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Abstract. In this paper, we establish a Picone-type inequality for a class of some nonlin-
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1 Introduction

Since the pioneering work of Sturm [27] in 1836, Sturmian comparison theorems have been
derived for differential equations of various types. In order to obtain Sturmian compari-
son theorems for ordinary differential equations of second order, Picone [25] established an
identity, known as the Picone identity. In the latter years, Jaro§ and Kusano [15] derived
a Picone-type identity for half-linear differential equations of second order. They also de-
veloped Sturmian theory for both forced and unforced half-linear and quasilinear equations
based on this identity. Since Picone identities play an important role in the study of qual-
itative theory of differential equations, establishing Picone identities has become a popular
research topic. We refer the reader to Kreith [20, 21], Swanson [28, 29] for Picone identities
and Sturmian comparison theorems for linear elliptic equations and to Allegretto [3], Alle-
gretto and Huang [4, 5], Bognar and Dosly [9], Dunninger [12], Kusano, Jaro$ and Yoshida
[22], Yoshida [32, 31, 30] for Picone identities, Sturmian comparison and/or oscillation theo-
rems for half-linear elliptic equations. In particular, we mention the paper [12] by Dunninger
which seems to be the first paper dealing with Sturmian comparison theorems for half-linear
elliptic equations.

= Corresponding author. Email: aydin.tiryaki@izmir.edu.tr



2 A. Tiryaki and S. Sahiner

Recently, Yoshida [35] established Sturmian comparison and oscillation theorems for quasi-
linear undamped elliptic operators with mixed nonlinearities in the following forms,

l(u) = ki V- (ak(x)h/ak(x)VuV‘_qu) + c(x)|ul*tu,
=1

L(v) := Ii W (Ak(x)] Ak(x)Vv\“’1Vv> + g(x,0)
-1

where a;(x), Ax(x) are matrices and

4 m
g(x,v) = C(x)|v|* 1o+ Z D;(x)|v|Pi~ 1o+ Z E].(x)|v|')/j—1v'
i=1 j=1

Most of the work in the literature deals with the Sturmian comparison results for elliptic
equations that contain undamped terms. In this paper, we establish Sturmian comparison
theorems for a pair of damped elliptic operators p and P defined by

p(u) =V (a(x)|Vu|* 'Vu) + (a + 1)|Vu[*1b(x) - Vi + c(x)|u*u, (1.1)
P(v) := V- (A(x)|V0|* 'V0) + (a +1)|Vo|* 'B(x) - Vo + g(x,0), (1.2)
where | - | denotes the Euclidean length, « > 0 is a constant, V = (6‘971, e, %)T, (the su-

perscript T denotes the transpose). It is assumed that g; > a« > 9; > 0 (i = 1,2,...,4;
j=1,2,...,m). To the best of our knowledge, damped elliptic operators such as p(u) and
P(v) defined as above have not been studied.

Note that the principal part of (1.1) and (1.2) are reduced to the p-Laplacian V - (|Vu|P~2Vu),
(p = a+1). We know that a variety of physical phenomena are modeled by equations involv-
ing the p-Laplacian [2, 7, 8, 23, 24, 26]. We refer the reader to Diaz [11] for detailed references
on physical background of the p-Laplacian.

We organize this paper as follows. In Section 2, we establish a Picone-type inequality. In
Section 3, we present comparison results for the equations p(1#) = 0 and P(v) = 0 and in
Section 4, as an application we conclude some oscillation results and give a Wirtinger-type
inequality.

2 Picone-type inequalities

In this section, we establish a Picone-type inequality for the coupled operators p and P defined
by (1.1) and (1.2) respectively. Let G be a bounded domain in R" with piecewise smooth
boundary 9G, and assume that a(x) € C(G,R"), A(x) € C(G,R"), b(x) € C(G,R"), B(x) €
C(G,R"), c¢(x) € C(G,R), C(x) € C(G,R), Di(x) € C(G,[0,00)), Ej(x) € C(G,[0,00)),
(i=12,...,6j=12,...,m).

The domain D, (G) of p is defined to be the set of all functions u of class C'(G, R) with
the property that a(x)|Vu|*'Vu € C}(G,R") N C(G, R"). The domain Dp(G) of P is defined
similarly.

Let N = min{¢,m} and

0 p
. _ :B - IB A - i
(B, 7D, EG) = B2 0 (BZ2) ™ () () 5.

We will need the following lemmas, in order to prove our results.
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Lemma 2.1 ([22, Lemma 2.1]). The inequality
1 X ] Y — (e 1) |YIX Y > 0.
is valid for any X € R" and Y € R", where the equality holds if and only if X =Y.

Lemma 2.2 ([32, Lemma 8.3.2]). Let F(x) € C(G,R™) satisfy F(x) > a > 0. Then the inequality

F(x) |F(x)w(x)]**!

_ a+1 < a+1 a+1
V= ()1 < v R
holds for any function u € C*(G, R) and any n-vector function w(x) € C(G,R").

Theorem 2.3 (Picone-type inequality). Let F(x) € C(G, R") satisfying F(x) > a. If u € D,(G),
v € Dp(G) and v # 0 in G (that is, v has no zero in G), then the following Picone-type inequality
holds:

v.( " [qo(v)u(x)|Vu|“_1Vu—(p(u)A(x)|VU|“_1Vv]>

F(x)
F(x) —«a

@
> (a(x) ~ alb(x)] — Ax) ) T

" (c1<x> —cla) = b)) — 4 D/ ff‘”m) e 2
uB(x)|*™ u_, et uB(x) u
FA(x) 'w ~Aw| e ‘;w —(x+1) (w A ) -CD(UVU>]
+ g (OPW) — @0P()),
where ¢(s) = |s|*"!s,s € R, ®(¢) = |¢|*"1&, & € R" and
N
Ci(x) = C(x) 4+ Y_ H(Bi, ai, vi; Di(x), Ei(x)).
i=1
Proof. We easily see that
V- (ua(x)|Vu\“’1Vu> = a(x)|Vu|*™ — c(x)|u|*™ 22)
+up(u) — (a +1)ub(x) - ©(Vu).
We observe that the following identity holds:
v yolu A(x)| Vo[~ 1Vo
V- (no )
a+1
=—A(x) |Vu— Lf(%)
uB(x)|**! u_ |atl uB(x) u 23)
+A(x) 'Vu— A(x) —l—a‘;VU —(a+1) <Vu— A(x) ) -CD(UVZ))]
+u§0(u)g(x’ ) — u(P(u> P(v).

¢(v)
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We combine (2.2) with (2.3) to obtain the following:

A\ ((p(uv) [go(v)a(x)]Vu]""1Vu — go(u)A(x)\Vv\“1Vv})

a+1
= a(x)|Vu|*™ —c(x)|u|*™ — (a + Dub(x) - ®(Vu) — A(x) |Vu — bf((;c))
(2.4)
uB(x)|*™ u_, et uB(x) u
+A(x) ’Vu ~ Al ‘ZVU —(a+1) <Vu " AN ) -@(UVU)]
ugp(u)
o) S0+ Sle@)p () — o(u)P(o)]
Using Young’s inequality we have,
O 5,0) 2 C + (3 H(B a7 D), Eie) )
9(0) =T (25)
= Ca(x)[u**!
and
(& + 1ub(x) - ©(Var) < [b(x)] (Ju]** +a|w\“+1). (2.6)
From Lemma 2.2, we can write
B(x) a+1
TR RO LT | R
'Vu— A < mwm e F) —a lu |t (2.7)
We combine (2.5)—(2.7) with (2.4) to obtain the desired inequality (2.1). O
Theorem 24. If v € Dp(G), and v # 0 in G, then the following inequality holds for any
u € CY(G,R):
”q)(”) a—1
-V < 2(0) A(x)|Vo| Vv)
a+1
> —A(x)|Vu— Lf((;)
uB(x)|*™ u_ |+l uB(x) u @8
+A(x) ’w— e +a\5vp —(+1) (w— e ) @(vw)]
a+1 uqo(u)
+Cy () Ju|T = 2(0) P(o),

where @(s), ®(&) and Cy(x) are defined as in Theorem 2.3.

Proof. Combining (2.3) with (2.5) yields the desired inequality (2.8). O

3 Sturmian comparison theorems

In this section we present some Sturmian comparison results on the basis of the Picone-type
inequality obtained in Section 2.
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Theorem 3.1 (Sturmian comparison theorem). Let F(x) € C(G,R™") satisfy F(x) > a. If there
exists a nontrivial solution u € D,(G) of p(u) = 0 such that u = 0 on 9G and

V= [ [(a(x) —alb()| = A ) T

N (3.1)
+ <C1(x) _ c(x) _ ]b(x)| _ A(x) ‘F(X)B(x)/A(x)’ 1) ‘u|zx+1] dx >0

F(x) —«
then every solution v € Dp(G) of P(v) = 0 must vanish at some point of G.

Proof. Suppose that, contrary to our claim there exists a solution v € Dp(G) of P(v) = 0
satisfying v # 0 on G. We integrate (2.1) over G and then apply the divergence theorem to
obtain

0> V() +/GA<X> ’W _ Lf&) SR iy
—(a+1) (Vu - Lf(%)) o(“v0)|axz0 @2
and therefore
uB(x)

/G A(x)

From Lemma 2.1, we see that

‘Vu—

a+1 a
+—|— o }%VU T (x+1) (Vu — uB(x)) -@(qu)] dx=20. (3.3)

A(x)

= "Yo or v <3) _BOu g4, (3.4)
(Y% (%

then it follows from a result of Jaros, Kusano and Yoshida [17] that

% = Coe®™ on G (3.5)

for some constant Cy and some continuous function a(x). Since u = 0 on dG, we see that
Co = 0, which contradicts the fact that u is nontrivial. The proof is complete. ]

Corollary 3.2. Let F(x) € C(G,R") satisfy F(x) > a. Assume that

a(x) > alb(x)| + A(@Hig’fla (36)
and
F( )B(z) a+1
C1(x) 2 e(x) + [b(x)| +A<x>‘ ;(;“ L (37)

in G. If there exists a nontrivial solution u € D,(G) of p(u) = 0 such that u = 0 on 0G, then every
solution v € Dp(G) of P(v) = 0 must vanish at some point of G.
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Theorem 3.3. If there exists a nontrivial function u € C'(G, R) such that u = 0 on 9G and
~ uB(x)

M@yzé{mm A0

then every solution v € Dp(G) of P(v) = 0 must vanish at some point of G unless u = Coe*¥y,

where Cy # 0 is a constant and Va(x) = f\((?) in G.

a+1

Vu

- Cl(x)|u]"‘+1}dx <0 (3.8)

Proof. Suppose that there exists a solution v € Dp(G) of P(v) = 0 satisfying v # 0 in G.
Since G € C!, u € C!(G,R) and u = 0 on 9G, we find that u belongs to the Sobolev space
W&’“H (G) which is the closure in the norm

|w|| := </G [[w|"‘+1 + \Vw|“+1} dx>all (3.9)

of the class C{°(G) of infinitely differentiable functions with compact supports in G [1, 13].
Then there is a sequence 1 of functions in C{°(G) converging to u in the norm (3.9). Integrat-
ing (2.8) with u = uy over G, then applying the divergence theorem, we have

atl a+1

B () +a ‘ﬂVU
v

A(x)

Mm@z/Au)

G

'Vuk —

—(x+1) (wk - ”ZB(SU -cb(”;"w)] dx > 0. (3.10)

We first claim that limy_, ;o M(ux) = M(u) = 0. Since A(x), C(x), D(x) and E(x) are
bounded on G, there exists a constant K; > 0 such that

A(x) <Ky and |Ci(x)| < Kj. (3.11)
It is easy to check that
a+1 a+1
|IM(uy) — M(u)| < K1/ ‘Vuk _ uBl) - ‘Vu _ uB() dx
G Ax) Alx) (3.12)
+K1/ )]uk\““ - ]u]"‘“‘ dx.
G
From the mean value theorem we see that
a+1 a+1
Vg — ugB(x) B ~ uB(x)
A(x) A(x)
u;B(x) uB(x) \* B(x)
< _ _ _ _
<(a+1) <‘Vuk ACx) + 'Vu A(x) V(ug —u)+ A(x) (up —u)
|B(x)| Bl \* |B(x)
< — — .
= (“+1) <|vuk|+|vu|+ A(X) ‘le|+ A(X) |M| ‘V(uk Ll)’—f— A(x) |uk M‘
Since also B(x) is bounded on G, then there is a constant K, such that ‘i((z))‘ < K, on G. Let
us take K3 = max{1, K, }. From the above inequality we have
a+1 a+1
‘Vuk ~ wB(x) B ’Vu _ uB(x)
A(x) A(x) (3.13)

< (@ + DK3 (IVur] + [Vl + ] + |u)* (19 (e = )| + | — ul).
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Using (3.13) and applying Holder’s inequality, we get

[ |7

a+1
< (@ + DK ([ (Vur] + |Vae] + g + ) dx
3 G

a+1
dx

a+1 uB(x)
- ’V”‘ Ax)

o

(3.14)
1
a+1 a+1
(09 ] = )™ )
< (4 VRS = | (e + ]))*
Similarly, we obtain
JL =l e < o) )+ ) = ] (315)
Combining (3.12), (3.14) and (3.15), we have
[ M) = M(w)| < K (Jagl] + [lul)* [ = ] (316)

for some positive constant Ky = K4(Kjy, Ky, K3) and so that limy_, o M (1) = M(u). We get
from (3.10) that M(u) > 0 which together with (3.8) implies M(u) = 0.
Let B be an arbitrary ball with B C G and define

B(x)|*! at1
Qp(w) := ./BA(x) ’vw_u;((xx)) +DC)%VU ’
wB(x) w
—(a+1) (Vw— A0 ) -@(UVU)]dx (3.17)
for w € CY(G, R).
It is easy to check that
0 < Qp(uk) < Qclux) < M(uy), (3.18)

where Qg (uy) denotes the right-hand side of (3.17) with w = uy and with B replaced by G.
A simple calculation yields

Q5 (ux) — Qu(u)| < Ks (lJuclls + l|ulls)" [lux — ulls + Ke ([luell )" lux — ulls

3.19
+ K llg(ue) = ()l g, 1l 1)

where g = ”‘TH, the constants Ks, K¢ and K7 are independent of k and the subscript B indicates
the integrals involved in the norm (3.9) are to be taken over B instead of G. It is known that the
Nemitski operator ¢: L**1(G) — L7(G) is continuous [6] and it is clear that |juy — u|z — 0
as |ug —ullg — 0.

Therefore, letting k — oo in (3.18), we find that Qp(1) = 0. Since A(x) > 0 in B, it follows

that

atl a+1

+a ‘%VU uB(x)

A(x)

—(a+1) <Vu— >~c1>(”vp)] =0in B, (3.20)

(%
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from which Lemma 2.1 implies that

uB(x)
A(x)

B(x)

Vu— Alx)

u u u .
E—VUOVV(—)— — =0 1in B.
v v v
Hence we observe that % = Coe"‘(") in B for some constant Cy and some continuous func-

tion a(x) as in the proof of Theorem 3.1. Since B is an arbitrary ball with B C G, we conclude
that & = Coe*™) in G where Cy # 0. d

Corollary 3.4 (Sturmian comparison theorem). Let F(x) € C(G,R") satisfy F(x) > a. If there
exists a nontrivial solution u € D, (G) of p(u) = 0 for which u = 0 on 0G and (3.1) hold, then every
solution v € Dp(G) of P(v) = 0 must vanish at some point of G unless u = Coe**)v, where Cy # 0

is a constant and Va(x) = f‘((i)) in G.

Proof. By using (2.2), (2.6), (2.7), (3.8) and Corollary 3.2 we obtain

M(u) < /G [V‘ (ua(x)\Vu]”"1Vu]) - up(u)} dx = 0.

Hence the result follows from Theorem 3.3.

O

Remark 3.5. When we take « = 1, b(x) = B(x) = 0 and D;(x) = Ei(x) =0,(i = 1,2,...,¢,
j=1,2,...,m) that is, in the linear elliptic equation case, and b(x) = B(x) = 0 and D;(x) =
Ei(x)=0,(i=1,2,...,¢, j =1,2,...,m) that is, in the half-linear elliptic equation case, our
results cannot be reduced to the well-known results. Hence our results are indeed a partial
extension of the results that are given in the literature. Improvement of our results is left as
an open problem to the researchers.

4 Applications

Let ) be an exterior domain in R", thatis, Q D {x € R" : |x| > ro} for some rp > 0. We
consider the following equations:

p(u) =0 in Q 4.1)
and
P(v) =0 in Q (4.2)

where the operators p and P are defined in Section 1 and a, A € C(Q),R"), b,B € C(Q},R"),
¢,C € C(O,R), Dy, Ej € C(Q,[0,00)), (i =1,2,...,6 j =1,2,...,m).
The domain D,(Q)) of p is defined to be the set of all functions u of class C'(Q), R) with
the property that a(x)|Vu|*"'Vu € C}(Q, R"). The domain Dp(Q) of P is defined similarly.
A solution u € D,(Q) of (4.1) (or v € Dp(Q) of (4.2)) is said to be oscillatory in () if it has
a zero in (), for any r > 0, where

Q,=0Qn{xeR": |x| >r}.

A bounded domain G with G C Q) is said to be a nodal domain for the equation (4.1), if
there exists a nontrivial function u € D,(G) such that p(u) = 0in G and u = 0 on dG. The
equation (4.1) is called nodally oscillatory in (), if (4.1) has a nodal domain contained in (),
for any r > 0.
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Theorem 4.1. Let F(x) € C(G,R") satisfy F(x) > a. Assume that

o) 2 alb(a)| + A @)
and
‘F(x) i((i)) a+1
Ci(x) = c(x) + [b(x)| + A(x)m (4.4)

in Q. If (4.1) is nodally oscillatory in O3, then every solution v € Dp(G) of (4.2) is oscillatory in Q).

Proof. Since (4.1) in nodally oscillatory in (), there exist a nodal domain G C (), for any r > 0,
and hence there exists a nontrivial function u € D,(G) such that p(u) = 0in G and u = 0
on dG. The conditions (4.3) and (4.4) ensures that V(u) > 0 is satisfied. From Corollary 3.2
it follows that every solution v € Dp(Q)) of (4.2) vanishes at some point of G, that is, v must
have a zero in ), for any r > 0. This implies that v is oscillatory in (). O

The following is an immediate consequence of Theorem 4.1 by choosing F(x) = a +1,
b(x) =B(x)=0and m = 1.

Corollary 4.2. If the equation

V- <a(x)|Vu\“’1Vu) + {C(x) + ‘5:?; ((‘)‘i:f);) & (D(x)) = (E(x)) = }\u\“lu =0 (4.5)

<

is nodally oscillatory in ), then every solution v € Dp(Q2) of the equation
1
. a—1 _— =
V (u(x)|Vv| Vv) + “+1g(x,v) 0

is oscillatory in 3, where D;(x) = D(x), E1(x) = E(x), &1 =&, 71 = 7.
Various criteria for nodal oscillation can be found in [32]. For example for linear elliptic
equations of the form
Au+c(x)u=0, x¢€R? (4.6)

c(x) being a continuous function in R?, have been given by Kreith and Travis [19]. They
showed that (4.6) is nodally oscillatory if

/ch(x) dx = oo.

Applying this result to the equation (4.5) with « = 1, a(x) = 1 we have the following result.
Corollary 4.3. If one of the following holds; either

/RZC(x)dx:oo

or
p-1

1 dx = oo,

, 1y
/R2 C(x)dx exists, and /RZ (D(x))F7 (E(x))
then the equation (4.5) with &« = 1, a(x) = 1 is nodally oscillatory in Q).

When we take « =1, m = 1, a(x) = 1, C(x) = 0, Corollaries 4.2-4.3 reduce to Corollaries
3—4 given in [16], respectively.

Inequality (2.8) is utilized to establish Wirtinger-type inequality concerning the elliptic type
nonlinear equation P(v) = 0. We know that a typical Wirtinger inequality is the following.
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Theorem 4.4 ([14]). If u(t) € C([a, b]) and u(a) = u(b) = 0 then

/ahu/Z(t)dt > <bfa>2/:u2(t) dt

where equality holds if and only if

ni(t—a)

u(t) == k() s ﬁ

for some constant k.
Using Theorem 3.3 , the following Wirtinger-type inequality can be easily obtained.

Theorem 4.5. Let 9G € Cl. Assume that there exists a solution v of Dp(G) of P(v) = 0 such that
v#0inG. Ifu € CY(G,R) and u = 0 on G, then
uB(x)

/G A(x) e

Remark 4.6. Note that when we take B(x) = 0, we have 0 < M(u) = M(cov) = 0, we observe
that M(u) = 0. When B(x) =0, D;(x) = Ej(x) =0,(i=1,2,...,4,j = 1,2,...,m), Theorem
4.5 gives Corollary 4.2 in [34].

a+1
dxz/Cl(x)|u|"‘Jrl dx. (4.7)
G

Vu —
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