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LOCALIZED RADIAL SOLUTIONS FOR A NONLINEAR P-LAPLACIAN
EQUATION IN RM

SRIDEVI PUDIPEDDI

ABSTRACT. We establish the existence of radial solutions to the p-Laplacian equation Apu+ f(u) =0
in RN, where f behaves like |u|2~1u when u is large and f(u) < 0 for small positive u. We show that
for each nonnegative integer n, there is a localized solution v which has exactly n zeros.

1. INTRODUCTION

In this paper we look for solutions u : RN — R of the nonlinear partial differential equation

(1.1) V- (IVulP=2Vu) + f(u) = 0,
(1.2) ‘ 1‘im u(x) =0,

with 1 < p < N. We also assume f(u) behaves like |u|?"!u where u is large and f(u) < 0 for small
positive u.
Motivation: When p = 2 then (1.1) is

Au+ f(u) = 0.

McLeod, Troy and Weissler studied the radial solutions of the above mentioned equation in [5]. In this
paper they made a remark that their result could be extended to the p-Laplacian. In this paper we
show that their conjecture is true. Also, Castro and Kurepa studied

Au+g(u) = g(z),

subject to Dirichlet boundary conditions on a ball in RN, where g is superlinear and ¢ € .2 in [1]. The
p-Laplacian equation has been studied in different settings. Gazzola, Serrin and Tang [9] have proved
existence of radial solutions to a p-Laplacian equation with Dirichlet and Neumann boundary conditions.
Calzolari, Filippucci and Pucci [8] have proved existence of radial solutions for the p-Laplacian with
weights.

We assume that the function f satisfies the following hypotheses:

(H1) f is an odd locally Lipschitz continuous function,

(H2) f(u) <0 for 0 < u < € for some ¢ > 0,

(H3) f(u) = |u|? 'u+ g(u) with % — 0 as |u| - ocowhere 1l <p<qg+1< NN—ZD.
u

From (H2) and (H3) we see that f(u) has at least one positive zero.

(H4) Let « be the least positive zero of f and (8 be the greatest positive zero of f,

(H5) Let F(u) = fou f(s)ds with exactly one positive zero v, with v > g,

(H6) If p > 2 we also assume for some €2 > 0

€2 1
————du = 0.
/0 Y1 F(u)]
We assume that u(z) = u(|z|) and let » = |z|. In this case (1.1)-(1.2) becomes the nonlinear ordinary
differential equation

(1.3 S PR ) = (- D+

u |+ flu)=0
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for 0 < r < oo, with
(1.4) lim u(r) =0, lim «/(r) = 0.

7—00 r—0+

We would like to find C? solutions of (1.3)-(1.4) but we will see later that this is not always possible
(see the proof of Lemma 2.1). However multiplying (1.3) by 7V ~! and integrating gives

(1.5) N PR = — /T tN=Lf (w)dt.

0
Instead of looking for solutions of (1.3)-(1.4) in C? we look for solutions of (1.4)-(1.5) in C*.

Our Main Theorem is
Let the nonlinearity f have the properties (H1)-(HG6), and let n be a nonnegative integer. Then
there is a solution u € C*[0,00) of (1.4)-(1.5) such that u has exactly n zeros.

The technique used to solve (1.4)-(1.5) is the shooting method. That is, we first solve the initial
value problem

N—1y, 1p—2,/ _ _ " oNo1 d
PNy AS flu(s))ds

u(0) =d > 0.

By varying d appropriately, we attempt to find a d such that u(r, d) has exactly n zeros and u satisfies
(1.4). In section 2, we establish the existence of solutions of this initial value problem by the contraction
mapping principle. In section 3, we see that after a rescaling of u we get a family of functions {uy},
which converges to the solution of

T
fTN71|v’|p72v/ :/ 5N71|v|q71v ds,
0

v(0) =1, v'(0) =0,

where 1l <p<g+1< WN%. We will then show that v has infinitely many zeros which will imply that

there are solutions, u, with any given number of zeros. In section 4, we prove our Main Theorem.
Note: From (H3) and (H5) we see that

1

1. F(u) = ot
(1.6 (1) = 1l + G,
where G(u) = [ g(s)ds. Dividing both sides by |u|?"! and taking the limit as [u| — co gives
) F(u) ) 1 G(u)
1.7 | — =1 —+—= .
(1) jul 0 TU[FFT  Juf 2o (q+ T Jule
Using L’Hopital’s rule and (H3) we see that
(1.8) im S0

oo Julo ]

Thus, we have
F(u) 1
im = —.
|u|—o0 |U|q+1 q+1
This implies that F'(u) > 0 for |u| sufficiently large, so F'(u) > 0 for |u| > M. Also since F is continuous
on the compact set [—M, M| we see that F' is bounded below and there is a —L < 0 such that

(1.9) F(u) > —L

for all u.
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Note: When 1 < p < 2, then assumption (H6) also holds. This follows from (H1). The details of
this are as follows: since f is locally Lipschitz and since f(0) =0 we have

[f(w)] = [f(u) = f(O)] < clu— 0] = clul

for |u| < €3 for some ez > 0, and where ¢ > 0 is a Lipschitz constant for f. Integrating on (0,u) where

0 <u < ey gives:
f/ ctdtg/ f(t)dtg/ ctdt.
0 0 0

*C’U,Q CU2

< F < —
y SFw==

Thus,

1

c\r 2
(5) "ur for |u| < ez. Hence,

1
P

IN

2
for |u| < €2. So, |F(u)| < % for u| < €. Thus, |F(u)

e 2\F [ 1
/ lduZ(—) / —du=o00, if 1l <p<2.
o |F(u)|? ¢ 0 ur

2. EXISTENCE OF SOLUTIONS OF THE INITIAL VALUE PROBLEM

Now let us consider the initial value problem

(2.1) PN/ P20 = —/ sNTLf(u(s))ds,
0
with
(2.2) u(0) =d > 0.
The local existence of solutions of (2.1) and (2.2) is well known, see [6] and [7], so u € C[0, €] for

€ > 0 and small.

We define ®,(z) = |z[P7%z for € R and p > 1. Note that the inverse of ®,(z) is ®, (x) where
iy i =1, that is p’ = %. Note that both ®, and ®, are odd for every p. Now dividing (2.1) by

P
rN=1) gives
_ -1 (" N
(2.3) = = /O N1 f(u(s))ds.
Using the definition of ®,, we get
-1 o
P,(u') = TN*1/0 sV f(u(s))ds.
Now applying ®,/ on both sides, leads to
1 "N
(2.4) u' = =By (m/o s 1f(U(S))dS> :
Note that if f(d) =0, then u = d is a solution of (2.1)-(2.2). So, we now assume that
(2.5) F(d) £0.

Now we explain why we aim at solutions of (1.4)-(1.5) instead of solutions of (1.3)-(1.4).
Lemma 2.1.
u € C?[0,¢)
ifl<p<2and
u€ C*re0,¢e) | u/(r) #0}

if p> 2.
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Proof. Now let us consider equation (2.4) which is

—u' =, (rN—l—l/O tN=1f (u) dt) .

’ ’ 2 -
Since @y (z) = ||’ 2z, so @7, = (p — 1)|x[” ~2. Since p’ — 2 = 1?11), we see that ®, is continuous

for all z, if 1 <p <2 and <I>;, is continuous at all = # 0, if p > 2.
Let

k(r) = TN: / =150 dt.

0

Then using the fact that f is bounded, it is straight forward to show that k is continuous on [0, €). Now,

V-0 /0 TN fu) de 4 f)

!/
ORES
so k' continuous on (0, €).

Claim: £’ is continuous on [0, €).
Proof of the Claim: We do this in two steps:
Step 1: We show k'(0) = %.

By definition

r—0 r—20
. = Jo tV ! fu) dt —0

r—0 r—20
Nl dt
g B0
r—0 r
L i 1)
Applying L'Hopital’s rule gives k’(0) = N

Step 2: We show lir% K'(r) =k (0) = -
Differentiating k(r) and taking the limit as r — 0 gives

lim K'(r) = }{%# /0 VY F(u) dt + f(u)
I )
= Tf(d)Jrf(d)
_fd
et

We get the second equality by using L’Hopital’s rule.
Steps 1 and 2 imply that &k’ is continuous on [0, €).
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Finally, by the chain rule and (2.1) we see u’ is differentiable and that

1 T
—u" =@, <—TN_1 /0 N1 f(u) dt> K (r)

=@ -1 }rN—l—l/O N1 f(u) dt e [% /O N1 f(u) dtJrf(u)}
1

S [ s - [ s e s

— {‘(N—N‘” [ dt+f<u>} -

p—1
By the previous claim, &’ is continuous. Note that |u/|>7P is continuous for 1 < p < 2 and [u/|?>7P is
continuous at all points where u’ # 0 for p > 2 and hence the lemma follows. (|

Remark: If p > 2, u/(r9) = 0, and f(u(rg)) # 0, then u”(r¢) is undefined.
To see this, suppose on the contrary that u”(rg) is defined. Using the fact that «/(ro) = 0, (2.1)
becomes

77,N71|u/|p72 /:/ tNilf(u)dt.

To

Dividing by (r — ro) and taking the limit as r — ro gives

Ny | ( U/—) = i " OO

r—7To

lim —r

T—T0 T—To (T — TQ)

Using L’ Hopital’s rule we obtain

0 = —[u(ro)[""*u" (r0) = f(u(ro)).
Thus, |f(u(rg))] = 0 which is a contradiction to our assumption that f(u(rg)) # 0. Thus, u”(rg) is
undefined.

Remark: If p > 2, u'(rg) = 0, and f(u(ro)) = 0, then it is not clear whether u is C? in a neighborhood
of rg when u'(rg) = 0. However, for the purposes of this paper a more detailed analysis of this situation
is not needed.

To prove the following two lemmas, let [0, R) be the maximal interval of existence for which u is a
solution for (2.1)-(2.2).

Our goal is to show that u solves (2.1)-(2.2) on [0, 00). So, we aim at proving R = oo, and we will do
this in two lemmas. In the first lemma we show that if R < co then the limits of w and v’ as r — R~
are defined. Once the limits exist then in the second lemma, we establish that R = oc.

Lemma 2.2. Suppose u solves (2.1)-(2.2) on [0, R) with R < oo, then there exists ug, u(, € R such that

lim wu(r) = uo,
r—R~

li "(r) = ug.
Jim u (r) = ug

Proof. The following is the energy equation for (2.1)-(2.2)

(2.6) E(r) = W + F(u).
Using (2.1) we see that
2.7) E(r) = w <.
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Note that E'(r) <0, so F is decreasing, and so FE(r) < E(0) which is
— D/|P
w= VWP | py < BO) = Fa).

Then by (1.9)

— D/|P
=D _ < F(d).
p
Further simplification gives
wp < PE@+ D)
[— p _ 1 .
Then |u/'| <M where M = [%} r So, by the mean value theorem we have

u(z) —u(y)l < Mlz —y|

for all z,y € [0, R). This implies that u has a limit as  — R™. So, there exists a ug € R such that
lim u(r) = ug. Taking the limit as r — R~ on both sides of (2.1), we see that lim u'(r) exists, and

r—R~ r—R-

we call it ug. O

Lemma 2.3. A solution exists for (2.1)-(2.2) on [0,0).
Proof. If R = oo, we are done. Suppose R < oo.
Case(i): If u/(R) # 0, then by Lemma 2.1, u € C? in a neighborhood of R, so differentiating (1.5)
and then dividing by |u’[P=2, we have
N-—-1
(p = D" + ——u" + [/ [*7? f(u) = 0.
r

Since u'(R) # 0, then by the standard existence theorem for ordinary differential equations there exists
a solution for the differential equation on [R, R + €) for some € > 0 with u(R) = uo and v/ (R) = uj.
This contradicts the definition of R, hence, R = co.

Case(ii): If v/(R) = 0 and f(u(R)) # 0, then we can use the contraction mapping principle and
extend our solution u to [R, R + ¢€) for some € > 0. This contradicts the definition of R.

Case(iii): If «/(R) = 0 and f(u(R)) = 0 we can extend u = u(R) for r > R. Again this contradicts
the definition of R. O

Lemma 2.4. Let d > 3, then |u(r)] < d for 0 <r < oo and f(d) # 0.
Proof. From (2.6)-(2.7) it follows that

(p— D] N-1

+F(u)+/or " |u'|Pdt = F(d).

If there exists a rg > 0 such that |u(rg)| = d, then
TN -1
/ |u'|Pdt = 0.
O t

This implies |u’| = 0 on [0, 79]. Hence, u(r) = d on [0,79]. Then by (1.5), f(d) = 0, but this contradicts
our assumption that f(d) # 0. O

Lemma 2.5. If z1 < zg, with u(z1) = u(z2) = 0, and |u| > 0 on (z1,22), then there is exactly one
extremum, m, between (z1,22) and also |u(m)| > .
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Proof. Suppose without loss of generality that u > 0 on (z1, 22). Then there exists an extremum, m,
such that v/(m) = 0. And

-1

p
F(u(m)) = E(m) > E(z2) = |u'(22)[” > 0.
Thus |u(m)| > « for any extremum. Suppose there exists consecutive extrema m; < mg < mg such
that at m; and ms we have local maxima and ms is a local minimum with ' < 0 on (mi,m2) and
u' > 0 on (me,m3). We have 21 < m; < ma < mg < z2 and since the energy is decreasing we obtain
E(ms2) > E(mg3) > E(z2). Since u/(mg) = u'(m3) = 0 and since F(u(z2)) = 0 this gives

(2.8) Flu(ma)) > Flu(mg)) > 2=

[/ (z2)|P > 0.

And by (H5) it follows that u(mg) > v and u(mg) > 7. Also, since mq is a local minimum and ms is a
local maximum we have v < u(ms) < u(mg). But by (H5), F' is increasing for u > 7 and this implies
F(u(msz)) < F(u(ms)) which is a contradiction to (2.8). O

Lemma 2.6. If u(rg) = u/(ro) =0 then u = 0.

Proof. Suppose u(rg) = 0 and u'(rg) = 0. First we will do the easy case, and show that v = 0 on
(ro,00). Since E' < 0 and E(rg) = 0 then either £ < 0 for r > rg or E = 0 on (rg,r + €) for some
e > 0. We will show E =0 on (rg, 79 + €). For suppose E < 0 for r > r9. Then we see that |u| > 0 for
r > rg, for if there exists an 1 > 7 such that u(r1) = 0 then

0<p71

[/ (r1)|P = E(r1) < 0.

This is a contradiction. So suppose without loss of generality that w > 0 for » > rg. Then for r > r¢
and r close to ro and by (H2), f(u) <0 so

—r N P2 = / tNTf(u)dt < 0.
ro
Thus u is increasing on (rg, ro + €) for some € > 0. Now since E(r) < 0 on (rg, ro + €) therefore
-1
FS P+ F(u) <0,
p

and so

B =

] < (ﬁ) |P(w)

u(ro+e) ds /roJre |u/| ro+e p %
o= —_— = dt < / <—) dt < oo.
/0 X/ |F(S)| 0 |F(u)|% o p—1

This is a contradiction to (H6) and to the note at the end of the introduction. Then E = 0 on [rg, ro+¢€)
and so

Therefore,

-1 [W'|P=FE =0
on [rg, 79+ €) and thus u = 0 on [rg, ro + €). Denote [rg,71) as the maximal half open interval for which
u=0. If r; < 0o, again we can show that u = 0 on [r1, 71 + €), but this will contradict the definition
of r1. Thus, E =0 on (rg,00). Hence u = 0 on [rg, 00).

Now we will prove that u =0 on (0,79). To prove this we use the idea from [2] and do the required
modifications to fit our case. We will use hypothesis (H6). Let

n= b {r | u(r) = 0,u/(r) = 0},
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If 1 = 0 then u = 0 on (0, 00) and then by continuity u = 0 on [0, 00) and we are done. So suppose by
the way of contradiction that r; > 0. Let 2+ < r <7, so % > % Now consider the derivative of the
energy function given in equation (2.7) and then integrate it between r and 7 to obtain

T1 _ !\p
MmﬁfE@@:f/ W= DR g,
, r
Since u(r1) =0, so F(u(ry)) =0 and w'(r1) = 0, we get
_ \p T1 _ !\p
(2.9) (= D ;”u ) = / W = D? tl)|u i

Now let

Differentiating we get

w =
r
Solving this for |u'|P, gives
/
e W
WP = o
Substituting this in (2.9) gives
—(p—Druw’

2.10 ————— 4+ F(u) =
(2.10) v Fa =
and rearranging terms, we get

(p— Dru'
=F
p(N —1) )
Letting n = % then we have
I C)
r

Multiplying both sides by 7", gives
(r"w)" = nr" 1 F(u).

Integrating between r and r; for r sufficiently close to ry, gives
T1
riw(ry) — rw = / nt" L F(u)dt.
T
Since w(ry) = 0, and by (H2), F(u(t)) <0 for ¢ sufficiently close to 71 we obtain

w="2 " Pty = 2 / e P )t

rn .

Now plugging w and w’ in (2.10) we have

G=DP 1 ™
. %mewlt |F(u(t))|dt.

Solving this for |u'|P gives (for r close to 71)
(2.11) = 2 |2 [T e palar + )]

Observe next that for r < r1 and r sufficiently close to r1 that u/(r) # 0; for if there exists o < r1 such
that u/(r2) = 0 then from (2.11), w = 0 on (r2, 1), this contradicts the definition of r1. Hence without
loss of generality assume that «'(r) < 0 for r < r1 and r sufficiently close to r1. Now for r < ¢t < r1, u
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is decreasing so u(r) > wu(t) > 0 which implies F(u(r)) < F(u(t)) < 0 and so |F(u(r))| > |F(u(t))| > 0,
which leads to the following

< 2 IF) + Srao) [ ol

0 [y o 2 PO
L P+ 55
_ plFGulr)l
(p—1)rm
_ 2P ()]
< P

o =]

The last inequality follows as % > %, SO
)]
— p _ 1 .

Solving this for |u'|, we get

)< {25 i

Dividing by {/|F(u(r))|, integrating on (r,71) and using (H6) and the remark following (H6) we obtain

T /
b

u(r) 1
00 = ———ds = —_—
/0 Y/ IE(s)] v /1 (u)]

n 1
< g/ﬂ/ dt
p—l T
21
:i/p (ri —7)
p—1

< 0.

dt

Thus we get a contradiction and so r; = 0 and hence v = 0. O

3. SOLUTIONS WITH A PRESCRIBED NUMBER OF ZEROS

In this section we show that there are solutions for (2.1)-(2.2) with a large number of zeros. For this
we study the behavior of solutions as d grows large. We consider the idea from [5], page 371 and we
do the required modifications to fit our case. Given A > 0, let u(r) be the solution of (2.1)-(2.2) with
d = \a—»71. Define

(3.1) uy = A%u(g).

Then wu) satisfies

(3.2) PN, P, = — /T SNTINTHI fANTTTuy(s))ds,
0

and

(3.3) ux(0) = 1.
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Lemma 3.1. As A — 00, uy — v, uniformly on compact subsets of [0,00), where v is a solution of

(3.4) N [P = —/ sN L u(s) |7 u(s)ds,
0

(3.5) v(0) = 1.

Proof. Let

- 1 ! p —Pr4q p
E(r,\) = (= Duy[” + Na=pt1 F(Xa=p¥iay)
p

then 5 (N — 1)[ul P
~E =5 — VT DIUNE
& Br,3) = B ) =

This implies E(r, A) is decreasing in r. So for A > 0
E(r.)) < E(0,\)
= )\qjgil F()\ q—§+1)

Using (1.6) to simplify the right hand side, gives the following:

p(g+1)
AT FOTHT) = AT AT\ e G(\TT)
qg+1
—p(a+1) P 1 —p(qg+1) 2
3.6 A a1 F(Na—»pF1) = —— + N a—p+1 G(A7—pF7),
(36) () = — ()
Then by (1.8)
G(Na=p¥1

(3.7) GO

(7T )a+1
as A — oo. Thus, E(r,\) < q% for large A\. Moreover E(r, A) is bounded above independently of r and
for large .

The usual trick to show the convergence of uy is to use Arzela-Ascoli’s Theorem. For this it suffices
to show u)y and u’/\ are bounded.

Claim: u)(r) and ) (r) are bounded.

Proof of Claim: By Lemma 2.4, |u(r)| < d = A7, Thus, by (3.1), [ux(r)| < 1. Also, since
E(r,\) < E(0,\) we have

- 1 ! p —PpPg D —Pg D
(= Dy ? + AT T F(AT5 T uy ) < ATwiT F(AT07T),
p

Since F'(u) > —L (proved in introduction) then we get

_ /|p —p(g P —PpPg
(p— 1)|uly| < 1 +A q,(pﬁ) G(A\T=FT) 4 LAT+T,
p g+1

By (3.7) we see that
_ rp
p-DIGP 2
D q+1
for large A. Hence, |u}]| is bounded independent of r and for large A. By Arzela-Ascoli’s theorem and
by a standard diagonal argument there is a subsequence of uy(r), denoted by uy, (1), such that

(3.8)

klim ux, (r) = v(r)
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uniformly on compact subsets of R and v is continuous. End of proof of Claim.

We have
(3.9) PN PR = — / sNTINTHT f(AT Ty (s))ds
0
PN PR, = —/ s [|Ux|q_1ux + )\q:ﬁlg()\q*§+lux(s))} ds
0
also,
1 " No _ = e
(3.10) ul/\k = =0y (m/o sV |:|u)\k|q 1u)\k +/\12 p+ 90\13 o )u)\k:| ds) :

Since wuy, (r) — v(r) uniformly on compact subsets of R and using (H3), gives

. 1 " No _
lim u), = = (ﬁ sV o|1  uds
" Jo

k—oo

= ¢.
Hence, u')\k — ¢ (pointwise) and since v is continuous it follows that ¢ is continuous. We also have
i
uy, =1 —|—/ ), ds.
0

Since uy, — v uniformly, and u')\k — ¢ pointwise, and by (3.8), u’/\k is uniformly bounded say by, M,
applying dominated convergence theorem we get

o(r) =1+ /OT @(s) ds.

So,

Thus, from (3.10) we see that

1 T
/ N—1 |, 1g—1
v = -, (TNl /0 s o9 v ds) .

T
—pN Ly P2 ':/ sV |7y ds.
0

Hence,

Note that v(0) = 1,v'(0) = 0. Hence, v € C![0,00) and v satisfies (3.4)-(3.5) for 1 < p < ¢+ 1 <

Np
p O

As uy, converges to v uniformly on compact subsets of R, so now we look for zeros of v. This is done
in two steps. In step one we show v has a zero and in step two we show v has infinitely many zeros.
The following lemma is technical and we use the result in the subsequent lemma.

Lemma 3.2. Let v solve (3.4)-(3.5). If 1<p<q+1< NN—_’;) and if v > 0, then

oo
/ sVt gs < .
0
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Proof. By Lemma 3.1, we know that v is continuous and hence bounded on any compact set so to prove
this lemma it is sufficient to show [~ sV ~1v9*1lds < co. We have

T
_TN71|,U/|p72 /:/ SN71|,U|q71U ds
0

and v > 0. So v’ < 0 and so v is decreasing. Therefore,

NPt = /T sV 1ylds
0

v(r)? / sN=1ds
0

v

Thus,

Integrating this on (0,7), gives

A 1
rsﬁ
z/ ds
o N»1

0
r
S - 1)Z’ﬁ_
pN#-1

Since by assumption ‘I;%J{l > 0, multiplying both sides with q;%f{l leads to

gt

7 +1

further simplification gives

q—p+1

[(p )t

p-1-q (q—p+Lret

v =1 I >
[ ]0 = pNﬁ
Thus,
U(r)p;:q —1>Crr,
— 1
where C = 4 pjr So,
pN =t
1 i
— = vppilq >1 —I—CT% > Cro1,
VT
Thus,
v < CyriT.
So,

' 2
v < Cyrai-»,

Thus we see that

o0 1 o0 N_1_platl)
/ sV Tlpatlgs < C’iH / s T T afi-rds < o0.
1 1

The last inequality is due to our assumption that 1 <p <qg+1< NN—_’;. O

Lemma 3.3. Let v be a solution of (3.4)-(3.5). Then v has a zero.
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Proof. To prove this lemma, we use an idea of paper [3]. Suppose v > 0 for all r, and consider integrating

(TN_l’U’Ull’Ul|p_2)l — TN_1|UI|p _ TN_l’Uqul
on (0,r), which leads to
T T
Nl o' P2 :/ sV |Pds —/ V=L patl s,
0 0

After rearranging terms, we have

(3.11) —rN =l | P2 - /T sNTH|P ds = /T sV et (s,
0 0
Since v > 0,v" < 0, and since p < ¢+ 1, it follows from (3.11) and Lemma 3.2 that
(3.12) /00 sV |P < /OO sNTlyItlds < 0.
0 0
Then using (3.12) in (3.11) and taking the limit as r — oo, gives
(3.13) — lim rN "oy [0 [P72 exists and is finite.

Now integrating the following identity
(Bl oy gl N e
p q+1 ) p q+1

on (0,r), gives
-1 N /\p N ,,q+1 T _(N — /p N—1 TNNfl q+1
(3.14) <(p Jr WP >=/ @ = p)lef}Ps ds+/ 25T s,
p q+1 0 p o g+l
Then by (3.12), both the integrals on the right hand side of (3.14) converge, hence

(p=1) ¥ op Nt

lim
7—00 P q + 1
exists. Denote
ey = W

qg+1
We have shown that lim h(r) =1 for some [ > 0. Then by (3.12),
< h
/ ﬂds < o0.
0 S
Thus, it follows that [ = 0, so that
(p—1) N /P pNpatt

lim + =0

Then taking the limit as r — oo in (3.14) gives

oo N — /pN—1 OON N-1,q+1
0:/ ( PP ds+/ ids.
0 D 0 q+1

So,

oo B D 0 B

N—1y,/ N N—1 g+1

sV ' Pds = / s T ds.
/0 (N =p)(g+1) Jo

oo o
/ sNLR|P < / sV lyttlgs,
0 0

But by (3.12) we have
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So it follows that

Np <

(N=p)g+1) ~
This contradicts our assumption that ¢ + 1 < NN—_’;. So, v is not positive for all . Hence, v has a
Z€ero. ]

Lemma 3.4. Let v be the solution of (3.4)-(3.5). Then v has infinitely many zeros.

Proof. We have from the above lemma that there exists a z; such that v > 0 on [0, 21) and v(z1) = 0.
So after z; we have two cases, Case(i): v has a first local minimum call it m; > z1, or Case (ii):
v’ < 0 for all r > z;. We want to show that the Case(ii) is not possible. Suppose v’ < 0 for all r > 0.

Then
(p—D'P 1

E= lv|9tt >0
D q+1
and E' <0 so
1 1
——[v|""! < E(r,d) < E(0,d) = —.
q+1|v| — (T, )— (5 ) q+1
Thus |v| < 1. So v is bounded and v" < 0 and thus lim v = J. Also since E is bounded and since
E’ <0,s0 lim E(r,d) exists and thus lim o'(r) exists.
Claim: lim v'(r) = 0.

Proof of Claim: Suppose not, which means —v'(r) > m > 0 for large r. Then integrating from
(0,7), gives
—v(r) + v(0) > mr.
Taking the limit as » — oo, we see that —v is unbounded, which contradicts our assumption that v is
bounded. So, we have the claim. End of proof of Claim.

Consider dividing (3.4) by 7%V and then taking the limit as r — oo and using the above claim, gives

— Jo N vl e dt

0= lim ~

r—00 r

Applying L’Hopital’s rule on right hand side and using lim v(r) = J < 0 gives

I
= =

This contradicts our assumption that J < 0. So Case(ii) is not possible.
Hence, v has a first local minimum call it my, where my > 21, and let v; = v(my) < 0. Now v satisfies

'
PN P2y = —/ tN |y dt

miy

0

and

v(my) = v1.
We may now use the same argument as in Lemma 3.3 to show that v has a second zero at zo > 2.
Proceeding inductively, we can show that v has infinitely many zeros. U

As u) — v on any fixed compact set when ) is large, this means that the graph of uy is uniformly
close to the graph of v. Since v has infinitely many zeros, suppose the first p zeros of v are on [0, K|
for K > 0. By uniform convergence on compact subsets uy will have at least p zeros on [0, K + 1] for

large A. By (3.1), ur(r) = A7 u (%), so u will have at least p zeros on [0,00). So now we are ready

to shift gears from v to w.
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The following lemma is technical and we mimic the idea from [4] and we do necessary changes to fit
our case.

Lemma 3.5. Let u(r,d) be the solution of (2.1)-(2.2). Let us suppose that u(r,d*) has exactly k zeros
and u(r,d*) — 0 as r — oo. If |d — d*| is sufficiently small, then u(r,d) has at most k 4+ 1 zeros on
[0, 00).

Proof. Our goal is to show that for d close to d*, u(.,d) has at most (k + 1) zeros in [0,00). So we
suppose there is a sequence of values d; converging to d* and such that u(.,d;) has at least (k+1) zeros
on [0,00) (if there is no such sequence, we are done). We write u;(r) = u(r,d;) and we denote by z;
the (k + 1)st zero of u;, counting from the smallest. We will show that if u; has a (k + 2)nd zero, then
u(r,d*) is going to have a (k + 1)st zero, which is a contradiction.

First we show that u(r,d;) — wu(r,d*) and «'(r,d;) — '(r,d*) on compact subsets of [0,00) as
d; — d* and j — oo. We prove this in two claims.

Claim 1: If lim d; = d*, then |u(r,d;)| < M; and |u/(r,d;)| < Ms for some My, My > 0 for all j.
j—o0

Proof of Claim 1: We use the fact from (2.6) and (2.7) that energy is decreasing and hence E is
bounded by E(0,d;) = F(d;), we can write the energy at r as the following

E(r,dy) = = Db

+ F(u(r,d;)) < F(d;) < F(d") +1

for large j. Also, by (1.9), F(u) > —L thus
(p = D' (r, dj) |
p

for large j and for some C' > 0. Thus, for j large, |u/(r,d;)| < My for some Ms > 0. Also, note that
since lim E(r,d*) exists and since lim wu(r,d*) = 0 it follows that

<F(d)+1+L<C

F(d*) = E(0,d*) > lim E(r,d*) > 0.

T — 00

Thus, F(d*) > 0. Hence by (H4) and (H5), d* > +. By lemma 2.4, |u(r,d;)| < d; and since lim d; = d*
j—o0
we have |u(r,d;)| < d* +1 = M, for large j. End of proof of Claim 1.

Claim 2: u(r,d;) — u(r,d*) and v'(r,d;) — u'(r,d*) uniformly on compact subsets of [0,c0) as
J — o0.

Proof of Claim 2: By Claim 1, |u(r,d;)| < M; and |[v/(r,d;)| < Ma. So the u(r,d;) are bounded
and equicontinuous. Then by Arzela-Ascoli’s theorem we have a subsequence (still denoted by d;) such
that u(r,d;) — u(r,d*) uniformly on compact subsets of [0,00) as j — oco. Then by (2.1) and since
u; — v uniformly on compact subsets of [0, c0) we have

-1 [
lim [P~ %u} = lim m/o sV f(uy)ds

Jj—00 Jj—00

= ;}1/ sNTLf(u)ds.
r 0

Therefore, [u/[P~2u); converges uniformly on compact subsets of [0, c0). Thus, u/;(r) converges uniformly
say to g(r). We now show that ¢g(r) = u/(r,d*). Integrating on (0, ), gives

T

lim wj(t)dt = /O g(t)dt

Jj—oo 0

im (1)~ 1,(0)) = [ glo)i.

j—oo
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Since u;(r,d;) — u(r,d*), we get

u(r,d*) — u(0,d") :/ g(t)dt.
0
Differentiating this we get u'(r,d*) = g(r) = lim u}. End of proof of Claim 2.
J—00
Let t; be the (k + 2)nd zero of u;. Then there exists an [; such that z; < I; < t; and [; is a local

extremum. So by Lemma 2.6

F(u(ly)) = E(lj,dj) > Et;,d;) = 2= !

[u'(t)]P > 0.

Then by (H5), |u(l;)] > . Now let b; be the smallest number greater than z; such that |u;(b;)| = a.
Let a; be the smallest number greater than z; such that |u;(a;)| = §. Let m; be the local extrema
between the kth and (k+ 1)st zeros of u;. So we have m; < z; < a; < b;. Since the energy is decreasing
we have E(z;,d;) < E(mj,d;). Since u}(m;) = 0, u;(z;) = 0, F(u;(z;)) = 0, and by Lemma 2.6, we

have
(p — Duj(z;) P
p

Thus, |u;(m;)| > 7. So there exists a largest number g; less than z; such that |u;(g;)] = 7. Note
my < q; <z <a; <bj <lj <ty.

0< < F(ug(my)).

Claim 3: bj—a; > K; > 0, where K is independent of j for sufficiently large j. Also, £&2—§1 > Ko > 0
where &1 and & are two consecutive zeros of ;.
Proof of Claim 3: Since the energy is decreasing and since d; — d* for j large we have

—1
%TWW+FWﬂSN%hﬂWN+1

for large j. Rewriting this inequality gives

|uj p
(3.15) (F(d*) +1 — F(u;))7 = (p - 1)

=

So integrate (3.15) on (a,, b;) to get

1

a T - el s (<2-) 4y -,
/% (F(d") + 1~ F(t))" _/aj )+ 1-Fai s (pl) (b; = a;).

So letting

p—1

p

N———
=

(3.16) K =

Il
RS

/CY dt
s (F(d*)+1—F(t)7

2

we see that Ky < b; —a; for all j.
Turning to the second part of the claim, using Lemma 2.5, let m be the extremum between £; and
&. Let us integrate (3.15) on (&1, m) and using (3.15) and that |u(m)| >~ (by Lemma 2.5) gives

(1%1) ; /O” (F(d*) it F(t)7 = (p; 1); /OU(m) (F(d*) it F(t)?

/

N (I%) ; /’” (F(d*) +|u1] F(t)» s

<m-—&.
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Similarly on [m, ] we have,

(pTl) ; /07 (£(d*) it F(t)» =& -m.

So,

_1\F [

(3.17) Ky=2 (p ) / dat r <& &
D o (F(d*)+1—-F(t)?

End of proof of Claim 3.

K.
In particular u; — u uniformly on [O,y* + 72] where y* is the kth zero of u(r,d*). Along with
K.
Lemma 2.6 and the previous claim, it follows that for large j, u; has exactly k zeros on [0, y*+ 72} .

K.
Let y; be the kth zero of w;, then by Claim 2, u;(r,d;) — u(r,d*) as j — oo on [O,y* + 72] , SO

Y; — y* as j — oo.
Claim 4: z; — 00 as j — oo.
Proof of Claim 4: Suppose not, that is if |z;| < A then there exists a subsequence jj such that
zj, — #z and u(r,d;, ) — u(r,d*) on [0, A] which in turn implies
0= U’(ij’djk) - U(Z’ d*)'

Since z;, > y;, and y;, — y* as j — oo, then z > y*. On the other hand, u(r, d*) has exactly k zeros,
therefore z = y*. Thus u;(y;) = 0 = u;(2;). By the mean value theorem, u}(w;) = 0 for some w; with
y; < wj; < zj. Since u; — u uniformly on [0, A] and y; — y* < z;, so taking the limit gives u/(y*) =0,
but by Lemma 2.6, this implies v = 0. This is a contradiction to our assumption that u has exactly k
zeros. End of Claim 4.

Now let us show that the g; are bounded as j — oco. Since u; — u and u; — o/ uniformly on compact
subsets of [y*,m* + 1], where m* is the local extremum of u(r, d*) that occurs after y*, we see that u/
must be zero on [y*, m* + 1] for j large. Thus there exists an m; with y; < m; < m* 4+ 1 such that
u’(my) = 0.

Next, we estimate ¢; —m; on [m;, g;], since u >~y > 3 on [m;, ¢;] so we have f(u) > C > 0. So

T T crN —-mb)y ¢
N-1 2 _ n—1 ) _ N-1 j N-1
—r |u;|p u; = —/ (r |u;|p u;)’ dt = / T f(ug) dt > — N > N(T —mj)r )

m; m;
So we have
1 \p—2,1 C
—uj] ujzﬁ(rfmj).

Further simplification and integrating on [mj, ¢;] gives

4 C [ L
sy [ (8 [Tt

my my
Now using Lemma 2.4 and the fact that j is large gives
1
« C\7 ' (p—1 P
d +1Zdj—’}/2(ﬁ> (T) (gj —mj)?T
for large j. As we saw in a previous paragraph that m; are bounded by m* + 1, it follows that g; are

bounded.

Claim 5: For sufficiently large j, |u;(r)| < v for all r > z;.
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Proof of Claim 5: Suppose on the contrary that there is a smallest ¢; > z; such that |u;(c;)| = 7.
Thus, on (zj,¢;) we have 0 < |u;| < 7. Hence, F(u;) < 0 on (zj,¢;). So there exists an a; and a b;

such that z; < a; < b; < ¢; with |u;(a;)| = %, |u;j(b;)| = a. Also, F is decreasing on [, a], so that
F(§) > F(uy) for all § <uj <a.
Now integrating the following identity on (g;, ¢;)
N-1F T
p(N—1 — - p—1
(r(pfl)E)/ — p( ) (’LL](T))T
p—1
and since [u;(q;)| = |u;(c;)| = v and F(u;(g;)) = 0= F(u;(c;)), gives
cp(;v:ll) ()P (p— 1) = ! (4)P(p — 1) & (N — 1V F RS
(3.18) 0< - LR L +/ DV = 1)y (1) dt.
P P 4 p—1

Since g; is bounded, for an appropriate subsequence ¢; — ¢* where u(q¢*,d*) = v and since u}; — v’
uniformly on [0, ¢* + 1], then u}(g;) — v'(¢*,d*). Hence

p(N—-1)
¢ (N_2)p N1 | (g%, d¥)|P(p —1
/ t%)lﬂF(uj(r))dtZ— (q7) [u'(q*,d")|P(p )>_Oo.
qj P

(3.19) lim inf

J—

Also, since z; — oo and since z; < a; < bj, so a; — oo.
On other hand, by Claim 3

Cj —2)p+1 b —2)p+1
/ 5T P (1)) dt g/ £ P (uy () dt

a5 3J

< (5)e 00 ()

(N-Dp —1
Sfle(g)a’V1 e — —00
2/ (N —=1)p

as j — oo. (We obtain the last inequality by using K1 < (b; — a;) from Claim 3 and also F (£) < 0.)
Thus,

G (N—2)p+1
/ t 1 F(u;(t))dt — —o0,
4

but this is a contradiction to (3.19). Hence, |u;(r)| < v for large j and for » > z;. End of proof of
Claim 5.

Now suppose u; has another zero, call it ¢; > z;. Then there is a local extrema for u; at a value s;
such that z; < s; < t;. Since the energy is decreasing, we have E(t;) < E(s;). By Lemmas 2.5 and 2.6
we have

(p — D)Juf(t;)[”

0< » < F(UJ(S]))
Thus |u;j(s;)] >~ (by (H5)). By Claim 5, for sufficiently large j and for all r > z; we have |u;(r)| <.
In particular |u;(s;)| < 7, a contradiction. Hence, there is no zero of u; larger than z;. O
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4. PROOF OF MAIN THEOREM

To prove the Main Theorem we construct the following sets such that u has any prescribed number
of zeros.

Let S = {d > v | u(r,d) has exactly k zeros for » > 0 } and let dj, = sup Sk.
We will then show that Sy for £ > 0 is nonempty and bounded above.
Let So ={d>~ | u(r,d)>0forallr >0 }.

Claim: v € Sp.
Proof of Claim: If d =+, then 4(0) = v > 0. So the energy at r =0 is

B(0,7) = T~ (0)1 + F(u(0)) = 0.

So E < 0 for r > 0; for if there is an 71 > 0 such that E(r1,7) = 0 then E = 0 on [0, 4], this implies
uw =0 on [0,7], but u(0) =~ > 0. Thus E < 0 for r > 0. If there exists an ro such that u(r2) = 0 then

-1
E(ra,d) =2

W ()P > 0

contradicting E < 0 for all » > 0. Therefore, u(r,v) > 0 for all » > 0. Hence v € Sy. End of proof of
Claim.

Lemma 4.1. Sg # 0 and Sy is bounded above.

Proof. Sy is nonempty by the above Claim and Sy is bounded above by the Lemmas 3.1 and 3.3. [

Let dy = sup Sp. Since d >  for all d € Sy so dy > v > 0.

Now our goal is to show that u(r,dp) > 0 and that u(r, dp) satisfies (1.4). As dp is the supremum of
Sp we expect u(r,dp) > 0. We prove this in two lemmas. In the first lemma we show u(r,dy) > 0 and
in the second lemma we show u(r,dg) > 0.

Lemma 4.2. u(r,dy) > 0 for all r > 0.

Proof. If u(rg,do) < 0 for some rg, then by continuity with respect to initial conditions on compact sets
for d close to dy and d < dy , we have u(rg,d) < 0. This contradicts the definition of Sp. d

Lemma 4.3. u(r,dp) > 0.

Proof. Suppose there exists an r1 such that u(r1,do) = 0. By Lemma 4.2, we know wu(r,dy) > 0. So
u(r, dp) has a minimum at 7 and also since u € C'[0, c0), this implies «/(r;) = 0. Then by Lemma 2.6,
u = 0 which is a contradiction to u(0) = do # 0.

U

Let d > dy. Then u(r,d) has at least one zero, otherwise d would be in Sy which it is not. Moreover,
as d approaches dy from above, we expect that the first zero of u, 21(d), should go to infinity. This is
shown in the following lemma.

Lemma 4.4. 1im+ z1(d) = o0.

d—dg

Proof. Suppose lim 2z (d) = z4, < 00. Since u(r,d) — u(r, dy) uniformly on compact subsets as d — dy,
d—dg

this implies u(zq,) = dlilg u(z1(d),d), and which in turn implies u(zq,,do) = 0. However, by Lemma
—ag

4.3, u(r,dp) > 0, which is a contradiction. O
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Next we want to show the energy E(r,dg) > 0. This is crucial, as if E(r,dy) < 0 at some point,
say ni, then v will not have any zeros after ni, and also u will not decay as r — oco. So we have the
following lemma.

Lemma 4.5. E(r,do) > 0 for all r > 0.

Proof. If E(rg,dp) < 0 then by continuity E(rg,d) < 0 for d > dp and d close to dy. On other hand,
since d > dy then u(r,d) has a first zero, z1(d), (F(u(z1(d))) = 0) so the energy is

—1
E(z1(d),d) = ”p /| > 0.

But since £’ < 0, we must have that z;(d) < rg. This contradicts Lemma 4.4. Hence the result
follows. O

Lemma 4.6. u/(r,dy) < 0 on (0,00).

Proof. Since u(0) = d and »/(0) = 0, first we want to show that u is decreasing on (0, €) for some € > 0.
Dividing both sides of (2.1) by 7%V and then taking the limit as »r — 0, and applying L’Hopital’s rule,
gives

0.
r—0 N N N <

The last inequality is true since by the definition of Sy, we have that dy > ~ and then by (H5), v > 8
where [ is the largest zero of f. Thus, f(dy) > 0. So, v’ < 0 on (0, ¢) for some € > 0.

a2 (W o —fu(r) = f(u(0) _ —f(do)
}Ln% || (7) = lim = = 0

Let [0, Rgq,] be the maximal interval so that ' < 0 on (0, Rg,). If Rq, = 00, then «' < 0 on (0, 00)
and we are done. Otherwise Rq, < oo and u/(Rg,) = 0.

Claim: 0 < u(Rq,) < 8.
Proof of Claim: Suppose f(u(Rq,)) > 0 and let us look at the following identity:

Ra, Ra,
[y = [ e

T T

Using u/(Rq,) = 0, this gives

Ra,
PN/ P20 = / tN=f(u)dt > 0

T

for r < Rg, and r close to Rg,. We get the last inequality since f(u(Rg,)) > 0, and by continuity,
f(u) > 0 for r near Rg,. This implies v’ > 0 on (r, Rq,) for r close to Rg,. But by assumption v’ < 0
on (0, Rg,). Hence, f(u(R4,)) < 0 and since we also know u(Rg,) > 0, this implies 0 < u(Rg4,) < 5.
End of proof of Claim.

The previous claim implies F(u(Rg,)) < 0. Since u'(Rg4,) = 0 we obtain
E(Rdm dO) = F(U(Rdo)) <0,
which is a contradiction to Lemma 4.5. Hence, (1, dy) < 0 for all » > 0. O
Since we now know that u(r,dp) > 0 and v/(r,dy) < 0, it follows that lim wu(r,dy) exists.
Lemma 4.7. lim u(r,dy) = U > 0 where U is some nonnegative zero of f.

T—00
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Proof. Since E is decreasing and bounded below we see that lim E(r,dy) = E. Rewriting (2.6) we

obtain: 1 e
D= WP = E(r,do) — F(u(r, do)).
p

The limit of both terms on the right exists and so we have

— Dl P
i =D FU).
T—00 p
Thus, lim |u’| exists.
Claim 1: lim |v/| = 0.
Proof of Claim 1: Suppose not, then lim |v/| = £ > 0. So [«/(r)] > £ > 0if r > R . Suppose

[/ (r)| = —u'(r), now integrating |u'(r)| > £ > 0, gives
T T E
/ —u/(r)dt > / —dt
R R 2

do > u(R) > u(R) — u(r) >

for » > R, this implies

SRS

(T*R)HOO7

which is a contradiction. Hence, lim |u’| =0 and so lim v’ = 0. End of proof of Claim 1.
T—00 T—00

Dividing both sides of (2.1) by 7V gives
TUN-1
|u/|p—2u_/ _ 7]0 ¢ Nf(u)dt'
r r
Taking the limit as r — oo, and then doing simplification on right hand side by L’Hopital’s rule, gives

/ _ [T4+N-1
0= lim |u'|"" <u7>ﬂiﬂgo b )

So, f(U) = 0. O

Lemma 4.8. U = 0.

Proof. Taking the limit as r — oo in (2.1), gives E = F(U). By Lemma 4.4, E > 0. Hence F'(U) > 0.

Also by Lemma 4.7, f(U) = 0. Thus by (H5) and (H6), U = 0. O
Let S1 = { d > do | u(r,d) has exactly one zero for all » > 0 }.

Lemma 4.9. S; # () and Sy is bounded above.

Proof. By Lemma 3.5, if d > dy and d close to dy then u(r,d) has at most one zero. Also, if d > dy
then d ¢ Sp so u(r, d) has at least one zero. Therefore, for d > dy and d close to dy, u(r, d) has exactly
one zero. Hence Sy is nonempty. Also by Lemmas 3.1 - 3.4, 57 is bounded above. 0

Define d; = sup 5;.
As above we can show that u(r, d;) has exactly one zero and u(r,d;) — 0 as r — oo.

Proceeding inductively, we can find solutions that tend to zero at infinity and with any prescribed
number of zeros. Hence, we complete the proof of the main theorem.

Here is an example of a u that satisfies the hypotheses (H1)-(H6):
2
(4.1) u + 2wt —u=0
r

where p = 2, N = 3, and f(u) = u® — u. The graph of f(u) is
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As F is the anti derivative of f, the graph of F is The only positive zero of F occurs at v = v/2.

Here are some graphs of solutions of (4.1) for different values of d, all graphs are generated numerically
using Mathematica:
(a) Solution that remains positive when d = 1.4 < v = /2 :

(b) Solution with exactly one zero when d = 4.7 > v = /2 :

PN W Ao
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(c) Solution with exactly two zeros when d = 15.1 > v = /2 :

\/ 5 10 15 20

O
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