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1 Introduction

Fractional differential equations have recently been proved to be valuable tools in the mod-
eling of many phenomena in various fields of engineering, physics, economics and science.
We can find numerous applications in viscoelasticity, electrochemistry, control, porous media,
electromagnetic, etc. [26,27,35,37]. In recent years, there has been a significant development
in fractional differential equations. One can see the monographs of Abbas et al. [1,2], Kilbas
et al. [31], Lakshmikantham et al. [32], Miller and Ross [38], Podlubny [40], Zhou [46], and the
papers [3-5,10,17-20,24,34,41,42] and the references therein.

On the other hand, the most important qualitative behavior of a dynamical system is
controllability. It is well known that the issue of controllability plays an important role in
control theory and engineering [7, 8,12, 15] because they have close connections to pole as-
signment, structural decomposition, quadratic optimal control and observer design etc. In
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recent years, the problem of controllability for various kinds of fractional differential and
integro-differential equations have been discussed in [6,16,44].

El-Sayed and Ibrahim initiated the study of fractional differential inclusions in [25]. Re-
cently several qualitative results for fractional differential inclusion were obtained in [11,14,
39]. Recently, Benchohra et al. [9] studied the existence and controllability results for fractional
order integro-differential inclusions with state-dependent delay in Fréchet spaces. Wang and
Zhou [45] investigated the existence and controllability results for fractional semilinear differ-
ential inclusions.

Motivated by the papers cited above, in this paper, we consider the controllability results
for fractional order integro-differential inclusions with infinite delay described by the form

D]x(t) € Ax(t) + Bu(t) + /Ota(t,s)F(s, xs,x(s)) ds, te]=10T], (L.1)

xo=¢ € B, te (—o0,0],

where D] is the Caputo fractional derivative of order 0 < g < 1, A generates a compact and
uniformly bounded linear semigroup S(-) on X, F: | x B x X — P(X) is a multivalued map
(P(X) is the family of all nonempty subsets of X), a: D — R (D = {(t,s) € [0,T] x [0,T] :
t >s}), ¢ € B where B is called phase space to be defined in Section 2. B is a bounded linear
operator from X into X, the control u € Lz( J; X), the Banach space of admissible controls. For
any function x defined on (—oo, T| and any ¢ € ], we denote by x; the element of 5 defined by

x¢(0) = x(t+0), 6 € (—o0,0].

Here x; represents the history of the state up to the present time ¢.

Our results are based on the Dhage fixed point theorem and the semigroup theory. To our
knowledge, very few results are available for controllability for fractional integro-differential
inclusions. So the present results complement this literature.

The paper is organized as follows. In Section 2 some preliminary results are introduced.
The main result is presented in Section 3, and an example illustrating the abstract theory is
presented in Section 4.

2 Preliminaries

Let (X, | - ||) be a real Banach space.

C = C(J, X) be the space of all X-valued continuous functions on J.

L(X) be the Banach space of all linear and bounded operators on X.

L'(J, X) the space of X-valued Bochner integrable functions on | with the norm

T
Iyl = [ Iyl e
L*®(],R) is the Banach space of essentially bounded functions, normed by
lyllLe =inf{d > 0:|y(t)| <d, ae. t € J}.

Denote by Py(X) = {Y € P(X) : Y closed}, Py(X) = {Y € P(X) : Y bounded},
Pp(X) = {Y € P(X) : Y compact}, Py (X) = {Y € P(X) : Y compact, convex}.
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A multivalued map G: X — P(X) is convex (closed) valued if G(X) is convex (closed)
for all x € X. G is bounded on bounded sets if G(B) = UyepG(x) is bounded in X for all
B € Py(X) (i sup,cp{sup{[lyll : y € G(x)}} < o0).

G is called upper semi-continuous (u.s.c.) on X if for each xg € X the set G(xg) is a
nonempty, closed subset of X, and if for each open set U of X containing G(xp), there exists
an open neighborhood V of xy such that G(V) C U.

G is said to be completely continuous if G(B) is relatively compact for every B € P(X).
If the multivalued map G is completely continuous with nonempty compact values, then G
is u.s.c. if and only if G has a closed graph (i.e. x, — Xi, Yn —> Ys«, Yn € G(x,) imply
Yy« € G(x4).

For more details on multivalued maps see the books of Deimling [22], Gérniewicz [28] and
Hu and Papageorgiou [30] .

Definition 2.1. The multivalued map F: | x B x X — P(X) is said to be an Carathéodory if
(i) t — F(t,x,y) is measurable for each (x,y) € B x X;
(i) (x,y) — F(t,x,y) is upper semicontinuous for almost all ¢ € J.

We need some basic definitions and properties of the fractional calculus theory which are
used further in this paper.

Definition 2.2. Let « > 0 and f: R, — X be in L!(Ry, X). Then the Riemann-Liouville
integral is given by:

- L[S
A0 = 5y G

o
where I'(+) is the Euler gamma function.

For more details on the Riemann-Liouville fractional derivative, we refer the reader to [21].

Definition 2.3 ([40]). The Caputo derivative of order « for a function f: [0, +c0) — R can be
written as

o 1 ' f(n)(s) n—u g(n)
Dy f(t) = F(n—(x)/o (= s)erin ds=1"""f"(t), t>0,n—1<a<n.

If 0 <« <1, then

1t fGs)
DY F(t) — / .
O =Fa=a o s ™
Obviously, the Caputo derivative of a constant is equal to zero.

In this paper, we will employ an axiomatic definition for the phase space B which is similar
to those introduced by Hale and Kato [29]. Specifically, B will be a linear space of functions
mapping (—oo,0] into X endowed with a seminorm || - || 3, and satisfies the following axioms:

(A1) If x: (—oo, T | — X is continuous on | and xg € B, then x; € B and x; is continuous
int € ]and
[x(8)[| < Cllxt][5, 2.1)

where C > 0 is a constant.
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(A2) There exist a continuous function C;(¢) > 0 and a locally bounded function C,(t) > 0
in ¢t > 0 such that

[xells < Ca(t) sup [[x(s)[| + Ca(t)[|x0]l 5, (2.2)

s€(0,t]

for t € [0, T] and x as in (A1).
(A3) The space B is complete.
Remark 2.4. Condition (2.1) in (A1) is equivalent to ||¢(0)| < C||¢||5, for all ¢ € B.

Let Srx be a set defined by
Sex={v e L], X):0(t) € F(t,x;, x(t)) ae. t € J}.

Lemma 2.5 ([33]). Let X be a Banach space. Let F: | x B x X — Pep¢(X) be an L'-Carathéodory
multivalued map and let ¥ be a linear continuous mapping from L' (], X) to C(J, X), then the operator

¥ oSp: C(J,X) — Pepe(C(], X)),
X —> ("F o SF)(.X') = ‘P(Splx)

is a closed graph operator in C(J, X) x C(J, X).

Proposition 2.6 ([13, Proposition IIL.4]). If I'; and I'; are compact valued measurable multifunctions,
then the multifunction t — T'1(t) N T (t) is measurable. If (T'y,) is a sequence of compact valued mea-
surable multifunctions, then t — NI, (t) is measurable, and if UT, () is compact, then t — UL, (t)
is measurable.

Definition 2.7. A multivalued operator N: X — Py (X) is called

a) y-Lipschitz if and only if there exists v > 0 such that

Hiy(N(x),N(y)) < vd(x,y), foreachx,y€ X,

b) a contraction if and only if it is -Lipschitz with ¢ < 1.

Theorem 2.8 (Dhage theorem [23]). Let E be a Banach space, A: E — Py ypq(E) and B: E —
Pep,eo(E), two multivalued operators satisfying:

1. A is a contraction, and
2. B is completely continuous.
Then either
(i) the operator inclusion u € Au + Bu has a solution , or
(ii) the set € = {u € E,u € AA(u) +AB(u), 0<A <1} is unbounded.

Let Q) be a set defined by

Q= {x: (=00, T] — X such that x[(_0 € B, x|j € C(],X)}.
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3 Main results

In this section, we state and prove the controllability results for the system (1.1). Now we
define the mild solution for our problem.

Definition 3.1. A function x € () is said to be a mild solution of (1.1) if there exists
v(+) € L(J, X), such that v(t) € F(t,x,x(t)) a.e. t € [0, T], and x satisfies

(P(t)l te (—00,0];
w = —Q(t)¢(0) +f0 (t —s)Bu(s)ds 3-1)
+f0f0 R(t=s)a(s, T)o(t)drds, te€],
where o
Q(t) :/0 &,(0)S(t10) do, —q/ o118, (0)S(H0) do
and for o € (0,00),
£(0) =20 oy ) 20,
@q(0) = 1 i( 1)”7107”7”71%;% sin(nmq).
T n=1 n.

Here, ¢, is a probability density function defined on (0,00) [36], that is

$4(0) >0, o€ (0,00) and /Ooogq(a)dazl.

It is not difficult to verify that

© 1
/0 0¢y(0)do = Titq)

Remark 3.2. Note that {S(t) };>0 is a uniformly bounded semigroup, i.e,

there exists a constant M > 0 such that ||S(t)|| < M for all ¢ € [0, T].

Remark 3.3. Note that
IR®)|| < Comt™!, t>0, (3.2)

qgM

where C;m = (i)

Definition 3.4. The problem (1.1) is said to be controllable on the interval ] if for every initial
function ¢ € B and x; € X there exists a control u € L?(], X) such that the mild solution x(-)
of (1.1) satisfies x(T) = x;.

We impose the following assumptions:

(H1) The multifunction F: | x B x X — Py co(X) is Carathéodory.
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(H2) There exists a function # € L!(J,IR") and a continuous nondecreasing function ¢: RT —
(0, +00) such that

IE(t, 2, y)|| = sup{|[v]| : v € F(t,x,y)}
<pu®)yp (lxlls +lylx), (Lxy) e xBxX,

with
/T (s)d </+°° du (3.3)
w s)ds —, )
2o ¥ 0(0) P(u)
where
T4 T4
ﬁl <M1M2a2CqM qz —|—LZC,1M . )
Ta
v(0) = w1 = B2 + ﬁlMleﬂCq,M; [||x1|| + MH‘PHB],

and

Bi=Ci+1, B2=0C5|ols
(H3) There exists a function k € L!(]J, R} ) such that
Hy(F(t, x1,y1), F(t, x2,2)) < k(t) [||x1 — x2ll5 + [ly1 — y2llx]-

(H4) For each t € ], a(t,s) is measurable on [0,t] and a(t) = esssup{|a(t,s)],
bounded on J. The map t — a; is continuous from J to L*(],R), here, a;(s)

(H5) The linear operator W: L2(], X) — X defined by
T
Wu = / R(T — s)Bu(s) ds.
0

has an inverse operator W~!, which takes values in L?(], X)/ ker W and there exist two
positive constants M; and M, such that

1By < My, Wl x) < Mo (3.4)

Theorem 3.5. Assume that the hypotheses (H1)—(H5) hold. Then the problem (1.1) is controllable on
the interval (—oo, T| provided that

T
M] M2 ﬂ CqM qz (Cl + ]‘)HkHLl < 1. (35)

Proof. We transform the problem (1.1) into a fixed-point problem. Consider the multivalued
operator N: Q) — P(Q) defined by N(h) = {h € Q} with

<P(t)/ te (_OO/O]/
m) = +f0 (t —s)Bu(s)ds
+f0 fo (t —s)a(s,T)v(t)dtds, t€].

Using hypothesis (H5) for an arbitrary function x(-) define the control

u(t) = W [x + Q)¢ / / (s, 7)o() drds] (1), (3.6)
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Obviously, fixed points of the operator N are mild solutions of the problem (1.1). For ¢ € B,
we will define the function y(-): (—oco, T] — X by

t), te (—o0,0|;
y(t) = {¢< ) (~o0,0]
—Q(t)¢(0), te .
Then yo = ¢. For each function z € C(J, X) with z(0) = 0, we denote by z the function defined
by
2(t) = 0, t € (—o0,0];
z(t), tel].

If x(-) verifies (3.1), we can decompose it as x(t) = y(t) +z(t), for t € J, which implies
Xt = yi + 24, for every t € | and the function z(t) satisfies

z(t) = /Ot R(t —s)Buyz(s)ds + /Ot /Os R(t—s)a(s, T)v(T)dtds,
where
v E Spy4z = {v e L'(J,X) : o(t) € F(t,yi + Z,y(t) + Z(t)) forae. t € ]} .

Let
ZOI{ZEQZZOIO}.

For any z € Zy, we have

12l zo = sup [|2(£)[] + [|z0l|5 = sup [|2(#)]]-

te] te]

Thus (Zo, || - ||z,) is a Banach space. We define the operator P: Zy — P(Zy) by P(z) =
{h S Z()} with

W) = [ R(t—9)Buy(s)ds+ [ ['R(—9)als, wo(r)deds, o(s) € Sryz t€ ).

Obviously the operator N having a fixed point is equivalent to P having one, so it turns to
prove that P has a fixed point. Let r > 0 and consider the set

B, ={z€Zy:|zlz <r}.
We need the following lemma.

Lemma 3.6. Set

Ci =supCi(t) (i=12). (3.7)
te]

Then for any z € B, we have
ly: +zll8 < Gll¢lls + Cir,

and
T rt
lu()ll < Mz |31l + Mlglls +aComa [ [ (6= 0 (| didz|.  (38)
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Proof. Using (2.2), (3.4), (3.6) and (3.7), we obtain

lye +Zells < lyells + [zt
< Ci(t) sup [ly(T)l|+ Ca(t) lyollz + Ca(t) sup [|lz(T)]| + Ca(t)[zoll

0<t<t 0<t<t

< Ga(t)[l¢lls + Ci(t) sup [z(7)]

o<t<t

< Gliglls +Cir.
Also, we get

@I < W |l + QW) + [ [ IRG = )l late, ) 0] dods]

< Mol + Mlgls +aCo [ [ (=07 oo dete]

The lemma is proved.
Now, we define the following multivalued operators P, P> : Zg — P(Zy) as

Pi(z) = {h € Zy:h(t) = /OtR(t —5)Buyz(s)ds, t € ]}
and
Iﬁ@)::{heEZO:h&):LA{ASRU——Qa@;ﬂvﬁjdrdaZKS)GSRyH,te]}.

It is clear that P = P; 4 P». The problem of finding solutions of (1.1) is reduced to finding
solutions of the operator inclusion z € P;(z) + P,(z). We shall show that the operators P; and
P, satisfy all conditions of the Theorem 2.8. The proof will be given in several steps.

Step 1: P; is a contraction.

Let z,z* € Zp and h € P;(z). Then, there exists v(t) € F(t,y: +z;, y(t) +z(t)) such that

t
Mﬂz/RU—ﬂ&wﬂﬂﬁ,teL
0
From (H3), it follows that
Hy (F(t, ye +Z0,y(t) +2(1)), F(t, y: + 2, y(8) +27(1)))
< k(t) [z —zf s + lIz(t) = 2" (£) || x] -
Hence there is w € F(t,y; +z;,y(t) +z"(t)) such that
o(t) —w| < k(t) [|[z: — Z |1 + [I2(t) =27 () [|x] -
Consider U: | — P(E) given by
u(t) ={w € E: |o(t) —w| <k(t) [lIz: = Z |l + I2(£) =27 (£) [ x] -
Since the multivalued operator V() = U(t) N F(t,y: + z},y(t) + z*(t)) is measurable (see
Proposition 2.6), there exists a function v.(t), which is a measurable selection for V. So,
v.(t) € F(t,y: +z{,y(t) +z*(t)), and using (A2), for each t € ], we obtain
lo(t) —v* ()] < k(t) [z — Z7 I + 12(t) — 2" (t) ]| x]
< kO[CHZ(E) =z (O] + [[2(8) = 2" ()]
< k()G +D[z() =z (1)l
< k(G +1D)z(8) =2 ()]



Controllability of fractional order integro-differential inclusions 9

Let us define for each t € |

(1) = /O "R(t— 5)Buy 2 (s)ds.

Then we have
t
() =B O < [ IR =) |Buys=(s) — Buyz-(5) 1 ds
t
< M a Cypa [ (8= )T ty2(5) = sy (5) | ds

< M;jaCyum /Ot<f - S)qfluwfl [xl +Q(t)¢(0)

T T
_/0 /0 R(t—r)a(r,t)v(l)”dldl’}

~ W [x + Q) // (t—T)a(z, 00" (1) ded] | ds
§M1M2a2CM/ t—s”’l// (t— 7)Y o(t) — 0* (1) || didr ds

< My M, a® CqM/ (t—s)1

></0 /0(t—T)q_lk(t)(Ci‘+1)Hz(L)—z*(t)||dtdrds
TZ
2

< M; M, a? CqM . (CT + 1)k a]lz = z"]]-

By an analogous relation, obtained by interchanging the roles of z and z*, it follows that
Hy(P1(z), Pr(z)) < My My a? CqM po (G + Dkl = =],

By (3.5), the mapping P; is a contraction.
Step 2: P, has compact, convex values, and it is completely continuous. This will be given in
several claims.
Claim 1: P, is convex for each z € Z.

Indeed, if h; and hy belong to P,, then there exist v1,v2 € Sp 4z such that, for t € |, we
have

:/ot /(:R(t—s)a(s,r)vi(r) dtds, i=1,2.

Let d € [0,1]. Then for each t € |, we have

t ps
iy () + (1 — d)ha(t) = / / R(t — s)a(s, ) [doy(7) + (1 — d)oa(7)] dTds.
0 Jo
Since S 4z is convex (because F has convex values), we have
dhy + (1 —d)hy € P,.

Claim 2: P, maps bounded sets into bounded sets in Zj.

Indeed, it is enough to show that for any r > 0, there exists a positive constant ¢ such that
foreachz € B, = {z € Zy : ||z]|z, < r}, we have ||P,(z)||z, < . Then for each /1 € P»(z), there
exists v € Sp 4z such that

:/t /SR(t—S)a(S,T)U(T) dtds.
0 Jo
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Using (H2) and Lemma 3.6 we have for each t € J,

ol < [ [TIRG = 9)als, ol | deds
<aCout [ [ =7 (@ (lye + 2 + y(x) + 2] deds
<aCou [ [ (6= [u(@)p (CHlpls + Cir +1)] drds
<aCou [ [ =97 W0 (GEllglls + (G +1)0)] deds
T7a C

T
P (Cllglls + (1) [ (o) de

IN

<.

Hence P»(B,) is bounded.
Claim 3: P, maps bounded sets into equicontinuous sets of Zy.
Leth € Py(z) for z € Zp and let 7y, » € [0, T], with 1y < T, we have

1h(z2) = h(n)| <

/OTz /05 [R(t1 —s) — R(12 — s)]a(s, 7)v(7) dr ds
+ / /0 IR(t1 — 8)||||a(s, T)||||o(T) | d= ds

<L+,

where

L =

/O’L'z /()S[R(Tl — S) — R(T2 - S)]a(s, T)U(T) dT ds
h= " [ IR - 9l Dl oo s,

For I, using (3.2) and (H2), we have

L = a/OTZ /0 |R(t1 —s) — R(m2 — )| [|o(7) || dT ds
< ap (G5 19lls + (Cf +1)r) el /0 IR(T —5) — R(ts — 5)|| ds
< ap (G l¢lls + (C1 +1)r) [l
<l [© [ ellim =51 = (=5 ey (@) (1 — 5)10) | dods
T4 /oT2 /0°° o(1 =) 15()[[S((r —5)0) = S((r2 — 5)70) || dor ds]
< ay (C3||¢ll5 + (CF +1)r) [t % [Com /0 (1= )it = (=)t~ ds

+ q/OTz /000 o(1 —s)T & (o) IS((11 — 5)70) — S((12 — 5)10)|| do ds).

Clearly, the first term on the right-hand side of the above inequality tends to zero as ©» — 1.
From the continuity of S(t) in the uniform operator topology for ¢ > 0, the second term on
the right-hand side of the above inequality tends to zero as » — 7.
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In view of (3.2), we have

T
L <ay (G ¢l + (Ci +1)r) ”V”U/T IR(7y — 5)]|| ds
2
T
< aCom (G815 + (i + V) [ulys [ (7 —s)7"ds.

2

As 7, — 11, I tends to zero.
So P,(B;) is equicontinuous.
Claim 4: (P»B,)(t) is relatively compact for each t € |, where

(PB,)(t) = {h(t) : h € Py(B,)}.

Let 0 < t < T be fixed and let € be a real number satisfying 0 < ¢ < t. For arbitrary § > 0, we
define

hes(t) = q/otg(t — )11 /500 0¢y(0)S((t —s)10) /Osa(s, T)o(t)dtdods
— 45(e95) /0 ETRRTE /5 " 02, ()S((t — 5)10 — £16) / " a(s, T)o(t) drdo ds,

0

where v € Sg 3. Since 5(t) is a compact operator, the set
Hglg = {hglg(ﬂ ch e Pz(Br)}

is relatively compact. Moreover,

()~ hes 0|
t—e ) s
<q [ (=5 [ ot (@ISt =)o)l [ llats )] [o(o)]|dTdods

t

sq [ = [Tag@)ls((e— o)l [ lats, o)l o(o)] drdods
< TIMap (Gl + (CE+ 1) Il [ oy (o) do

IM
- ”)¢<c;r|¢us+<cr+1>r> 1l 1.

Jr1“(1+q

Therefore, (P,B,)(t) is relatively compact.

As a consequence of Claim 2 to 4 together with the Arzela—Ascoli theorem we can conclude
that P, is completely continuous.
Claim 5: P, has a closed graph.

Let z, — z., hy, € Pa(z,), and h, — h,. We shall show that h, € P(z.). h, € P,(z,) means
that there exists v, € Sy, +z, such that

(1) :/Ot/OSR(t—s)a(s,r)vn(f)drds, ey

We have to prove that there exists v, € Sg, 1z, such that

hi(t) = /Ot /Os R(t—s)a(s, T)v«(T)dTds, te].
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Consider the linear and continuous operator Y: L!(J, X) — C(J, X) defined by

(Yo)(t) = /Ot /OSR(t—s)a(s,T)v(s)des.

From Lemma 2.5 it follows that Y o Sr is a closed graph operator and from the definition of Y
one has

hn (t) € Y(SF;yn“"zn)‘

As zy — z. and h, — hy, there is a v, € Sp, 4z, such that

hi(t) = /Ot /OS R(t —s)a(s, T)v(s) dtds.

Hence the multivalued operator P, is upper semi-continuous.
Claim 6: A priori bounds.
Now it remains to show that the set

E={z€Zy:z€ APi(z) + APy(z), forsome 0 < A < 1}

is bounded.
Let z € £ be any element, then there exists v € Sf .z such that

t t s
z(t) :/\/ R(t—s)Bu(s)ds+A/ / R(t—s)a(s,T)v(s)dtds forsome0 < A < 1.
0 0 Jo
Thus, by (3.8), (H2) and Lemma 3.6, for each t € | we have
t t s
= < [ IR¢E=)Bu(s)lds+ [ [ IRE=9)llas, D)l [o(s)]] drds
t
< MiMaaCyp [ (£=5)7[[lval| + Milg s
T rt t s
+acq,M/ / (t = 1) o(0)|| drd] ds+acq,M/ (t_s)q—l/ lo(7)|| dr ds
0 0 0 0
T4
< MiMaaCypa - |l + M1l
t T rt
+M1M2a2c§M/ (t—s)q’l/ / (t— 7)1 |jo(u)|| ded ds
! 0 0 0
t s
+acq,M/ (t—s)"_l/ lo(7)|| dt ds
0 0
T1 22
< MyMaaCoy- [lx1]l+ Mllglls] + M1 MoaC2
t T rt
< [t=91 [0 [ =0 g+ 2l + Iy 0) + 201 didr ds
t S
+aCyu [ (E=9) [ (e glye + 2 + () + 2 D) de ds
T 22
< MyMaaCoy- [lx1]l+ Mllglls] + M1 MoaC2
t T rt
< [t=91 [0 [ =0 mWp(Cglln + (G + 1)) )] drdr ds

+aCyu [ (=5 [ @9l + (G + DIl deds
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Tq
< MiMoaCy— 1))+ M|
2~2 TZ@ ! * *
FMMC o [Pl + (G o+ D) )] s

ooy [ WG]+ (G + 1) =(5) D] ds

T4
< MiMoaCyi- 1]+ M|

T2q T4 t
+ (MibarCyg oG ) [ (Ba + a0 s

Then

Ta
o+ Billz(t)] < 2+ prMiMoaCoi - 1| + Ml

T7

2 t
o (MiMaCy iy +aCom ) [ e)p(Ba+ Bull(s) D] ds

q
<t [ WEP(62 + i) )] s

Let
m(t) :=sup{B2+Pillz(s)]| : 0<s<t}, te].

By the previous inequality, we have

t
m(t) S @i+ [ s plm(s))]ds.
Let us take the right-hand side of the above inequality as v(f). Then we have
m(t) <ov(t) forallte],

with
v(0) = wy,

and
v'(t) = wap(t)p(m(t)), ae te].
Using the nondecreasing character of ¢ we get

() <wp(t)p(o(t)), ae.te].

Integrating from 0 to t we get

/Ot 1/;1();((55))) ds < wy /Oty(s) ds.

By a change of variable we get

13
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Using the condition (3.3), this implies that for each t € J, we have
o(t)  dy t T ooy
—gw/ sdsgw/ sds</ —_—
/v<o> plo) =2y HOE =2 f BB | G

Thus, for every t € ], there exists a constant A such that v(t) < A and hence m(t) < A. Since
I2llzy < m(t), we have |1z]1z, < .

This shows that the set £ is bounded. As a consequence of Theorem 2.8 we deduce that
P; + P, has a fixed point z defined on the interval (—oo, T| which is the solution of problem
(1.1). This completes the proof.

4 An example

Consider the following integro-differential equation with fractional derivative of the form

2
55000 € (300,04 0(10)
—|—/Ot(t—5)2/_000G(t,v(t+9,§))17(t,9,§)d9ds>, tel01], €o,n; A1)
v(t,0) =o(t, 1) =0, te[0,1];
o(0,) = 9(0,0), 0 (~eo,0, £ € (0,7,

where 0 < g < 1,u:[0,1] x [0, 1] — [0, 7], and G: [0,1] x R — P(R) is an u.s.c. multivalued
map with compact convex values.
Set X = L2([0, 7t]) and define A by

D(A)={ue X:u" € X,u(0) = u(rn) =0},
Au=1u".

It is well known that A is the infinitesimal generator of an analytic semigroup (S(t));>0 on X
[43]. Furthermore, A has a discrete spectrum with eigenvalues of the form —n%,n € N, and
the corresponding normalized eigenfunctions are given by

uy(x) = \/zsin(nx).

In addition, {u, : n € N} is an orthogonal basis for X,
S(Hu = Z e*”Zt(u, up)uy, forall u € X and every t > 0.
n=1

From these expressions it follows that (S(f));>o is uniformly bounded compact semigroup.
For the phase space, we choose B = B, defined by

B, = {gb € C((—0,0],X) : lim e"¢(8) exists in X}

0——o0

endowed with the norm

9]l = sup{e™|¢p(6)] : 6 < 0}.
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Notice that the phase space B, satisfies axioms (A1)-(A3).
Fort € [0,1],{ € [0, ] and ¢ € B,, we set

With the above choices, we see that the system (4.1) is the abstract formulation of (1.1). Assume
that the operator W: L2(]0,1], X) — X defined by

Wu(-) = /OlR(l—s)y(s,-)ds,

has a bounded invertible operator W1 in L?([0,1], X)/ ker W.
Thus all the conditions of Theorem 3.5 are satisfied. Hence, system (4.1) is controllable on
(—oo, T].
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