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On Nonlinear Spectra for some Nonlocal
Boundary Value Problems

Natalija Sergejeva *

Abstract

We consider some second order nonlinear differential equation with
nonlocal (integral) condition. This spectrum differs essentially from the
known ones.

1 Introduction

Investigations of Fucik spectra have started in sixties of XX century. Let us
mention the work [5] and the bibliography therein. Of the recent works let us
mention [8], [9]. The Fucik spectra have been investigated for the second order
equation with different two-point boundary conditions. There are fewer works
about the higher order problems.

Our goal is to get formulas for the spectra (A, p) of the second order BVP

o { —(a+ Vp2ot2 |z 22, if x>0, (1)
Tl (B DA g2, if 2 <0,

(>0,8>0,\>0, p>0) with the boundary conditions

z(0) =0, z(s)ds = 0. (2)
/

The spectra were obtained under the normalization condition |z’(0)| = 1,
because without this condition problems may have continuous spectra.
This paper is organized as follows.
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We try to extend investigation of Fucik type spectra in two directions. The
first one considers the classical equation with integral boundary condition ([10]).
The second direction deals with equation of the type z”/ = —puf(z™) + Ag(z™)
and the good reference is the work [9].

In Section 2 we present results on the Fuéik spectrum for the problem z” =
—p2xt + X2z~ with the boundary conditions (2).

In Section 3 we consider the equation (1) with Dirichlet conditions.

In Section 4 we provide formulas for Fuéik spectrum of the problem (1), (2).
This is the main result of our work.

Our formulas for the spectra are given in terms of the functions S, (t) and
Ss(t), which are generalizations of the lemniscatic functions [11] (sl¢ and clt),
and their primitives I, (t) and Ig(t). Some properties of these functions are given
in Subsection 4.1. The formulas for relations between lemniscatic functions
and their derivatives are known from [3].The specific case of « = 0, § = 1 is
considered in details as in Example.

2 About some nonlinear problem with integral
condition

Consider the second order BVP
o = —plaet + N2, A >0, (3)

where 27 = max{z,0}, 2= = max{—z,0}, with the boundary conditions

z(0) = 0; /x(s)ds =0. (4)

Definition 2.1 The Fucik spectrum is a set of points (A, u) such that the prob-
lem (3), (4) has nontrivial solutions.

The first result describes decomposition of the spectrum into branches F;"’
and F;” (:=0,1,2,...) for the problem (3), (4).

+0oo
Proposition 2.1 The Fuéik spectrum . = |J ﬂi consists of a set of branches
i=0
F ={(\ u)| 2/(0) > 0, the nontrivial solution x(t) of the problem has ezactly
i zeroes in (0,1)};
F7 ={(\p)] 2'(0) <0, the nontrivial solution z(t) of the problem has exactly
i zeroes in (0,1)}.
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+o0
Theorem 2.1 ([10], section 2) The Fucik spectrum Y = |J F for the prob-
i=1

1=

lem (3), (4) consists of the branches given by

. . A .
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where i =1,2,....
Visualization of the spectrum to this problem is given in Figure 1.
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Fig. 1. The Fucik spectrum for the problem (3), (4).
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3 Spectrum for the Fuéik type problem with
Dirichlet conditions

Consider the equation

o { —(a+ Dp2er2|z2op, i x>0, (5)
Tl =B+ )N, if 2 <0,

with the boundary conditions
z(0) ==2(1) =0, [2/(0)| =1, (6)

where a, 3 >0, A\, u > 0.
+

Theorem 3.1 ([9], subsection 3.2.1) The Fuéik spectrum Y. = |J F for

=0
the problem (5), (6) consists of the branches given by

FOJr :{()‘aQAa)}v

Fr = {eanm)

+

24, 24
Fyt :{()\,,u)‘z . zTﬁzl},

£y :{()\,u)’(i—i—l)Qia—i—iT 1},

Py = {(A,u)’ iQi”‘ +i¥ = }

_ 240 . 245
B ={0m|i= =+ a0 =1},

1,2

1 1
ds ds .
where Ay = | —=2—, Ay = | —£&— i =
o { s AB { o 2,

The respective Fuéik spectrum in the case of semilinear problem (for o = 0,
p=1)
o = =Pt 4203 A >0, 2(0)=x(1)=0, [Z/(0))=1 (7)
is depicted in Figure 2.

Remark 3.1 To simplify our formulas we consider equation in the form (5),
but in the work [9] the authors consider the eguation x”" = —px™ + Ax~.
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Fig. 2. The Fucik spectrum for the problem (5), (6), the first six pairs
of branches.

4 Spectrum for the Fucik type problem with in-
tegral condition

4.1 Some auxiliary results
The function S, (t) is defined as a solution of the initial value problem
" = —(n+1)z* T z(0) =0, 2'(0)=1. (8)

where n is a positive integer.

Functions Sy, (t) possess some properties of the usual sint functions (notice
that Sp(t) = sint). We mention several properties of these functions which are
needed in our investigations. The functions S, (t):

1. are continuous and differentiable;
; d
C o - . . s .
2. are periodic with the minimal period 4A4,,, where A, = Of Nierict

3. take maximal value +1 at the points (4é + 1) A, and minimal value —1 at
the points (4i — 1)A4,, (¢ =0,£1,+2,...);
4. take zeroes at the points 2iA,,.

For boundary value problems with the integral condition the following re-
mark may be of value.
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Consider

L(t) = / S.(€) de. (9)

This function is periodic with minimal period 4A4,, and can be expressed in
terms of the so called hypergeometric functions.
Remark 4.1 A solution of the problem
" = —(n+ 1)y 2|z * 2, xz(0) =0, 2'(0) =1. (10)

can be written in terms of Sy(t) as x(t) = =Sy (yt).

4.2 The spectrum
Consider the problem

v —(a+Dp2et2zffor, i x>0,
o ={ —(B+ VA2, iz <0, (11)
1
2(0) = 0, /x(s)ds —0, |#(0) =1, (12)
0

where «, 5 >0, A, u > 0.

+oo
Theorem 4.1 The Fuéik spectrum Y. = |J F for the problem (11), (12)
i=1

consists of the branches given by

A 2iAA,
Fi = {um| iS1a240) = (i = D5 15245) + § 1500 — === —2i45) = 0,
240 245, 240 245
2By < 208
i+ )\(z 1) <1, uz—i— )\z>1},
A A 21 A
B = {0 2 a(240) — i505(240) + 7 Tali— =5 —2i40) = 0,
2Aa,+2Aﬁ,<1 2Aa(,+1)+2A5,>1}
. i Y < . i 3 ! ,
_ Ny . A A 2iuA )
Fy oy = {(Avﬂ) ZXIB(QAH) —(i— 1);Ia(2Aa) + ;Ia(.“ - Tﬁ —2i4,) =0,
214(1(. 1)+2A5_<1 2Aa.+2Aﬁ_>1}
p 1 Y=L p 1 P ,
A 2iMA,,
Fy = {(Avﬂ)‘ lgIB@Aﬁ) - i;Ia(2Aa) + %Iﬁ()‘ ~ 2L 9idg) =0,
24, 245 . 24, 244
i+ B <, 2y (z—|—1)>1},
I A W A

where 1 =1,2,....
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Proof. Consider the problem (11), (12).

It is clear that z(t) must have zeroes in (0,1). That is why Fy- = 0.

We will prove the theorem for the case of F; . Suppose that (A, u) € Fy_,
and let z(t) be a respective nontrivial solution of the problem (11), (12). The
solution has 2i — 1 zeroes in (0,1) and 2’(0) = 1. Let these zeroes be denoted
by 71, 72 and so on.

Consider a solution of the problem (11), (12) in the intervals (0,7), (71, 72),

.+, (m2i-1,1). Notice that |z/(r;)] =1 (j = 1,...,2i — 1). We obtain that
the problem (11), (12) in these intervals reduces to the eigenvalue problems.
So in the odd intervals we have the problem z” = —(a + 1)p2* 2222+ with
boundary conditions z(0) = z(71) = 0 in the first such interval and with bound-
ary conditions x(72;—2) = x(72;—1) = 0 in the remaining ones, but in the even
intervals we have the problem 2 = —(3 + 1)A2/+2226+! with boundary con-
dition z(72;—3) = z(72;—2) = 0 in each such interval, but for the last one the
only condition is 2(72;—1) = 0. In view of (12) a solution z(t) must satisfy the
condition

T1 T3 T2i—1
/x(s)ds + /x(s)ds +...F / z(s)ds =
0 - T2i—2
T T4 1
= ‘/x(s)ds +/x(s)ds +...+ / x(s)ds‘ (13)
- 73 o1
Since z(t) = S, (ut) in the interval (0,71) and (7)) = 0 we obtain 7, = 2‘%.

Similarly we obtain for the other zeroes

24, 244
m="04 ZE
I A
2A, 2A
7'3:2 +—)\ﬁ,
24, 24
i—2=(i—1 L —1)——,
Tai—2 = (i )M +-1)=

240 . 24
=1 B eilc
Toi_1 zM + (¢ )>\

In view of these facts it is easy to get that [ z(s)ds = 251, (244).
0

M
Analogously
T3 s T2i—1
/x(s)ds = /x(s)ds =...= / z(s)ds = —1a(244)
T2 T4 T2i—2
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Therefore

'l T3 T2i—1
1
/x(s)ds + /z(s)ds +...+ / z(s)ds = i—14(244).
7
0 T2 T2i—2

Now we consider a solution of the problem (11), (12) in the remaining inter-

vals. Since z(t) = —Sg(At — Amy) in (71, 72) we obtain f s)ds = —3513(2Ap).

T1

Analogously
T4 6 T2i—2
/x(s)ds = /x(s)ds =...= / x(s)ds = _EIB(QAE)
T3 75 T2i—3

But in the last interval (72;,-1,1) we obtain

1

1 2A,
/ z(s)ds = F a(A— )\Tz —2Ag1).
T2i—1
It follows from the last two lines that
T2 T4 T2i—2 1
‘/x(s)ds—i—/x(s)ds—i—...—i— / x(s)ds + / x(s)ds| =
T1 T3 T2i—3 T2i—1

2A
« . o 2A . .
p i m)

. 1 1
= (i = 1)331s(245) = 55 1s(A = A

In view of the last equality and (13) we obtain

1 1 1 924, )
i—1a(240) = (i — 1))\2 5(245) — pIﬁ( ).
Multiplying it by pA, we obtain
2NA,
“la(240) = (i - 1)%1[5(214[,) + glﬁ(A _ 2% 9iAg) =0, (14)
Considering the Solution of the problem (11), (12) it is easy to prove that
7—2i71§1<7_2i 2A 2A/3(Z71)<1<2A Z+2A/3 .

This result and (14) prove the theorem for the case of F,;_ ;. The proof for
other branches is analogous. B

Remark 4.2 If o = § = 0 we obtain the problem (3), (4). The spectrum of
this problem is given in Figure 1.
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4.3 Some properties of the spectrum

Now we would like to point out some properties of the spectrum for the problem
(11), (12).

Theorem 4.2 The following properties of the spectrum for the problem (11),
(12) hold:

1. the union of the positive branches and the negative ones form the contin-
UOUS CUTVES;

2. each branch is finite;

3. the positive part of the spectrum and the negative one intersect at the points
(i(% +2A43),1(2AgA + 2Aa)). These points belong to the straight line
= AA. The odd-numbered and the even-numbered branches are separated
by these points.

4. the even-numbered and the odd-numbered branches are separated by the

points
B 0 Py = (Vili+ 1)22“ +i245;240/i(i + DA + (i +1)244)),
FyNFy = ( i(i + 1)22“ + (i +1)245;245/i(i + 1)A +¢2AQ)),
where A = /12@4a) ;1 9

Proof. The properties 1 and 2 are direct consequence of the proof of
Theorem 4.1.

The proof of the properties 3 and 4.

It is clear that the positive part of the spectrum and the negative one in-
tersect at the point in which the odd branches of the Fué¢ik spectrum for the
problem (11), (12) intersect with the respective branches of the problem (5),
(6).

Thus there are such (A, u) values that

24, 24
ekl i | (15)
A
and at the same time
1 1
In view of (16) we obtain that p = A ﬁzgﬁ;; . It follows from this expression

and (15) that A = i(2Aa e 2Ag), but p = i(2Aa + 245,/ ggﬁ;;)
This result proves the property 3. The proof for the property 4 is analogous.
|
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4.4 The example for a =0, f =1

Now we consider the problem (11), (12) for the case of « =0, 5 = 1.
The problem can be written also as

o = —pPat 22 (@7)?, A >0, (17)

7 =max{z,0}, 2~ = max{—=,0}

with the boundary conditions
1
x(0) =0, /x(s)ds =0, [2'(0)]=1. (18)
0

Theorem 4.3 The Fudik spectrum for the problem (17), (18) consists of the
branches given by

2%\ 2% —1 parctancl (A — AZi — 243
By o] A izt gm0 A —24)
Z %A A 42A A
™ T
LD <1l i s
ZH+( ))\_,zu+z>\>},
Fy ={(A,u)‘ (2i+1))\_@z_)\cos(ufu%ifm') o,
p A4 p

UL ('+1)7T+'2A>1}
lﬂ i <1 . i~ ,

2ipm (2 — 1A Acos(u — p2di — i)

Fi. = _ = —
21—1 {()‘a :U/) )2\A4 9 1 0;
™ ™
oFL A, T 24
(i 1)H+2)\ <1, zM—i-z)\ >1}7
21+ 1 2\  parctancl (A — AZ7 — 245
By = o BT 28 (A= Afi-2)
A 4 I A
UL 'W+(‘+1)2A>1}
lﬂ i~ < ,zu i 3 ,

1
where cl (t) is the lemniscatic cosine function, A = J T L= 1,2,....

Proof. We will prove this theorem only for F,; ;. The proof for other branches

is analogues.
It is well-known that Sy(t) = sin(t), S1(t) = sl(t), where slt is the lemnis-
catic sine function.

¢
It is known ([1]) that [ slsds = & — arctanclt.
0

Direct computation shows that Ag =

[SE.
Tl

| |
»

|

NJE]
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Thus we obtain

™

1h(240) = Ip(7) = /sins ds =2,

0
IL(24) = T arctancl2d = = — arctan(—1) = QE,
4 4 4
2i\ 2i\
L= 220 94y =2 _arctancl (A — 2275 — 2;4).
% 4 %

Equation from Theorem 4.1 using these expressions can be written as

A 2\
iSIo(r) — (i — D)EREA) + Eno— 225 —2i4) =
I A A
A 2\
= 2@'; —2(i— 1)%% + %(g —arctancl (A — Zﬂﬂ- —2iA)) =
20\ 2t —1 20\
-2 GEDIT K retamel (n~ 227 i) =0,

[
Visualization of the spectrum to this problem is given in Figure 3.

1z
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15
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5 10 15 zoA
Fig. 3. The Fucik spectrum for the problem (17), (18).

It is easy to see that all properties mentioned in Theorem 4.2 hold.

Remark 4.3 Let us mention also that the proof of Theorem 4.3 can be con-
ducted as that for the Theorem 4.1.
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