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CONVERGENCE RATES OF THE SOLUTION OF A
VOLTERRA-TYPE STOCHASTIC DIFFERENTIAL
EQUATIONS TO A NON-EQUILIBRIUM LIMIT

JOHN A. D. APPLEBY

ABSTRACT. This paper concerns the asymptotic behaviour of so-
lutions of functional differential equations with unbounded delay
to non—equilibrium limits. The underlying deterministic equation
is presumed to be a linear Volterra integro—differential equation
whose solution tends to a non—trivial limit. We show when the
noise perturbation is bounded by a non—autonomous linear func-
tional with a square integrable noise intensity, solutions tend to a
non—equilibrium and non-trivial limit almost surely and in mean—
square. Exact almost sure convergence rates to this limit are de-
termined in the case when the decay of the kernel in the drift term
is characterised by a class of weight functions.

1. INTRODUCTION

This paper studies the asymptotic convergence of the solution of the
stochastic functional differential equation

(1.1a)
dX(t) = <AX(t) + /tK(t —8)X(s) ds) dt + G(t, X;)dB(t), t>0,
(1.1b) X(0) = Xo,

to a non—equilibrium limit. The paper develops recent work in Ap-
pleby, Devin and Reynolds [3, 4], which considers convergence to non—
equilibrium limits in linear stochastic Volterra equations. The distinc-
tion between the works is that in [3, 4], the diffusion coefficient is
independent of the solution, and so it is possible to represent the so-
lution explicitly; in this paper, such a representation does not apply.
However, we can avail of a variation of constants argument, which en-
ables us to prove that the solution is bounded in mean square. From
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this, it can be inferred that the solution converges to a non-trivial
limit in mean square, and from this the almost sure convergence can
be deduced. Exact almost sure convergence rates to the non—trivial
limit are also determined in this paper; we focus on subexponential, or
exponentially weighted subexponential convergence.

The literature on asymptotically constant solutions to determinis-
tic functional differential and Volterra equations is extensive; a recent
contribution to this literature, which also gives a nice survey of re-
sults is presented in [11]. Motivation from the sciences for studying
the phenomenon of asymptotically constant solutions in deterministic
and stochastic functional differential or functional difference equations
arise for example from the modelling of endemic diseases [14, 3] or in
the analysis of inefficient financial markets [8].

In (1.1), the solution X is a n x 1 vector-valued function on [0, c0),
Ais a real n xn matrix, K is a continuous and integrable n x n matrix-
valued function on [0, 00), G is a continuous n X d matrix-valued func-
tional on [0,00) x C([0,00),R") and B(t) = {Bi(t), Ba(t), ..., Ba(t)},
where each component of the Brownian motion B;(t) are independent.
The initial condition X is a deterministic constant vector.

The solution of (1.1) can be written in terms of the solution of the
resolvent equation

(1.2a) R'(t) = AR(t) + /t K(t—s)R(s)ds, t>0,
(1.2b) R(0)=1

where the matrix—valued function R is known as the resolvent or fun-
damental solution of (1.2). The representation of solutions of (1.1) in
terms of R is given by the variation of constants formula

X(t) = R()Xo + /t R(t — $)G(s, X,)dB(s), t>0.

In this paper, it is presumed that R tends to a non—trivial limit, and
that the perturbation G' obeys a linear bound in the second argument,
with the bound on G also satisfying a fading, time-dependent intensity.
The presence of this small noise intensity ensures that the solutions of
the stochastic equation (1.1), like the deterministic resolvent R, con-
verge to a limit. Once this has been proven, we may use information
about the convergence rate of solutions of R to its non—trivial limit,
proven in [5], to help determine the convergence rate of solutions to the
stochastic equation to the non—trivial limit. Some other papers which
consider exponential and non—exponential convergence properties of
solutions of stochastic Volterra equations to equilibrium solutions in-
clude [2, 16, 17].
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2. MATHEMATICAL PRELIMINARIES

We introduce some standard notation. We denote by R the set of real
numbers. Let M, 4(R) be the space of n x d matrices with real entries.
The transpose of any matrix A is denoted by A” and the trace of a
square matrix A is denoted by tr(A). Further denote by I,, the identity
matrix in M, ,(R) and denote by diag(ai, as, ..., a,) the n x n matrix
with the scalar entries ay, as, ..., a, on the diagonal and 0 elsewhere.

We denote by (z,y) the standard inner product of z and y € R".
Let || - || denote the Euclidian norm for any vector x € R™. For A =
(a;;) € M, 4(R) we denote by || - || the norm defined by

1A]* = zn: (i: aij>27

i=1 \j=1

and we denote by || - || the Frobenius norm defined by

n d
2
AL =D " ayl®.
i=1 j=1
Since M, 4(R) is a finite dimensional Banach space the two norms || -
| and || - || are equivalent. Thus we can find universal constants

dy(n,d) < ds(n,d) such that
dif| Al < |Allr < d2||All, A € My a(R).

The absolute value of A = (4;;) in M,(R) is the matrix |A| given
by (|A|)i; = |Aij|. The spectral radius of a matrix A is given by
p(A) = limg o [ A7V,

If J is an interval in R and V' a finite dimensional normed space, we
denote by C(J, V) the family of continuous functions ¢ : J — V. The
space of Lebesgue integrable functions ¢ : (0,00) — V will be denoted
by L'((0,00), V) and the space of Lebesgue square integrable functions
n : (0,00) — V will be denoted by L*((0,00),V). Where V is clear
from the context we omit it from the notation.

We denote by C the set of complex numbers; the real part of z in C
being denoted by Re z and the imaginary part by Im z. If A : [0, 00) —
M, (R) then the Laplace transform of A is formally defined to be

Az) = /0 h A(t)e dt.

The convolution of F' and G is denoted by F'* G and defined to be
the function given by

t
(FxG)(t) :/ F(t —s)G(s) ds, t>0.
0
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The n-dimensional equation given by (1.1) is considered. We assume
that the function K : [0,00) — M, ,,(R) satisfies

(2.1) K € C([0,00), M, ,(R)) N L*((0,00), M, ,(R)),

and G : [0,00) x C([0,00),R") — M, 4(R) is continuous functional
which is locally Lipschitz continuous with respect to the sup—norm
topology, and obeys
(2.2) For every n € N there is K,, > 0 such that
|Gt d1) = G, )l < Knlld = lljo.a,
for all ¢, € C([0, 00), R™) with [|¢][j0.q V ¢llog < 7,

where we use the notation

[6ll0 = sup [[é(s)] for 6 € C((0,50), B") and t = 0,

and let ¢; to be the function defined by ¢.(6) = ¢(t+6) for 0 € [—¢,0].
Moreover, we ask that G also obey

(2.3) |Gt ¢0)l7 < Z%(2) (1 + o)l + /Otff(t - S)!\¢(S)!\§d8) ,
t>0, ¢ € C([0,00),R")

where the function X : [0,00) — R satisfies

(2.4) > € C([0,00),R),

and  obeys

(2.5) k€ C([0,00),R) N L*(]0, 00), R).

Due to (2.1) we may define K7 to be a function K; € C([0,00), M,, ,(R))
such that

(2.6) Ki(t) = /t T K(s)ds, >0,

where this function defines the tail of the kernel K. We let (B(t)):>0
denote d-dimensional Brownian motion on a complete probability space
(Q, FB,P) where the filtration is the natural one FZ(t) = 0{B(s) : 0 <
s < t}. We define the function t — X (t; X, X) to be the unique solu-
tion of the initial value problem (1.1). The existence and uniqueness of
solutions is covered in [9, Theorem 2E] or [21, Chapter 5] for example.
Under the hypothesis (2.1), it is well-known that (1.2) has a unique

continuous solution R, which is continuously differentiable. Moreover
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if ¥ is continuous then for any deterministic initial condition X there
exists a unique a.s. continuous solution to (1.1) given by

(2.7) X(t; Xo) = R(t) Xo + /t R(t — s)G(s, Xs)dB(s), t>0.

We denote E [X?] by E X? except in cases where the meaning may be
ambiguous. We now define the notion of convergence in mean square
and almost sure convergence.

Definition 2.1. The R"-valued stochastic process (X (t));>o converges
in mean square to X, if

lim E [ X (¢) - Xl =0,

and we say that the difference between the stochastic process (X (t)):>o
and X, is integrable in the mean square sense if

/ E|X(t) — Xoo|?dt < co.
0

Definition 2.2. If there exists a P-null set €y such that for every
w ¢ Qg the following holds
lim X (t,w) = Xoo(w),

t—oo

then we say X converges almost surely to X,,. Furthermore, if
/ 1X(t,w) — Xoo(w)]|? dt < o0,
0

we say that the difference between the stochastic process (X (t)):>0 and
X 1s square integrable in the almost sure sense.

In this paper we are particularly interested in the case where the
random variable X is nonzero almost surely.

3. CONVERGENCE TO A NON-EQUILIBRIUM LIMIT

In this section, we consider the convergence of solutions to a non—
equilibrium limit without regard to pointwise rates of convergence. In-
stead, we concentrate on giving conditions on the stochastic inten-
sity (i.e., the functional G) and the Volterra drift such that solutions
converge almost surely and in mean-square. The square integrability
of the discrepancy between the solution and the limit is also stud-
ied. The results obtained in [3] and [4] are special cases of the ones
found here, where the functional G in (1.1) is of the special form
G(t,¢t) = O(t), t > 0, where © € C([0,00), M,(R)) is in the ap-
propriate L*([0, c0), M, (R))-weighted space.
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3.1. Deterministic results and notation. In the deterministic case
Krisztin and Terjéki [15] considered the necessary and sufficient con-
ditions for asymptotic convergence of solutions of (1.2) to a nontrivial
limit and the integrability of these solutions. Before recalling their main
result we define the following notation introduced in [15] and adopted
in this paper. We let M = A+ [ K(s)ds and T be an invertible
matrix such that 7-'MT has Jordan canonical form. Let e¢; = 1 if all
the elements of the i row of T-'MT are zero, and e; = 0 otherwise.
Put P = Tdiag(ey, e, ...,e,)T P and Q = — P.
Krisztin and Terjéki prove the following result: if K satisfies

(3.1) / 2| K (t)]| dt < oo,
0
then the resolvent R of (1.2) satisfies
(3.2) R — Ry € L'((0,00), M,, »(R)),

if and only if
det[z] — A — K(2)] #0 for Rez >0 and z # 0,

and
det [P — M- /OOO /:O PK(u)duds} £0.

Moreover, they show that the limiting value of R is given by

(3.3) R — {P M+ /OOO /:O PE(u)du ds} p

Although Krisztin and Terjéki consider the case where R — R, exists
in the space of L'(0,00) functions it is more natural to consider the
case where R — R, lies in the L?(0, 00) space for stochastic equations.

3.2. Convergence to a non—equilibrium stochastic limit. We are
now in a position to state the first main result of the paper. It concerns
conditions for the a.s. and mean—-square convergence of solutions of
(1.1) to a non—trivial and a.s. finite limit, without making any request
on the speed at which the convergence takes place.

Theorem 3.1. Let K satisfy (2.1) and

(3.4) /OOOtHK(t)H it < oo,

Suppose that the functional G obeys (2.2) and (2.3), k obeys (2.5), and
Y satisfis (2.4) and

(3.5) / Y2(t) dt < oo.
0
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If the resolvent R of (1.2) satisfies
(3.6) R — Ry € L*((0,00), My n(R)),

then there exists a FP(o0)-measurable and a.s. finite random variable
Xoo such that the solution X of (1.1) satisfies

tlim X(t) =X as.,

where
Xoo = Roo (XO +/ G(S,XS)dB(t)) a.s..
0
Moreover,
(3.7) lim B[l X (1) - X.|I?=0.

In this theorem the existence of the first moment of K is required
rather than the existence of the second moment of K as required by
Krisztin and Terjéki. However, the condition (3.6) is required. The
condition (3.5) is exactly that required for mean—square convergence
in [4], and for almost sure convergence in [3]. In both these papers, the
functional G depends only on ¢, and not on the path of the solution.
Moreover, as (3.5) was shown to be necessary for mean—square and
almost sure convergence in [3, 4], it is difficult to see how it can readily
be relaxed. Furthermore, in [3, 4] the necessity of the condition (3.6)
has been established, if solutions of equations with path—independent
G are to converge in almost sure and mean—square senses.

The condition (2.3) on G, together with the fact that ¥ (3.5), makes
Theorem 3.1 reminiscent of a type of Hartman—Wintner theorem, in
which the asymptotic behaviour of an unperturbed linear differen-
tial equation is preserved when that equation is additively perturbed,
and the perturbation can be decomposed into the product of a time—
dependent, and (in some sense) rapidly decaying function, and a func-
tion which is linearly bounded in the state variable. Indeed the results
in this paper suggest that a general Hartman—Wintner theorem should
be available for stochastic functional differential equations which are
subject to very mild nonlinearities, along the lines investigated in the
deterministic case by Pituk in [18].

Sufficient conditions for the square integrability of X — X, in the
almost sure sense and in the mean sense are considered in Theorem 3.2.
As before the conditions (3.5) and (3.6) are required for convergence;
in addition, (3.8) is required for integrability. This last condition has
been shown to be necessary to guarantee the mean square integrability

of X — X, in [4], for equations with path—-independent G.
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Theorem 3.2. Let K satisfy (2.1) and (3.4). Suppose that there exists
a constant matriz Ry, such that the solution R of (1.2) satisfies (3.6).
Suppose that the functional G obeys (2.2) and (2.3), k obeys (2.5) and
¥ satisfy (2.4), (3.5) and

(3.8) /OOO tY2(t) dt < oo.

Then for all initial conditions X, there exists an a.s. finite FP(c0)-
measurable random variable X, with E[||X|*] < oo such that the
unique continuous adapted process X which obeys (1.1) satisfies

(3.9) E||X(-) — Xo||* € L*((0,00), R).
and
(3.10) X(1) = X € L*((0,00),R")  a.s.

4. EXACT RATES OF CONVERGENCE TO THE LIMIT

In this section, we examine the rate at which X converges almost
surely to X, in the case when the most slowly decaying entry of the
kernel K in the drift term of (1.1a) is asymptotic to a scalar func-
tion in a class of weighted functions, and the noise intensity ¥ decays
sufficiently quickly.

4.1. A class of weight functions. We make a definition, based on
the hypotheses of Theorem 3 of [13].

Definition 4.1. Let 1 € R, and « : [0,00) — (0,00) be a continuous
function. Then we say that v € U(u) if

(4.1) () :/ Y(t)eH dt < oo,
0
) s
4.2 lim ————— = 29(u),
(4.2 tim O 3
t —
(4.3) lim AE=s) =e " uniformly for 0 < s < S, for all § > 0.

t=oo (1)

We say that a continuously differentiable v : [0,00) — (0,00) is in
U () if it obeys (4.1), (4.2), and

()
(4.4) tlirgo v(t)

It is to be noted that the condition (4.4) implies (4.3), so U'(u) C
U(p).
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If 7 is in U(0) it is termed a subexponential function'. The nomen-
clature is suggested by the fact that (4.3) with x = 0 implies that, for
every € > 0, y(t)e? — 0o as t — oco. This is proved for example in [6].
As a direct consequence of this fact, it is true that v € U(u) obeys

(4.5) tlim v(t)e Mt = 00,  for each e > 0.
It is also true that
(4.6) lim y(t)e ™ = 0.

It is noted in [7] that the class of subexponential functions includes all
positive, continuous, integrable functions which are regularly varying
at infinity?. The properties of ¢(0) have been extensively studied, for
example in [7, 6, 12, 13].

Note that if y is in U (u), then () = e#*6(t) where ¢ is a function in
U(0). Simple examples of functions in U(u) are y(t) = e (14 ¢)~* for
a>1, () =ete (1) for 0 < a < 1 and (t) = ette/198042) The
class U(p) therefore includes a wide variety of functions exhibiting ex-
ponential and slower-than—exponential decay: nor is the slower—than—
exponential decay limited to a class of polynomially decaying functions.

If the domain of F' contains an interval of the form (7, 00) and 7 is
in U(p), L,F denotes lim,_,o, F'(t)/~(t), if it exists.

Finally, if v € U(p) and for matrix—valued functions F' and G the
limits L. F and L,G exist, it follows that L. (F * G) also exists, and a
formula can be given for that limit. This fact was proved in [5].

Proposition 4.2. Let un <0 and v € U(p). If F,G : (0,00) — M, (R)
are functions for which L F and LG both exist, L. (F * G) exists and
15 given by

(4.7) L(F+G) = L,F < /0 N e G(s) ds) + ( /0 N e F(s) ds) L,G.

Corresponding results exist for the weighted limits of convolutions of
matrix—valued functions with vector—valued functions. Proposition 4.2
is often applied in this paper.

4.2. Almost sure rate of convergence in weighted spaces. We
are now in a position to give our main result, which is a stochastic and
finite dimensional generalisation of results given in [6], and, in some

'In [7] the terminology positive subexponential function was used instead of just
subexponential function. Because the functions in U(u) play the role here of weight
functions, it is natural that they have strictly positive values.

2~ is regularly varying at infinity if y(at)/(t) tends to a limit as t — oo for all
a > 0; for further details see [10].
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sense a stochastic generalisation of results in [5]. Let 5 > 0 and define
es(t) = e P ¢t > 0. If (3.1) holds, the function K, given by

(4.8) /K1 ds—/ / K(u)duds, t>0.

is well-defined and integrable. We also introduce £2 by
t

(4.9) Y2(t) = / “2=9%2(5) ds -logt, t>2,
0

and F' by
(410) F(t) = —e"(8Q + QM) + Ky (t) — BQ(eg * K1)(t), t>0.

The following is our main result of this section.

Theorem 4.3. Let K satisfy (2.1) and (3.4). Suppose that the func-
tional G obeys (2.2) and (2.3), k obey (2.5) and ¥ satisfy (2.4) and
(3.5). Suppose there is a p < 0 and 5 > 0 such that §+ u > 0 and F
defined by (4.10) obeys

(4.11) p (/ e M|F(s)| ds) <1
0

Suppose that v € U' (1) is such that

(4.12) L Ky and LK, exist,

where Ky and Ky are defined by (2.6) and (4.8). If ¥ given by (4.9)
obeys

(4.13) L,¥ =0, Lv/ X(s)ds =0,

then for all initial conditions X, there erists an a.s. finite FP(c0)-
measurable random variable X, with E[X2] < oo such that the unique
continuous adapted process X which obeys (1.1) has the property that
L,(X — X) exists and is a.s. finite. Furthermore

( ()a) if w =0, and Ry is given by (3.3), then
4.14

L (X — Xw) = Roo(LyK3)Roo (Xo + /OO G(s, X,) dB(s)) a.s.;
(b) if u <0, and we define Ry (1) := (I + Ky (p) — iM) 71, then
(4.15)
(X = X) = Rl (L K Rcli) (Yo [ 65, ) a0

almost surely.
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We explain briefly the role of the new conditions in this theorem.
The condition (4.11) is sufficient to ensure that R — Ry lies in the
appropriate exponentially weighted L! space. (4.12) characterises the
rate of decay of the entries of K. In fact, by considering the limit
relations (4.14) or (4.15), it may be seen that it is rate of decay of Ko
defined by (4.8) which determines the rate of convergence of solutions
of (1.1) to the limit, under the condition (4.13). This last condition
ensures that the noise intensity > decays sufficiently quickly relative
to the decay rate of the kernel K so that the stochastic perturbation
is sufficiently small to ensure that the rate of convergence to the limit
is the same as that experienced by the deterministic resolvent R to its
non-trivial limit R. The fact that L.(R — Ry ) is finite is deduced as
part of the proof of Theorem 4.3.

We observe that in the case when G = 0 that the formula in case (a)
is exactly that found to apply to the deterministic and scalar Volterra
integrodifferential equation studied in [6].

Finally, in the case when G is deterministic and G' = G(t), the limit
L,(X —X) is in general non-zero, almost surely, because L. (X —X,)
is a finite-dimensional Gaussian vector.

In the one-dimensional case, the following corollary is available.
Suppose that A € R, K € C([0,00);R) N L'([0,00); R) and A +
[ K(s)ds = 0. In this case @ = 0 and so F(t) = K;(t). More-

0
over, R, defined in (3.3) reduces to

1 1
S+ [TuK(u)du 14 K (0)

R

Theorem 4.4. Let K € C([0,00);R) N L'([0,00);R). Suppose that
the functional G obeys (2.2) and (2.3) and let ¥ € C([0,00);R) N
L3([0,00);R) and k € C([,00); R) N L'([0,00);R). Suppose there is a
1 <0 such that

/ 5 Ky ()] ds < 1.
0

Suppose that v € U' (i) is such that L,K; and LK, exist, where Ky
and Ky are defined by (2.6) and (4.8). If X given by (4.9) obeys

LY =0, L,Y/ S(s)ds =0,

then for all initial conditions X, there erists an a.s. finite FP(co)-
measurable random variable Xo, with E[||X|*] < oo such that the

unique continuous adapted process X which obeys (1.1) has the property
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that L,(X — X)) exists and is a.s. finite. Furthermore

L (X — X)) = ﬁ (XO + /0 N e G(s, X,) dB(s)) . a.s.

5. PROOF OF THEOREMS 3.1 AND 3.2

We begin with a Lemma. Let X be the solution of (1.1) and define
M = {M(t); FB(t);0 <t < 0o} by

(5.1) M(t) = /OtG(s,XS) dB(s), t>0.

The convergence of M to a finite limit and the rate at which that con-
vergence takes place is crucial in establishing the convergence claimed
in Theorems 3.1 and 3.2.

Lemma 5.1. Suppose that K obeys (2.1), (3.4) and that R defined by
(1.2) obeys (3.6). Suppose that G obeys (2.2) and (2.3), K obeys (2.5),
and ¥ obeys (2.4) and (3.5). If X is the unique continuous adapted
pmcess which satisfies (1.1), then

i) [JCE[G(s, X,)||F] ds < oo;
(il) [;7G(s, Xs)||3 ds < 00, a.s. and there exists an almost surely
finite and FP(co)-measurable random wvariable M (o) such

that
(5.2) M(c0) := thm M(t), a.s.
(iii) There exists x* > 0 such that E[|| X (¢)||3] < z* for all t > 0.
(iv) With M(o0) defined by (5.2), we have E[|| M ( )—=M(t)]]3] —
ast — 00.

(v) In the case that ¥ obeys (3.8) we have

)
/OOOE[HM(OO>—M@)H§] dt < oo, /OOOHM@O)—M(t)Hgdt <00, as.

Proof. The proof of part (i) is fundamental. (ii) is an easy consequence
of it, and (iii) follows very readily from (i) also. The proofs of (iv) and
(v) use part (i).

The key to the proof of (i) is to develop a linear integral inequality
for the function ¢ — supy<,<; E[|| X (s)]|3]. This in turn is based on the
fundamental variation of constants formula

t

X(t)=R(t)Xo+ | R(t—s)G(s,X,)dB(s), t>0.
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This result has been rigorously established in [19]. This implies, with
( t) = Zk 1 R (t — )ij(s X) 0 <s<t, that

Xi(t) = [R(t)Xol; + Z / Ci(s,t) dB; ().

Therefore

d d . 2
53 E[||X<t>||§]s2||R<t>Xo||§+2ZE<Z / cij<s,t>dBj<s>) .

Now, as Cj;(s,t) is FP(s)-measurable, we have
. 2
E <Z/ Cij(S,t) dBJ(S>>
j=1"0
:Z/EC28td8—/ E[C} (s, t)] ds,
— Jo

Jj=1

and so

CQ(st <ZRzkt—s)ijsX ) <nZR SX)
k=1

Since R(t) — Ry as t — oo, we have that Ry, (t)* < R? for all t > 0.
Hence

d d n
> Ch(s,t) <R ZZsz(s,Xs) = R? - n||G(s, X,)||%.
j=1 j=1 k=1
Therefore, by (2.3), we have
ZCQ s, 1)

S RQ | G(s, Xo) |7 < R*-n22(s) (1+ IX ()13 + (5 [IX]3)(s))
and so, with z(t) = E[|| X (¢)]|3], we get

ZE [CF(s,1)] 2.n32(s) (1 +2(s) + (kx2)(s)).

Therefore

t
/ E[CZ (s, 1) ds < R*n / 2(s) (1 + x(s) + (k * 2)(8)) ds,
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and so, by returning to (5.3) we obtain

z(t) < 2||R(t) Xo|3 + 2R2nd/0 ¥2(s) (14 x(s) + (k * 2)(s)) ds.

Using the fact that ¥ € L?([0,00),R) and R is bounded, there exists a
deterministic ¢ = ¢(R, Xy, X) > 0 such that

z(t) < c+c/t 22(s)z(s) ds+c/0t 52(s) /0 k(s — w)a(u) du ds.

0
Now, define 2*(s) = supy<,<, «(u). Then, as x € L'([0, 00),R), we get

t t
z(t) < c+ c/ Y2 (s)x*(s) ds + c/ 32(8) |6 11 0,000 2" () ds.
0 0

Therefore

(5.4) 2"(T)= sup z(t) <c+c(l+ "H"L1[07w))A Y2 (s)z*(s) ds.

0<t<T

Next, define ¢ = ¢(1 + ||&||11j0,00)) and Z(t) = X2(t)z*(t), to get
t
() < S2(8) + ¢S2(0) / #(s) ds.
0

Therefore X (t) = f(f Z(s) ds obeys the differential inequality
X'(t) < eX?(t) + 220X (), t>0; X(0)=0,

from which we infer

t ¢
/ j‘(S) dS = X(t) S Cec’ fO 22(5) ds / 22(S>€7CI f()s 22(u) du ds.
0 0

Since X € L*([0,00),R), we get

t t ’
/ .f‘(S) ds < Cec/||2||L2(O’OO) / 22<8) ds < cec ||Z||5,2(0,oo) "2"%2(0700),
0 0

and so

(5.5) /Ooo 2(s) sup E[| X (u)|2 ds:/oo 52 (s)a* (s) ds < 00,

0<u<s 0
From this, (2.5), (3.5) and (2.3) we see that
o 2 . .
/0 E[G;(s, X,)]ds < oo forallie {1,...,n}, j€{l,...,d},
which implies (i). The last inequality and Fubini’s theorem implies

/ G?j(s,Xs)ds <oo forallie{l,....,n},j€{l,...,d}as.
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from which (ii) follows by the martingale convergence theorem [20,
Proposition IV.1.26].
To prove (iii), note that (5.5) and (5.4) imply

T
o (T) gc+c<1+”ﬁ”mm))/ $2(s)" (5) ds
0

<c+ C(l + ||KJ||L1[0’OO))/ 22(5)1‘*(5) ds =: x*,
0

as required. Hence for all ¢ > 0, we have E[|| X (¢)||3] < z*(t) < 2*, as
required.

We now turn to the proof of (iv). The proof is standard, but an
estimate on E[|| M (co) — M (t)||3] furnished by the argument is of utility
in proving stronger convergence results under condition (3.8), so we give
the proof of convergence and the estimate. To do this, note that M is
a n—dimensional martingale with M;(t) = (M(t), e;) given by

M;(t) = Z /0 Gii(s, X,) dBj(s).

Let ¢t > 0 be fixed and v > 0. Then

BI(Mi(t + ) = M) = /t “E[G2 (5, X)) ds.
Therefore
E[[| Mt +u) — M(t)]*]

I
M=

d t+u t+u
/ E[G2(s, X,)] ds = / E[[|G(s, X,)II%] ds.
— t t

i=1 j=1

By Fatou’s lemma, as M(t) — M(o0) as t — oo a.s., we have
E[| M (o0) — M(#)|3] < lim inf B[|M(t + u) — M()]3]

(5.6) -/ T E[G(s, X.)|2] ds.

The required convergence is guaranteed by the fact that E[||G(-, X.)||2]

is integrable.
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To prove part (v), we notice that (5.6), (2.3) and the fact that
E[|| X (¢)||3] < z* for all ¢ > 0 together imply

E[|| M (00) — M(1)]13]
S/t S (s) (L+ B[ X (s)[I2] + (r * E[|X()[I2])(5)) ds

< (T4 2" + [|&] £1(0,0027) / ¥2(s) ds.
t

Now, if ¥ obeys (3.8), it follows that

/0 T E[|M(00) — M(1)|3) dt < .

Applying Fubini’s theorem gives [;*[[M(c0) — M(t)||3dt < oo as.,
proving both elements in part (v). O

We next need to know show that R’ € L*([0, 00), M,,(R)).

Lemma 5.2. Suppose that K obeys (2.1) and (3.4) and that R defined
by (1.2) obeys (3.6). Then R' € L*([0,00), M, (R)).

Proof. 1t can be deduced from e.g., [3, Lemma 5.1}, that the conditions
on R imply that R obeys (A+ [;° K (s)ds)Rs = 0. Since

R'(t) = A(R(t) — Rso) + (K % (R — Ruo))(t) + (A + /t K(s) ds) R,
it follows that
R'(t) :A(R(t)—Roo)+/O K(t—s)(R(s)—Roo)ds—/t K(s)ds- Re.

Since K;(t) — 0 as t — oo and K; € L'([0,00), M,(R)) by (3.4), it
follows that the last term on the righthand side is in L*([0, 00), M,,(R)).
The first term is also in L?([0, 00), M,,(R)) on account of (3.6). As for
the second term, as K is integrable, by the Cauchy—Schwartz inequality,
we get

‘ 2

/O K(t = s)(R(s) — Roo) ds

2

<c (/ IK (= 8)2 I R(s) —Roonzds)Q

< / K (s)] ds - / 1K (t — 5)[lallR(s) — Roc |3 ds.

The right hand side is integrable, since R — Ry, € L*([0,00), M,(R))
and K is integrable. Therefore K * (R — Ry) is in L*([0, 00), M, (R)),
and so R’ € L*([0, ), M,,(R), as needed. O
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Lemma 5.3. Suppose that K obeys (2.1) and (3.4) and the resolvent
R which is defined by (1.2) also obeys (3.6). Suppose further that

/0 TE[G(s, X)) ds < .

Then U defined by
(5.7) U(t) = /t(R(t —5)— Ry)G(s,Xs)dB(s), t>0

obeys
lim E[|U®)||3] =0, lim U(t) =0, a.s.

and

/E[IIU(t)H%]dKoo, / IU@®)|zdt < o0, as.
0 0

Proof. By 1to’s isometry, there is a constant co > 0 independent of ¢
such that

E[lU@)I3] < 02/0 IR(t — 5) — Roo [ELIG (s, X,)II7] ds.

Therefore, as E[||G(-, X.)||%] is integrable, and R(t) — R, — 0 as t —
00, it follows that

(53) lim E[U(2)]3) = 0.

Moreover, as R — Ry, € L*([0,00), M, (R)), we have that

(5.9) | Bl < .

By Fubini’s theorem, we must also have

(5.10) /OOO |U@)|)5dt < 00, a.s.

Due to (5.9) and the continuity and non-negativity of ¢ — E[||U(t)]|3],

for every p > 0, there exists an increasing sequence (ay, ),>o with ag = 0,
a, — 00 as n — 00, and a,,1 — a, < i such that

(5.11) > ElU(an) ]3] < co.

This fact was proven in [1, Lemma 3]. The next part of the proof is

modelled after the argument used to prove [1, Theorem 4]. We want
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to show that U(t) — 0 as t — oo. Defining p(t) = R(t) — R, we get
p'(t) = R'(t) and

U(t) = / p(t — $)G(s, Xs) dB(s)

p(0 du)

G(s
p(O)G( —i—/ / R'(v—5)G(s, X,) dvdB(s)

B(s)

[e=]

I
S— — — 3

' p(0)G(s, X +/ / R'(v — s)G(s, X,) dB(s) dv.

0 JO

Therefore, for t € [an, an41]
t
U) = Ula) + [ p(0)G(s. X dBs)

+/t /OUR'(U—S)G(S,XS) dB(s) dv.

Taking norms both sides of this equality, using the triangle inequality,
the scalar inequality (a + b+ ¢)? < 3(a® + b* + ¢?), taking suprema on
each side of this inequality, and then taking the expectations of both
sides, we get

512) B[ max VO] §3(E[HU<an)H§]

an<t<anyt

]

+E| max //R’ G(u, X,)dB(u) ds
an<t<ap+1 an
t 2
+E| max / p(O0)G(s. X) dB(s)|| | ).
an<t<ap41 an

2

Let us obtain estimates for the second and third terms on the righthand
side of (5.12). For the second term, by applying the Cauchy—Schwartz
inequality, and then taking the maximum over [a,, a,.1], we get

[ et xama]

< (ans — ay) / + E / "R (s — u)Glu, X,) dB(u)

0 2
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By It6’s isometry, and the fact that a, 1 — a, < p, we have

(5.13) iE

2
max
an<t<ap41 9

= M/o /0 1R/ (s = w)|[BE[|G (u, Xo)|[7] du ds.

This quantity on the righthand side is finite, due to the fact that R’ €
L3([0,00), M, (R)) and E[||G(-, X))||3] is integrable.

We now seek an estimate on the third term on the right-hand side
of (5.12). Using Doob’s inequality, we obtain

/at /0 R'(s —u)G(u, X,) dB(u) ds

2

E

max
an<t<ap+41

/ ' p(0)G(s, X,) dB(s)

2
An+1
<G / E [[|p(0)G (s, X.)|2] ds.

Therefore there exists C, > 0 which is independent of n and the sto-
chastic integrand such that

2

E

max
an<t<an+41

/ p(0)G(s, X.) dB(s)

2

Ap+1
< Clp(0)2 / E [|G(s, X,)II%] ds.

and so

(5.14) iE

2

max
an<t<an41

/ p(0)G(s, X.) dB(s)

2
< O / E [[|G(s, X.)[2] ds.

Using the estimates (5.14), (5.13) and (5.11) in (5.12), we see that

B sw U0 <.
=0

n an<t<an41

Note that this also implies Y~ max,, <t<a,,, ||U(t)]|3 < 0o, a.s., and
therefore lim,,_,o max,, <t<q, ., |U(t)||3 = 0, a.s. Therefore, as a, — oo
asn — oo, ||U(t)||3 — 0 as t — oo, a.s. Therefore, by (5.15), it follows
that X (t) — Xo — 0 as t — oo, because R € L*([0,00), M,(R), by
Lemma 5.2. U
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5.1. Proof of Theorem 3.1. By Lemma 5.1 and the martingale con-
vergence theorem, we see that

00 t
/ G(s, X5)dB(s) := tlim G(s, X5)dB(s) exists and is finite a.s.
0 —>Jo
Define Xoo = Roo(Xo+ [, G(s,X,) dB(s)), and note that the definition
of M and U gives

(5.15) X(t) — Xoo = (R(t) — Roc)Xo + U(t) — Roo (M(00) — M(t)).

By part (ii) of Lemma 5.1 and Lemma 5.3, the third and second terms
on the righthand side of (5.15) tend to zero ast — oo a.s. The first term
also tends to zero, so X (t) — X ast — 0o a.s. As to the convergence
in mean-square, observe by (5.8), and part (iv) of Lemma 5.1, that

5.2. Proof of Theorem 3.2. Under the conditions of the theorem, we
have that X (t) — X (o0) as t — oo a.s. and E[|| X (t) — X (00)||?] —
as t — oo. Now by (3.8), it follows from part (v) of Lemma 5.1
that fo HM( ) — M(t)|3] dt < co. From Lemma 5.3 we also have
S E[[U(1)]|3] dt < oo. Finally, R — Re € LQ([O 00), M, (R)). There-
fore from (5 15) it follows that [J°E ||X X (t)]|3] dt < oo, and by
Fubini’s theorem, we have [ || Xo — X (t )H2 dt < o0, as required.

6. PROOF OF THEOREM 4.3

Let 3 > 0 and define es(t) = e and F by (4.10). Next, we
introduce the process Y by

t

(6.1) Y(t) = eﬁt/ e?G(s, X,)dB(s), t>0

0
and the process J by
(6.2)
J(t) = Qe P Xy — ﬁP/ Y(s)ds+Y(t) +/ F(s)ds - Xs, t>0.

t t

Proposition 6.1. Let V = X — X,. Then V obeys the integral equa-
tion
(6.3) V(t)+ (FxV)(t)=J(t), t>0,

where F and J are as defined in (4.10) and (6.2) above, and the process
Y is defined by (6.1).
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Proof. Define ®(t) = P + e #1Q, for t > 0. Fix ¢t > 0, then from (1.1),
we obtain for any 1" > 0

[ o= 9axe) = [ e gaxeas
b [0t [ K- wxtdnast [ a6t x)ase)

Integration by parts on the integral on the lefthand side gives
T T
Ot —T)X(T)— D(t) X, = / Ot —s)dX(s) — / Q' (t — 5) X (s) ds.
0 0

Now, we set T' =t and rearrange these identities to obtain
(6.4)

t t

O(0)X(t) — P(t) Xo + / Q'(t —5)X(s)ds = / Ot — s)AX (s)ds
0

+ /Ot Dt — s) /0 K(s —u)X(u)duds + /Ot O(t — 5)G(s, Xs) dB(s).

Since ®(0) = I, by applying Fubini’s theorem to the penultimate term
on the righthand side, we arrive at

(6.5) X))+ (F+xX)(t)=H(t), t>0
where H is given by
(6.6) H(t) = ®(t) X, + / t@(t — 5)G(s, X,) dB(s),
and O
F(t)=d'(t —s) — ®(t)A — /Ot Ot — s)K(s)ds, t>0.

Integrating the convolution term in F' by parts yields
/t Bt — 5)K (s) ds — —D(0) Ky (1) + B(#) K, (0) — /t Bt — 5K (s) ds.
afld so F' may be rewritten to give 0

F(t)=d'(t) — ®(t) A+ K (t) — (1) /Ooo K(s)ds+ (" x Ky)(t).

Therefore F' obeys the formula given in (4.10).
If Y is the process defined by (6.1), then Y obeys the stochastic
differential equation
t t

67 Y =-8 | Y(s)ds+ | G(s,X,)dB(s) >0,
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and because [~ E[||G(t, Xy)||%] dt < co, we have

| B @R < oo
0
and hence [;° ||Y (¢)[|3 dt < co. The technique used to prove Lemma 5.3

enables us to prove that lim; .. Y (¢) = 0 a.s. Therefore, by re-
expressing H according to

H(t) = Qe Xy + PXo+ P / t G(s, X,) dB(s)
0

+Q/ At=9)G(s, X,) dB(s)

— Qe Xy + PXo+ P / G(s, X,) dB(s)
0

P [ G, X dB(s) + QY (),
we see that H(t) — H(co) as t — oo a.s., where
(6.8) H(x) = PXy+ P /OOO G(t, X;) dB(t),
Therefore
(6.9) H(t) — H(oo) = Qe " X,y — P/too G(s,X,)dB(s) + QY (t).

Since X (t) — X ast — oo a.s. and F' € L'([0,00), M,(R)) it follows
from (6.5) that

Xoo—i-/oooF(s)ds - Xoo = H(0).

Therefore

X(t)—Xoo—i—/OtF(t—s)(X(s)—Xoo)ds—/tooF(s)dono

— H(t) - Xoo — /Ot F(s)dsXo — /too F(s)dsX o,

and so , with V' = X — X, we get (6.3) where J(t) = H(t) — H(co) +
ft s)ds - X. This implies

J(t) = Qe "' X, — P/OO G(s,X;)dB(s) + QY (t) + /OO F(s)ds - Xw.

We now write J entirely in terms of Y. By (6.7), and the fact that
Y(t) — 0ast — oo as. and G(, X)) € L*([0,00), M, 4(R) a.s., it
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follows that
= —ﬁ/ d3+/ G(s, X,)dB(s).
0

Combining this with (6.7) gives

/GSX )dB(s ﬁ/ s)ds — Y (t),

and so J is given by (6.2), as claimed. O

6.1. Proof of Theorem 4.3. We start by noticing that v € U(u)
implies that v(t)el*™"! — o0 as t — oo for any € > 0. Therefore with
e =0+ >0 we have

tll{g) ’y(t) - tllgl) fy(t)eﬁte(f_ﬂ)t - tli>rono y(t)eﬁte(E_N)t = 0.

Hence L.eg = 0.
Next, define A = L, K;. If v € U'(u), by L’Hopital’s rule, we have

[ (s)ds 1

lim &%—F— = ——.,
t=oo (1) u
Therefore
pJe Kals)ds ﬁKl dSﬁ Jds _ -1,
N R - ’V(t) i

If 4 = 0, suppose A # 0. Then L,YKQ is not finite, contradicting (4.12).
Therefore, if © = 0, then A = 0. Hence for all u < 0, we have

L,\/Kl = _ML"/K2'
Let Y be defined by (6.1). Then foreachi =1,...,n, Y;(t) == (Y (¢),€;)
is given by

Py(t Z/ ¥ Gy;(s, X,) dB;(s) =: Yi(t), t>0.

Then Y; is a local martlngale with quadratic variation given by

/ %SZG ) ds < /0 |G (s, X,) |7 ds.

Hence, as X(t) — X as t — oo a.s., and X is continuous, it follows
from (2.3) and (2.5) that there is an a.s. finite and F?(co)—measurable
random variable C' > 0 such that

'j<jz

{Yi)

t
Y)(t) < C | P¥2(s)ds, t>0.
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We now consider two possibilities. The first possibility is that (Y;)(t)
tends to a finite limit as ¢ — oo. In this case lim,_., €°'Y;(#) exists and
is finite. Then L,Y; = 0 and L,[ [~ Y (s) ds] = 0 on the event on which
the convergence takes place.

On the other hand, if (Y;)(t) — oo as t — oo, then by the Law of
the Iterated Logarithm, for all ¢ > 0 sufficiently large, there exists an
a.s. finite and F?(0co)—measurable random variable C; > 0 such that

t t
EPY2(t) = YA(t) < 01/ e*P%:2(s) ds log, (e +/ P32 (s) ds) :
0

0
If [77e*52(t)dt < oo, once again L,Y; = 0 and L,[[™ Y (s)ds] =
0. If not, then the fact that 3 € L%*(|0,00),R) yields the estimate
fot e27552(s) ds < P! [ 5%(s) ds, and so
t [e8)
log/ 552 (s) ds < 26t + log/ ¥2(s) ds,
0 0

and so, when fooo e?Pt32(t) dt = oo, we have
¢
Yi(1)]? < C’g/ e P92 (5) ds - logt = CH¥2(1).
0

Hence, if the first part of (4.13) holds, we have L.Y; = 0 and the second
part implies (4.13). Therefore we have

(6.10) L)Y =0, Lv[/ Y(s)ds] =0, as.
Next, by (4.10) and (4.12) and the fact that L,es = 0, we have
LF = —Lyes(BQ + QM) + L, Ky — BQL (e * K1)

_(;__B
(6.11) = <I ﬁ+MQ) LK.

Next, we compute [, F(s) ds as a prelude to evaluating L, [~ F(s) ds.
By (4.10)

/too F(s)ds = —%e_ﬁt(ﬁQ + QM) + Ky(t) — 5Q /too(eﬁ x K1)(s) ds.
Now

/:O(eg K K)(s)ds = (e K1) (t) + ~Ko(t).

g G
Therefore, as L,eg = 0, and (4.12) holds we have

= PL,YKQ — QLV[eﬁ * Kl]
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Hence

o 1
L'Y/ F<8)d8:PL'YK2_Qﬁ—_i_ML'YK17
and so
(6.12) L,J = Lv/ F(s)ds - Xo = (P + QﬁLﬂL) LKy - Xo

Hence, as v € U(u), (6.12) and (6.11) and (4.11) all hold, it follows
that from (6.3) that L,V = L, (X — X) exists and is a.s. finite, and
is given by

LV + [LyFIV (i) + F(p) Ly V = Ly J.
Hence (I+F(u)) L,V = L, J—[L,F]V (). Since (4.11) holds, it follows
that I + F(u) is invertible, and so
(6.13)
Lo (X = Xo) = (I+F(u)™ <L,YJ — L. F] / (X(5) — Xoo)e ds) .

0

This establishes the existence of the finite a.s. limit L. (X — X).
We now determine formulae for L., (X —X ) in the cases where y = 0
and p < 0. From the formula for F', we can readily compute

©010) 1 F) = (1= Q) (14 Kalw) - 5

When p = 0, we have that L,K; =0, so L,F' = 0 and L. J simplifies
to give L,J = P - L Ky - X. Hence

Ly(X —Xy) =T+ F(0) - P- LKy X
Now I + F(0) = P(I + J.° Ki(s)ds) — 7'M =: Cy. The formula for
R, implies that
(P—M+P/ Kl(s)ds) Ry =P,
0

and as M R,, = 0, we have

(6.15) P <I+ /00 K (s) ds) R, =P.
Thus :
L(X-X.)=Cyt-P (I + /OO Ki(s) ds) Roo L Ky Xy
= Cyt - [Co+ 5_10M]ROO LKy - Xoo
= Roo(Ly K2) Xoo,

where we have used the fact that M R,, = 0 at the last step. This
proves part (i).
EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 25



As for part (ii), from (6.13), we have
L,(X —X)
g

=1+ PG (1= 2 05Q) Lok (X 4 X X))}

Since QM = M, by (6.14), we get

(1 _ LQ) (1 + () — %M) ~ T+ F(u).

B+
Due to (4.11), I + F(p) is invertible, and so
N _ ﬁ R 1
6.16 I+F 1([——@ I+Ki(p)—=M)=1.
©10) 1+ ) (1- 5 ) =
Therefore
L’Y(X - XOO)

(e ) s s R

It remains to prove that
Xoo +/ (X(s) — Xoo)pe " ds
0

— ([ + Ky (p) — %M) B (XO + /OOO e MG (s, X,) dB(s)) .

First, we note from (6.3) that (X/—YOO)(M) — (I+F(p))""J (). Using
(6.2), we obtain

(617) 1) = T5—QXo + (ul + 6P) ¥ 1) — 5P [ ¥ (s)ds
+ (/OOOF(s)ds—F(,u)) Xoo-

By (6.14), and as M X, = 0, the last term equals

(6.18) (/OOO F(s)ds — F(u)) Xoo

~{a-Qu R - (1- o)+ K xe
Using integration by parts on (6.7) yields
/t ey (s)ds = —— [ e G(s, X)) dB(s) i 1Y (1),
0
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Since v € U(u), we have y(t)e ™ — 0 as t — oo. Therefore, as
LY =0,

e MY (t) = —= - y(t)e ™ — 0, ast— oo.

Moreover L,Y = 0 and € U(y) implies that Y (u) is finite. Therefore
we have

~ 1

Y(u) = EE /OOO e "G(s, Xs) dB(s).

Since § [V (s)ds = [;° G(s, X,)dB(s), we have

(6.19) (ul + BP)V (1) — P /Ooo Y (s) ds

1 Oo—us — h S S
:Qﬂ+ﬁPh;;LA e G@X@dB@)}ié G(s,X,)dB(s).

Collecting (6.17), (6.18) and (6.19), and using the fact that P = I — @),
we obtain

Xm+Amuma—XQMedezgﬁﬁu+ﬁw»1@&

%%I+Fm»1{(L—E€;Q>Ame“%X&XJM%$

— P/Ooo G(s, X5) dB(s)}
4(I+FWD“{U—QMI+KNW

—(I—BézQ)U+lﬂm»}Xw+Xw

Using (6.14), we get

A 1 B L N
I+F(u)+ﬁTM— <I—ﬁ+ Q2 (I + Ki(w)).
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and since M X, = 0, we may use the last identity, and the formula for
X4 to get

(I+F(u))‘1{(1 _ Q)1+ By (0))

- (1 - ﬁLiuQ) (I + kl(ﬂ))}xm + X

= (I + F(p) "I = Q) + Ki(0) X

= (I 4 F(p) 'P(I + K1(0))Reo <X0 + /OOO G(s, X,) dB(s))

= I+ F(p)~'P (Xo + /OOO G(s, X,) dB(s))

where we have used (6.15) at the last step. Combining this identity
with the last expression for Xo + [;~ (X (s) — Xoo)pe ™ ds, we get

> —us H n -1
Xoo+/ X(s) — Xoo)pue ™ds = ——U+ F QX
[ x() - x S+ ) QX
. 3 o
+U+F 1([——@ e "G(s, Xs)dB(s
( (1)) 7.9 | (s, Xs) dB(s)
+ (I +F(p)'PX,.
The first and third terms on the righthand side combine to give
. B 6] )
I+ F T —-=-—"——0| X,
1+ 7 (1- 70) x
so by (6.16) we have

Xoo +/ (X(s) = Xoo)pe ™ ds =
0

(I + Ky () — iM) h (XO + /OOO e "G(s, X;) dB(S)) ,

as required to prove part (ii).
Acknowledgement

The author is pleased to thank David Reynolds and Siobhédn Devin for
discussions about this problem. He also wishes to thank the organ-
isers of the 8th Colloquium on the Qualitative Theory of Differential
Equations for the invitation to present his research at this conference.

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 28



1]
2]

3]

[10]

[11]

REFERENCES

J. A. D. Appleby. p**-mean integrability and almost sure asymptotic stability
of Ttd-Volterra equations. J. Integral Equations Appl., 15(4), 321-341, 2003.
J. A. D. Appleby. Almost sure subexponential decay rates of scalar It6-Volterra
equations, Electron. J. Qual. Theory Differ. Equ., Proc. 7th Coll. QTDE, 2004,
No.1, 1-32.

J. A. D. Appleby, S. Devin, and D. W. Reynolds. On the asymptotic con-
vergence to a non—equilibrium limit of solutions of linear stochastic Volterra
equations. J. Integral Equ. Appl., 2007 (to appear).

J. A. D. Appleby, S. Devin, and D. W. Reynolds. Mean square convergence
of solutions of linear stochastic Volterra equations to non—equilibrium limits.
Dynam. Con. Disc. Imp. Sys. Ser A Math Anal., 13B, suppl., 515-534, 2006.
J. A. D. Appleby, I. Gyéri, and D. W. Reynolds. On exact rates of decay of
solutions of linear systems of Volterra equations with delay. J. Math. Anal.
Appl., 320 (1), 56-77, 2006.

J. A. D. Appleby and D. W. Reynolds. Subexponential solutions of linear
integro—differential equations. Proceedings of Dynamic Systems and Applica-
tions TV, 488-494, 2004.

J. A. D. Appleby and D. W. Reynolds. Subexponential solutions of linear
integro-differential equations and transient renewal equations. Proc. Roy. Soc.
Edinburgh Sect. A, 132(3), 521-543, 2002.

J. A. D. Appleby, C. Swords. Asymptotic behaviour of a nonlinear stochastic
difference equation modelling an inefficient financial market. Difference Equa-
tions and Applications in Kyoto. Adv. Stud. Pure Math., Math. Soc. Japan,
Tokyo, 8pp, to appear.

M. A. Berger and V. J. Mizel. Volterra equations with It6 integrals. J. Integral
Equ., 2(3):187-245, 1980.

N. H. Bingham, C. M. Goldie, and J. L. Teugels, Regular variation, Encyclo-
pedia of Mathematics and its Applications, vol. 27, Cambridge, 1989.

T. A. Burton. Fixed points and differential equations with asymptotically con-
stant or periodic solutions. E. J. Qualitative Theory of Diff. Equ., (11):1-31,
2004.

V. P. Chistyakov. A theorem on sums of independent positive random variables
and its application to branching random processes Theory Probab. Appl., 9,
640-648, 1964.

J. Chover, P. Ney, and S. Wainger. Functions of probability measures. J. Anal-
yse. Math., 26, 255-302, 1972.

K. L. Cooke and J. A. Yorke. Some equations modelling growth processes and
gonorrhea processes. Math. Biosciences, (16):75-101, 1973.

T. Krisztin and J. Terjéki. On the rate of convergence of solutions of linear
Volterra equations. Boll. Un. Mat. Ital. B, 7(2-B):427-444, 1988.

X. Mao. Stability of stochastic integro—differential equations. Stochastic Anal.
Appl, 18(6):1005-1017, 2000.

X. Mao and M. Riedle. Mean square stability of stochastic Volterra integro—
differential equations. System Control Lett, 2004.

M. Pituk. The Hartman—Wintner Theorem for Functional Differential Equa-
tions. J. Differ. Equ., 155 (1), 1-16, 1999.

M. Reif}, M. Riedle and O. van Gaans. On Emery’s inequality and a variation-
of-constants formula. Stoch. Anal. Appl. (to appear).

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 29



[20] D. Revuz and M. Yor. Continuous Martingales and Brownian Motion. Third
edition. Springer, New York, 1999.

[21] L. C. G. Rogers and D. Williams. Diffusions, Markov processes, and martin-
gales. Vol. 2. Cambridge Mathematical Library. Cambridge University Press,
New York, 2000.

(Received August 31, 2007)

SCHOOL OF MATHEMATICAL SCIENCES, DUBLIN CITY UNIVERSITY, DUBLIN
9, IRELAND

E-mail address: john.appleby@dcu.ie

URL: http://webpages.dcu.ie/ applebyj

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 30



