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z(t) ≥ z(t3) + c
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∞
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t → ∞
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±
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±
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lim
t→∞

z(t) = c, −∞ < c ≤ 0.

·
 �

®MR XV_KWRWKROO V[
x(t)

\ NRYWO
lim sup

t→∞

x(t) = a
b
0 ≤ a < ∞

± ®MRK LMRSR
R� NOLO Q OR^_RKUR

{tk}
O_UM LMQL

lim
k→∞

tk = ∞
b

lim
k→∞

x(tk) = a
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a > 0
b
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ε = a(1−p)

2p

TR ORR LMQL
x[τ(t)] < a + ε
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0 ≥ lim
k→∞

z(tk) ≥ lim
k→∞

(

x(tk) − p(a + ε)
)

=
a

2
(1 − p) > 0.

®M_O
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t→∞
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±
�
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1
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>
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α
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·��
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b
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1
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≥
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α
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Rα [σ(t)] q(t) −
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α
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1
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Rα [σ(s)] q(s) −

(

α

α + 1

)α+1
σ′(s)

R [σ(s)] r
1

α [σ(s)]

]
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≥ ε
[

lnR [σ(t)] − ln R [σ(t1)]
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→ ∞
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t → ∞.
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∫

∞
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[σ(s)]αq(s) −
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α

α + 1
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σ′(s)
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]

ds = ∞,
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∫

∞
[
∫

∞

u

q(s) ds
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1

α

du = ∞,
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∣

∣
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x(t) − p(t)x [τ(t)]
]

′
∣

∣

α−1[
x(t) − p(t)x [τ(t)]

]

′

]

′

+

+ q(t)
∣

∣x [σ(t)]
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∣

α−1
x [σ(t)] = 0
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±
�
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∫

∞
[

R [σ(s)] q(s) −
σ′(s)
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]
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∫
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∞
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]

′

]

′
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±

�
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��# #����$ %
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&���� % �RL x(t)
NO Q P VONLNaR OVY_LNVK V[

(E−)
± � S�_NK� R�QULY\ QO NK LMR

PSVV[ V[ ®MRVSRZ
2.1

TR UQK OMVT LMQL
z(t) < 0

± J[
{tk}

NO Q OR^_RKUR V[
�RSVO V[

p(t)
b LMRK

0 > z(tk) = x(tk) − p(tk)x(τ(tk)) > 0.

®MQL NO Q UVKLSQWNULNVK ±
�

¶VT TR T NYY _OR OV�UQYYRW LMR NKLR�SQY QaRSQ� NK� LRUMKN^_R ± �RL _O UVK�
ONWRS Q [_KULNVK

H(t, s)
OQLNO[\ NK� LMR [VYYVT NK� PSVPRSLNRO


N�
H(t, s) > 0

[VS
t > s ≥ t0

b

NN�

H(t, t) = 0
QKW ∂H(t,s)

∂s
< 0

±
¯RKVLR

h(t, s) =
−∂H(t,s)

∂s
√

H(t, s)
,

Q(t, s) =
√

H(t, s) ·
ασ′(s)

R[σ(s)]r
1

α [σ(s)]
− h(t, s) ,

[VS
t > s .

)*�+,�� 
 �
 -�� α ≥ 1 ��� (3)  �#�� % � ��"� � � �� � �� � �� � k ∈ (0, 1)

lim sup
t→∞

1

H(t, t1)

∫ t

t1

[

H(t, s)Rα [σ(s)] q(s)

−
R [σ(s)] r

1

α [σ(s)]

4αkσ′(s)
Q2(t, s)

]

ds = ∞.

´´�

/ �� ����$ ����� ��# #����$ � �#"���� �� 0 !% (E−) ����� �� 1 ��� �� t → ∞ %
& ���� % � OO_ZR LV LMR UVKLSQS\ LMQL

x(t)
NO Q KVKVOUNYYQLVS\ OVY_LNVK V[

«^ ±
(E−)

± � NLMV_L YVOO V[ �RKRSQYNL\ TR ZQ\ QOO_ZR LMQL
x(t) > 0.

°SV�
URRWNK� ONZ NYQSY\ QO NK LMR PSVV[ V[ ®MRVSRZ ´ ±· TR MQaR

z(t) > 0, z′(t) > 0QKW _ONK� LMR [QUL LMQL
[r(t) (z′(t))α]

1

α
NO KVKNKUSRQONK� b TR ORR LMQL [VS QK\

k1 ∈ (0, 1)
QKW [VS QYY YQS�R

t


t ≥ t1

�

z [σ(t)] ≥

∫ σ(t)

t1

z′(s)ds =

∫ σ(t)

t1

1

r
1

α (s)

(

r
1

α (s)z′(s)
)

ds

≥ r
1

α [σ(t)] z′ [σ(t)]
(

R [σ(t)] − R(t1)
)

> k1R [σ(t)] r
1

α [σ(t)] z′ [σ(t)] .

´.�
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®Q� NK� NKLV QUUV_KL
(23)

QKW LMR ZVKVLVKNUNL\ V[
r(t) [z′(t)]α ,

TR UVKUY_WR
LMQL

z′ [σ(t)]

z [σ(t)]
=

1

r [σ(t)]
·
r [σ(t)]

[

z′ [σ(t)]
]α

zα [σ(t)]
·

(

z [σ(t)]

z′ [σ(t)]

)α−1

≥
r(t)

[

z′(t)
]α

zα [σ(t)]
·
kRα−1 [σ(t)]

r
1

α [σ(t)]
≥

k

R [σ(t)] r
1

α [σ(t)]
w(t)


´
 �

TMRSR
k = kα−1

1 ∈ (0, 1) .
� ONK� LMR [_KULNVK

w(t)
WR�KRW NK

(8)
b
w′(t)

NK
(9)

QKW LMR NKR^_QYNL\
(24)TR VXLQNK

w′(t) ≤
ασ′(t)

R [σ(t)] r
1

α [σ(t)]
w(t) − Rα [σ(t)] q(t)

−αRα [σ(t)] σ′(t)
r(t)

[

z′(t)
]α

zα [σ(t)]
·
z′ [σ(t)]

z [σ(t)]

≤
ασ′(t)

R [σ(t)] r
1

α [σ(t)]
w(t) − Rα [σ(t)] q(t) −

αkσ′(t)

R [σ(t)] r
1

α [σ(t)]
w2(t).

�_YLNP Y\ NK� LMNO NKR^_QYNL\ T NLM
H(t, s) > 0

QKW [VYYVT NK� NKLR�SQLNK�
[SVZ

t1
LV

t
TR MQaR
∫ t

t1

H(t, s)Rα [σ(s)] q(s)ds ≤

≤

∫ t

t1

H(t, s)
ασ′(s)

R [σ(s)] r
1

α [σ(s)]
w(s)ds

−

∫ t

t1

H(t, s)
αkσ′(s)

R [σ(s)] r
1

α [σ(s)]
w2(s)ds −

∫ t

t1

H(t, s)w′(s)ds.

¶VT NKLR�SQLNK� 
P RS PQSLRO� [SVZ
t1

LV
t
QKW _ONK� WR�KNLNVK V[ LMR [_KULNVKO

h(t, s)
QKW

Q(t, s)
TR QSR YRW LV

∫ t

t1

H(t, s)Rα [σ(s)] q(s)ds ≤

≤ H(t, t1)w(t1) −

∫ t

t1

H(t, s)
αkσ′(s)

R [σ(s)] r
1

α [σ(s)]
w2(s)ds

+

∫ t

t1

√

H(t, s)

[

√

H(t, s) ·
ασ′(s)

R [σ(s)] r
1

α [σ(s)]
− h(t, s)

]

w(s)ds ≤

«¬­®¯« b °SVU ± ²LM ³VYY ± ­®¯« b ´µµ² ¶V ± ·´ b P ± ·µ



≤ H(t, t1)w(t1)

−

∫ t

t1

H(t, s)
αkσ′(s)

R [σ(s)] r
1

α [σ(s)]
w2(s)ds +

∫ t

t1

√

H(t, s)Q(t, s)w(s)ds.

³VKOR^_RKLY\
∫ t

t1

H(t, s)Rα [σ(s)] q(s)ds ≤

≤ H(t, t1)w(t1) +

∫ t

t1

R [σ(s)] r
1

α [σ(s)]

4αkσ′(s)
Q2(t, s)ds

−

∫ t

t1





√

H(t, s)
αkσ′(s)

R [σ(s)] r
1

α [σ(s)]
w(s) −

1

2

√

R [σ(s)] r
1

α [σ(s)]

αkσ′(s)
Q(t, s)





2

ds.

®MRSR[VSR
1

H(t, t1)

∫ t

t1

[

H(t, s)Rα [σ(s)] q(s)

−
R [σ(s)] r

1

α [σ(s)]

4αkσ′(s)
Q2(t, s)

]

ds ≤ w(t1).

�RLLNK�
t → ∞

TR �RL LMR UVKLSQWNULNVK T NLM
(22)

± ®MR SROL V[ PSVV[ NO ONZ NYQS
LV LMR PSVV[ V[ ®MRVSRZ ´ ±´ ±

�

�RL _O MQaR
H(t, s)

WR�KRW X\
(25)

±

H(t, s) = (t − s)n, n
NO Q PVONLNaR NKLR�RS ± 
´��

®MRK ®MRVSRZ ´ ±´ PSVaNWRO LMR [VYYVT NK� USNLRSNVK �

)*�+,�� 
 �� -�� α ≥ 1 ��� (3)  �#�� % � ��"� � � �� � �� � �� � k ∈ (0, 1)

lim sup
t→∞

1

(t − t1)n

∫ t

t1

[

(t − s)nRα [σ(s)] q(s)

−
R [σ(s)] r

1

α [σ(s)]

4αkσ′(s)
Q2(t, s)

]

ds = ∞,

´��
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� ���
Q(t, s) = (t − s)

n

2

(

ασ′(s)

R
[

σ(s)
]

r
1

α [σ(s)]
−

n

t − s

)

.

/ �� ����$ ����� ��# #����$ � �#"���� �� 0 !% (E−) ����� �� 1 ��� �� t → ∞ %
� ��	,� � / ����� � %� �� ����� ���"#�� � ��� ����� � �� � �"���# ��� �������#
�!"������ �� � � � ��� �

(

x(t) − px(t − τ)
)

′′

+ q(t)x [σ(t)] = 0,

(

x(t) ± p(t)x [τ(t)]
)(n)

+ q(t)x [σ(t)] = 0,
(

x(t) − p(t)x [τ(t)]
)(n)

+ q(t)f
(

x [σ(t)]
)

= 0

� ��� ����� �� 	.� � 	´� ��� 	�� %
� ��	,� 
 &"����� p(t) ≡ 0� / ����� � %� � �� ���#�1 �� ���" #�� � ��� ����� ��	
� ��� 	�� � � ��� � � ��� �������# �!"������ �� � � � ��� (E1) ��� ��"����%
� ��	,� � / ����� � � %�� � %� ��� � %� ���� #�� ��� ���" #�� � ��� ����� �� 	·b ²� �� ��� �"� ��� ���# � �� � � � �"���# ��� �������# �!"������ �� � � � ��� (E2)�
���� ����� �#$ (E3) %
��	�	 �� � 
� �������� ��� �������# �!"�����

[

∣

∣

∣

∣

(

x(t) − px

(

t

2

))

′
∣

∣

∣

∣

α−1(

x(t) − px

(

t

2

))

′

]

′

+

+
2αβα(2p − 1)α

tα+1

∣

∣x(βt)
∣

∣

α−1
x(βt) = 0,


´��
� �� t > 0� r(t) = 1, τ(t) = t

2
, p(t) = p� 1

2
< p < 1, σ(t) = βt� 0 < β < 1�

q(t) = 2αβα(2p−1)α

tα+1 % ��

2αβ2α(2p − 1)α >

(

α

α + 1

)α+1

,

� �� �$ / ����� � %� ����$ ����� ��# #����$ � �#"���� �� 0 !% 
´�� ����� �� 1 ���
�� t → ∞ % ��� �� � � � �#"����� �� 0 !% 
´�� �� � �� �� ��� #� x(t) = 1

t
%
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	·� � � ���������� ��� � � ������� b �� ��# #����� �������� � �� � ����� �����
�������� ��� �������# �!"������ b ³¯¯«� ´µµ� b �L_WNRO V[ LMR �KNaRSONL\
V[ 	 NYNKQ 
LV QPP RQS� ±

	´� 
 � ����
�� b �� ��# #����� � ����� � � �� � �"���# ��� �������# �!"������ ��
 �� �� �����b ³�RUMVOYVaQ� � QL ± ¬V_SKQY b �
 
·´�� 
´µµ
� b ·µ�� ··� ±

	.� 
 � ����
�� ��� � � � 
�������� b �� ��# #����� �������� � �� � ����� �����
� �"���# ��� �������# �!"������ b � QLMRZ QLNUQ �VMRZ NUQ b KV ± ´ 
´µµµ� b ·
��
·�. ±

	
� 
 � ����
�� ��� � �� � ���������� 
� b �� ��# #����� �������� � �� � ������
����� ��#�$ ��� �������# �!"������ b �PPYNRW � QLM ± QKW ³VZP_LQLNVK ·
µ

´µµ.� 

��
�. ±

	�� � �� � ����� � 
 �� � � 
�������� ��� � � ����� b �� �!"�#������ � �����
��%b ³QZXSNW�R �KNaRSONL\ °SROO b ³QZXSNW�R b ·��´ ±

	�� � � ������� b �� � � �� ��# #����� �� � � � �#"����� �� � � � �� ����� � "� ��
�����# � �"���# ��� �������# �!"������ b ¬V_SK ± V[ « YRULS ± «K� NKRRSNK� b aVY ±�
 b KV ±·´�O 
´µµ.� .��
µ ±

	�� � �� � ��� ��� � � � ���! b " ��� �� � � ��� �� �� #$"���� ���% �����"#�& �� b �PPYNRW � QLM ± QKW ³VZP_LQLNVK ·�
 
´µµ�� ·�.
� ·�
 ·±
	²� ' � (� ��� � � � ���! b % �� � � �� �� ��# #����� �������� � �� � ����� ���

��� !"����#�� ��� � �"���# ��#�$ ��� �������# �!"������ b �PPYNRW � QLM ± QKW
³VZP_LQLNVK ·²´ 
´µµ�� ����²µ. ±


� RURNaRW �_�_OL ·. b ´µµ��

¯RPQSLZ RKL V[ �PPYNRW � QLMRZ QLNUO QKW �_ONKROO JK[VSZ QLNUO b `QU_YL\ V[
«UVKVZ NUO b ®RUMKNUQY �KNaRSONL\ V[ )V*NUR b ¶ +ZUVaR, .´ b µ
µ µ· )V*NUR b
� YVaQ� NQ ±
0
�� ��# ������� - WQOQ ±YQU�VaQ. L_�R ±O�

«¬­®¯« b °SVU ± ²LM ³VYY ± ­®¯« b ´µµ² ¶V ± ·´ b P ± ·.


