —u weakin V = LP(0,T;Vp);

yus — yu weak in  LP(0, T Wi’p(l"l));

yu. = yu  weak in  LPY2(0,T; LPT2(Ty)) = LPH2(3));
yu(T) — x weak in L*(T'y)

cul =0 weakin V' = LF(0,T;Vy);

|yue|Pyue — 1 weak in L%(O,T; L%(Fl))

yul — yu'  weak in L (0,T; W_i’p/(l“l));

Bu. — ¢ weak in V' = L¥(0,T;V]).

(37)

Analogously to the Theorem 1 we can to show that |[yu|’yu =7 and Bu = (.
Using the convergence (37) in (28) we obtain the variational formulation of the

problem (%), when ¢ — 0
(v, o)y +a(u, 0) + (yulPyu, o), = (f(t),y0)r, YoeVy in D(0,T).

On the other hand, with a analogously analysis as in the Remark 2, we have

as in the Theorem 1: yu.(0) — yu(0) in L*(T;). Therefore
yu(0) =wuy on T4,

In this sense, we have the solution of the problem (%) as limit of the per-

turbed problem (xx). |

6 Boundary Stabilization

The aim of section is study the algebric decay for the energy F(t) associated to

weak solution of the problem (x). To asymptotic behavior, we use the Nakao’s
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method [9]. This energy is given by

E(t) = |W( iz (38)

Remark 3. Note that, the solution of the problem (%) we can be extend to
[0,00), when f = 0.

Theorem 3. Let E(t) a energy associated the weak solution of problem (x).

Then, there exists a constant & > 0 such that the energy satisfies

E(t)<C V>0,

(1+1)s

Considering (28) with f =0 and v = u, we get:

1d
th\\/ (OF + 52l = =lluc®lIY, = 7Bl

Let E.(t) = 1]|v/eue(t)|* + 3|yue(t)|?, then

d

(1) <0,V >0 (39)

and
E.(t) < E(0) = Ve 0) + 5 u0) < Clyu)

because, 11/zu.(0) — 0 in L*(Q) and yu.(0) — yu(0) in L*(I';) when € — 0.
Therefore, E.(t) is increasing and bounded.

We have that

d D p+
ZEt) = — w0l — Il (40)

then

t+1 t+1
BB = [ el - [ 0l
t t
Therefore
t+1 t+1 )
[l + [ 0l = B0 - B6) @y
t t

EJQTDE, 2008 No. 13, p. 16



Since Vy — L*(Q) and L*T*(T'y) — L*(T;), we have

t+1 t+1
/ e (8) e + / (O, < CoBalt) — ot +1))
t t

Therefore exist t* € [t,t + 1], such that

|u6(t*)|1£2(9) + |7u6(t*)|22(rl) < Ci[EL(t) — Ec(t + 1)),

where,
1 2
() < ColEL(r) — Bu(t -+ 1)
1 2
5\7%@*)\2 < GolEL(t) — Ec(t + 1)]».
Thus -
() < eColEL (1) — Bt + 1))
1 2
§|7ue(t*)\2 < GolE(t) — Ec(t+1)]»
we obtain
1 1 2
SR 4 S ()P < (14 )CHIE(r) - Bue + 1))
Therefore,

E.(t") < (14 €)Co[EL(t) — E(t + 1)]»
Integrating from (40) of ¢ to t*, we obtain
t* t*
B0 = E0)+ [ N+ [ Il <
t t

(1 +&)Co)(E-(t) — Eo(t + 1)) + (E-(t) — E(t + 1))

Therefore,

E.(1)% < max{1, (1 +e)Co}5(E.(t) — Eo(t + 1)) + (E.(t) — E(t + 1))

max{1, (1+2)Co} ¥ [Ea(t) = Bt + ][+ (B(t) = Eu(t +1))'F]

Being, E.(t) limited for all € > 0, follows that

E.(t)% < Csmax{1, (14 ¢&)Cy}3 (E.(t) — E-(t + 1))

(42)

<
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or
E.(t): < Cio(B.(t) — E.(t +1)),
where Oy, = Cymax{1, (1 +¢)Cy}%.
Thus, by Nakao’s Lemma, there exists § > 0 such that

1
(1+1¢)s

Ele (t) S Cla

Note that Cy. — max{l,Cs}?2, yu.(t) — yu(t) weak in L*(I'y) and /eu.(t) —
0 weak in L?(Q).
From

1
liminf £y.(t) < liminf Cj,———, V£ >0

e—0 e—0 (1+t)g
implies that
1"f1\f 2 L 2 < Lo v
im in §| EUe(t)|L2(Q)+§|7Ue(t)|L2(r1) < max{1l, Co} Qo) t=>
Thus,
L O ar < O > 0
— u —_—
2 R = P T
where Oy = max{1,Cy}%.
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