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Abstract

We consider dynamics of the one-dimensional Mindlin-Timoshenko model for beams
with a nonlinear external forces and a boundary damping mechanism. We investigate
existence and uniqueness of strong and weak solution. We also study the boundary
stabilization of the solution, i.e., we prove that the energy of every solution decays
exponentially as { — oo.
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1 Introduction

A widely accepted dynamical model describing the transverse vibrations of beams is the
Mindlin-Timoshenko system of equations. This system is chosen because it is a more accurate
model than the Euler-Bernoulli beam one and because it also takes into account transverse
shear effects. The Mindlin-Timoshenko system is used, for example, to model aircraft wings.
For a beam of length L > 0 this one-dimensional system reads as

ph® :
ﬁutt_ux:v—i_k(u—i_vw)_'_f(u) :0 mn Q’ (11)

ph'Utt —k (U + Um)m + g (U) =0 in Qa

where @@ = (0,L) x (0,7) and T > 0 is a given time. In (1.1) subscripts mean partial
derivatives. Here the function u = wu(x,t) is the angle of deflection of a filament (it is
measure of transverse shear effects) and v = v (x,t) is the transverse displacement of the
beam at time ¢. The constant h > 0 represents the thickness of the beam that, for this
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model, is considered to be small and uniform, independent of z. The constant p is the

mass density per unit volume of the beam and the parameter k is the so called modulus of

elasticity in shear. It is given by the formula k = kEh/2 (1 + p), where k is a shear correction

coefficient, E is the Young’s modulus and i is the Poisson’s ratio, 0 < u < 1/2. The functions

f and g represent nonlinear external forces. For details concerning the Mindlin-Timoshenko

hypotheses and governing equations see, for example, Lagnese [7] and Lagnese-Lions [8].
We impose the following boundary conditions:

u(0,-)=v(0,-)=0 on (0,7,
Uz (L,) +us (L) =0 on (0,7), (1.2)
w(L,")+v, (L,-)+v(L,-)=0 on (0,7).

The conditions (1.2) assure that the beam stays clamped in the end z = 0 and in the end
x = L it is supported and suffering action of a dissipative force.
To complete the system, let us include the initial conditions:

u(-,0) =u’, u (-,0) =u, v(-,0) =2°, v, (-,0) =" in (0,L). (1.3)

Several authors analyzed different aspects of the Mindlin-Timosheko system. In the
linear case (f = g = 0) we can cite Lagnese-Lions [8], Medeiros [12], which studied the
exact controllability property using the Hilbert Uniqueness Method (HUM) introduced by
Lions (see [11]) and Lagnese [7] which analyzed the asymptotic behavior (as ¢ — o) of
the system. In Araruna-Zuazua [2] was made a spectral analysis of the system allowing
to obtain a controllability using HUM combined with arguments of non-harmonic analysis.
In the semilinear case, we can mention Parente et. al. [16], which treat about existence
and uniqueness for the problem (1.1) — (1.3), with the functions f and g being Lipschitz
continuous, applying the same method used in Milla Miranda-Medeiros [15]. The existence
of a compact global attractor, in the 2-dimensional case, was studied in Chueshov-Lasiecka
[4] with the nonlinearities f and g being locally Lipschitz. All the mentioned papers are
treated with different boundary conditions involving several situations that appear in the
engineering.

In this work we state a result of existence of solutions for the system (1.1) — (1.3), when
the nonlinearities f and ¢ satisfy the following conditions:

f, g are continuous function, such that f(s)s > 0 and g(s)s > 0, Vs € R. (1.4)

Furthermore, we analyze the asymptotic behavior (as t — o0) of the solutions with the
nonlinearities satisfy the additional growth condition:

36; > 0 such that f(s)s > (24 1) F(s), Vs € R, where F'(s) = / f(t)dt (1.5)
0
and

05 > 0 such that g(s)s > (24 02)G(s), Vs € R, where G (s) = / g (t)dt. (1.6)
0

EJQTDE, 2008 No. 34, p. 2



Precisely, we show the existence of positive constants C' > 0 and s > 0 such that the energy
of the system (1.1) defined by

1L [ph? [* 2 t 2 t 2
Et)y= - |=—= [ |w@t)|"de+ph| |v(x,t)]"de+Ek[ |(u+v,)(z,t)|"dx
0 0 0

21 12
. . . (1.7)
+/ g (z, 1) do + 2/ F(u(x,t))dz + 2/ G(v(x,t))d:c]
0 0 0
verifies the estimate
E(t) < CE(0)e™™, vt > 0. (1.8)

The uniqueness for the semilinear Mindlin-Timoshenko system (1.1) — (1.3) with the general
nonlinearities considered here is a open problem.

To obtain existence of solution of the semilinear Mindlin-Timoshenko problem (1.1) —
(1.3), we found difficulties to show that the solution verifies the boundary conditions (1.2)
and to overcome them, we use the same techniques applied in [1], that consists essentially in to
combine results involving non-homogeneous boundary value problem with hidden regularity
arguments. Boundary stability is also analyzed, that is, we show that the energy (1.7)
associated to weak solution of the problem (1.1)—(1.3) tends to zero exponentially as t — oo.
In order, the exponential decay was obtained by constructing perturbed energy functional
for which differential inequality leads to this rate decay. We apply this method motivated by
work of Komornik-Zuazua [6], whose authors treated this issue for semilinear wave equation.

The paper is organized as follows. Section 2 contains some notations and essential
results which we apply in this work. In Section 3 we prove existence and uniqueness of
strong solution for (1.1) — (1.3) employing the Faedo-Galerkin’s method with a special basis
like in [15] with f and ¢ being Lipschitz continuous functions satisfying a sign condition.
Section 4 is devoted to get existence of weak solution of (1.1) —(1.3), with f and g satisfying
(1.4). For this, we approached the functions f and g by Lipschitz functions, as in Strauss
[17], and we obtain the weak solution as limit of sequence of strong solutions acquired in the
Section 3. We still analyze the uniqueness only for some particular cases of f and g which
permit the application of the energy method as in Lions [9]. Finally, in Section 5 we prove
the exponential decay for the energy associated to weak solution of the problem (1.1) —(1.3)
making use of the perturbed energy method as in [6].

2 Some Notations and Results

Let us represent by D(0,T) the space of the test functions defined in (0,7") and H* (0, L)
the usual Sobolev space. We define the Hilbert space

V={veH (0,L); v(0) =0}
equipped with the inner product and norm given by

((w,0) = (woyva), ull® = fual”
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where (-, ) and |-| are, respectively, the inner product and norm in L? (0, L) . By V’ we denote
the dual of V.
Let us consider the operator —% defined by tripled {V, L*(0,L); ((-,-))} with domain

D={ueVNH?*0,L); u; (L) =0}.
Let us represent by E the Banach space
E={vel’Q); v, €L (Q)}

with the norm

[l = 1o + [[vaell 11 (g -

The trace application v : E — R* defined by yv = (v (0),v (L), v, (0),v, (L)) is linear and
continuous, see Milla Miranda-Medeiros [14, Proposition 3.2].

In what follows, we will use C' to denote a generic positive constant which may vary
from line to line (unless otherwise stated).

We will now establish some results of elliptic regularity essential for the development of
this work.

Proposition 2.1 Let us consider f € L?(0,L) and 3 € R. Then the solution u of the
boundary value problem

—Uyze = fin (0,L),

u (0) =0, (2.1)
belongs to VN H? (0, L) . Furthermore, there exists a constant C > 0 such that
lell 20,0y < C U+ 181 (2.2)
Proof. We consider the function h : [0, L] — R, defined by h (z) = Sz. Thus
1l 20,y = €161 (2.3)

where C' = /(L3/3) + L.

Let w be the unique solution of the following boundary value problem:
—Wgy = f n (07 L) ’
w (0) =0,
w, (L) =0.

Since f € L*(0, L), we have by classical elliptic result (see for instance [3]) that w € D and
the existence of a constant C' > 0 such that

w20,y < CFI- (2.4)
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In this way, u = w+ h € VN H%(0, L) solves (2.1) satisfying (2.2). |
We would like to prove existence and uniqueness of solution for the problem

—Uy, = fin (0,L), with f e L'(0,L),
u (0) =0, (2.5)
u, (L) = 0.

Formally, we obtain from (2.5) that

/0 U(—Vzz)dx 4+ uy (0) v (0) +u (L) v, (L) = /0 fudz. (2.6)

Taking in (2.6) v € D, we obtain

L L
/ U(—vgp)dx = / fvdz, Yv € D. (2.7)
0 0

We adopt (2.7) as definition of solution of (2.5) in the sense of transposition (see [10]). To
guarantee the existence and uniqueness of (2.5) we consider the follow result:

Proposition 2.2 If f € L'(0,L), then there exists a unique function u € E satisfying
(2.7). The application T : L* (0, L) — L*(0, L) such that T f = u is linear, continuous and

—Uyy = f.

Proof. Let g € L? (0, L) and v be a solution of the problem
—Ugy =g in (0,L),
v (0) =0, (2.8)
v, (L) = 0.

We have v € D.
Let us consider the application S : L? (0, L) — C° ([0, L]) such that Sg = v, where v is
the solution of (2.8). Then S is linear and continuous. Let S* be the transpose of S, that is,

S*:[C0([0,L])] — L*(0,L); (S*0,¢) = (0, S¢), V¢ € L*(0,L),

where (-,-) represents different pairs of duality. Let us prove that the function u = S*f
satisfies (2.7). In fact, we have (S*f,g) = (f, S¢), which means

/OLu(—vm)dx = /OL fudz.

For the uniqueness, we consider u;, us € L* (0, L) satisfying (2.7). Then
L
/ (up — ug) (—vg) dz =0, Yv € D. (2.9)
0
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Considering g € L* (0, L) and v be a solution of (2.8), we get

L
/ (uy — ug) gdz =0, Yg € L*(0,L).
0

Therefore u; = wy and the uniqueness is proved. Since T = S* and S* is linear and
continuous, it follows that 7" has the same properties. [
For the non-homogeneous boundary value problem

—Uze = fin (0, L),
u (((J)L): Ob (2.10)

we consider the following result:

Proposition 2.3 Let f € L' (0,L) and 8 € R. Then there exists a unique solution u € E
for the problem (2.10).

Proof. Let us consider the function ¢ : [0, L] — R, defined by {(z) = [z. Let w be the
solution of the problem

—wWye = fin (0,L),

w(0) =0,

w, (L) =0.
Since f € L' (0, L), by Proposition 2.2, it follows that w € E. Taking u = w + £, we have

u € E is a solution of (2.10).
For the uniqueness, let u; and uy two solutions of (2.10). Then v = u; — uy is solution

of
—Upe = 01in (0, L),
v (0) =0,
v(L) =0.
Hence, by Proposition 2.2, we have v = 0, which implies u; = us. ]

Proposition 2.4 In VN H?(0, L) the norms H* (0, L) and the norm
1
2 2\ 3
w (| =t + lus (L)])? (2.11)
are equivalents.
Proof. Let u € VN H?(0,L). Then, according to Proposition 2.1, we can guarantee that
2 2\ %
lullprao,z) < € (I=thaal” + ua (L))
On the other hand, since the embedding of H? (0, L) in C' ([0, L]) is continuous, we have
ug (L)] < HuHCl([O,L}) <C HUHH2(0,L)'

We also have |—ug,|* < C [wll 20,1y - In this way we obtain the result. n
We consider V' N H? (0, L) equipped with the norm (2.11) .
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Proposition 2.5 Let us suppose u®,v° € VN H?*(0,L) and u',v' € V such that vl (L) +
u' (L) =0 and u° (L) + 0% (L) +v' (L) = 0. Then, for each ¢ > 0, there exist w), (V) )
and 2 in V.0 H?(0, L) such that

|w® <e |2V -

UOHVHHQ(O,L) ule <€

Hw(2) — <€ and Hz@) —

UOHVOHQ(O,L) UIHV
with

w (L) 4+ Y (L) =0 and u°(L)+w® (L) + 2% (L) =0.

Proof. Since VN H? (0, L) is dense in V, for each € > 0, there exist 2V, 22 € VN H? (0, L)
such that |[2(") — ulHV < eand ||z — leV <.
Let us consider w™ to be a solution of the problem

—wll) = —uY in (0,L),
w® (0) =0,
wi? (L) = =2 (L)

According to Proposition 2.1, it follows that w") € V' N H?(0, L) and

()~ ()] = |20 @)+l (0

xT

Hw(l) - “OHVmH2(o L

<]} < ce.
Analogously, let us consider w® to be a solution of the problem

_wgm) = —’ng in (07 L)7
w® (0) =0,
w? (L) = —u® (L) — 2@ (L).

By Proposition 2.1, we have that w® € V N H? (0, L) and

w® — 0”3/01{2(0 n= ’ w'? +vm ’w (L) — (L)
= [—u®(L) = 2@ (L) = (=u"(L) = o' (L))" = | == (L) + " (L)}
<C Hz(2 — le = Cé?,
concluding the result. ]

3 Strong Solution

Our goal in this section is to prove existence and uniqueness of solutions for the problem
(1.1) — (1.3), when u°, v°, u! and v! are smooth.
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Let be f, g functions defined in R and u°, v°, u!, v! functions defined in (0, L) satisfying

f,g9 : R — R are Lipschitz function with constant cy, c,4, respectively,

and sf (s) >0, sg(s) >0, Vs € R, (3.1)
(w’,u') € [V H?(0,L)] x V, (3.2)

(v°,0") € [VNH?(0,L)] x V, (3.3)

ug (L) +u' (L) =0, (3.4)

u’ (L) +0° (L) + o' (L) = (3.5)

Theorem 3.1 Let f, g, u®, v°, u' and v* satisfying the hypotheses (3.1) — (3.5). Then there
exist unique functions u,v : Q — R, such that

u,v € L= (0,T,V)n L* (0,7, H*(0, L)), (3.6)

ug, v € L (0,T,V), (3.7)

U, Vit € L2(Q)7 (3.8)

%utt Uge + K (u+v,) + f(u) =0 in L? (Q), (3.9)
phvy —k (u+v,), + g(v) =0 in L*(Q), (3.10)

Uz (L,+) +ue (L,-) =04n (0,T), (3.11)

w(L,")+ v, (L,-)+v: (L,-) =014n (0,7), (3.12)

u(0) = u’, u,(0) = u', v(0) =0, v,(0)=v"in (0,L). (3.13)

Proof. We employ the Faedo-Galerkin’s method with the special basis in V N H?(0,L).
Since the data u°, v°, u! and v! verify (3.2) —(3.5), it follows by Proposition 2.5 the existence
of four sequences (u”),en, (U )en, (V%),eny and (v1),en of vectors in V N H? (0, L) such
that

u” — u” strongly in VN H*(0, L), (3.14)
v — 0" strongly in VN H?(0, L), (3.15)
u' — u' strongly in V, (3.16)
v — o' strongly in V, (3.17)
u? (L) +u" (L) =0, Yv €N, (3.18)
u” (L) + v (L) +v"(L) =0, Vv €N. (3.19)
We fix v € N. If A = {u,v", u!” v} is a linearly independent set, we take
u” uw e O
wf = R L — and ) =

||UOV||V0H2(0,L) ||uly||VﬂH2(0,L) ||vly||va2(o,L) ||'UOV||VOH2(O,L)
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as being the first four vectors of the basis. By Gram-Schmidt’s orthonormalization process,
we construct, for each v € N, a basis in VNH? (Q) represented by {wY, wy, w4, wy, ..., w¥,...}.
Otherwise, if A is a linearly dependent set, we can extract a linearly independent subset of A
and continue the above process. For each m € N, we consider V} = [w}, wh, w}, wy, ..., w]
the subspace of V N H?(Q) generated by the first m vectors of basis. Let us find an ”ap-

proximate solution” (u*™,v*™) € V¥ x V. of the type

u () = Yt () w(x), o () = Y R () w) (),
=1 j=1
where p/*™(t) and h/V™(t) are solutions of the initial value problem
ph3 vm vm vm vm vm
vm vm vm vm 3-20
ph (™ (1), 9) = K (™ + 0) (D)) + (90" (1), ) = O, (3:20)
uum(o) — uOVm’ ugm(o) — ulum’ Uum(o) — ,UOVm’ Utum(o) — ,Ulum in (0’ L)’
for all ¥, € V¥ where
(uoym,ulym,voym,vl”m) — (uo,ul,vo,vl) strongly in [V N H?(0,L) x V}Q. (3.21)

The system (3.20) has solution on an interval [0, ¢,,,], with ¢,,, < T. This solution can be
extended to the whole interval [0, 7] as a consequence of a priori estimates that shall be
proved in the next step.

Adding the equations in (3.20) results

ph?

o (Wit (@), %) + ph (V™ () 9) + k(W™ +07™) (1), 4 + o) + (0 (2) ,9))

Fug™ (L) (L 1) +07™ (L) @ (L, ) + (f(u™ (1), 4) + (9(v™ (1)), ) = 0,
for all ¥, p € V2.

Estimates I. Making ¢ = 2u}™ (t), ¢ = 2vy™ (t) in (3.22), integrating from 0 to ¢t < t,,
and using (3.21), we get

(3.22)

ph'3 vm vm vm vm vm
1o lut (OF + ph o™ ()] + & | (@™ +orm) (0 + [lu™ (1))

t t L
+2 / juy™ (L, t)[ dt + 2 / o™ (L, )| dt + 2 / F(u™ (z,t))dx (3.23)
0 0 0
L L I
+2/ G (x,t))dx < C + 2/ F(u®™)dx + 2/ G(v"™)dw,
0 0 0

where F(t) = fot f(s)ds, G(t) = fotg(s)ds and the constant C' > 0 is independent of m, v
and t. We must obtain estimates for the terms 2 fOL F(u®™)dx and 2 fOL G(v"™)dz. Since
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f(s)s > 0 and g(s)s > 0, it follows that F(t) > 0 and G(t) > 0, for all ¢t € [0,7] and
f(0) = g(0) = 0. So, by (3.1), we have

L L
/ F(u®™)dz < ¢; ‘uo”m‘Z and / Gw"™)dx < ¢, ‘vo”mf : (3.24)
0 0

From (3.21) and (3.24), the inequality (3.23) becomes

3

ph vm vm vm vm vm ' vm
5 [ OF + ph oy (OF + k(@™ + o) () + |lu (lt)||2+2/0 ug™ (L, )| ds

t L L
+2/ lor™(L, s)|* ds + 2/ F(u'™ (z,t))dx + 2/ G (z,t))dx < C,

’ ’ ’ (3.25)
where C' > 0 is a constant which is independent of m, v and t. In this way, we can prolong
the solution to the whole interval [0, T].

Estimates II. Considering the temporal derivative of the approximate equation (3.22),
setting ¢ = u}/" (t) and ¢ = v}/" (¢) in the resulting equation and integrating from 0 to
t <T we get

3

ph vm vm vm vm ' vm
1o i (O + ph log™ (0 + k(™ + 0fm), ()] + g (7f)||2+2/0 ul™ (L, )| ds

t 3
vm 2 ph 2 vm vm |2 vm||2
+2 [ o™ (L, 5)[*dt < o fu™ () + ph o™ (O + K [u™ + 0™ [* + ™|
0

t
2 [ 1 ()i ) Dl ds +2 [ a0 (9057 5) i (D) ds
0
(3.26)
We need estimates for the terms involving u}™ (0), v;™ (0) and for last two integrals in
(3.26) . For this, we consider in (3.22) t = 0, b = u};"(0) and ¢ = v;;"(0). So, using (3.1)

and (3.21) we obtain
3

ph vm
T ™ (0)|* + ph o™ (0)* < C, (3.27)

where C' > 0 is a constant independent of m, v and t. We also have by (3.1) that | f; (s)| < ¢y
and |g; (s)| < ¢4, a. e. in R. Then

2/ | (felw™ (s)uy™ (s), uiy™ |d8+2/ |(ge (0" (s) o™ (), ™ (s))| ds

(3.28)
/|m |ﬁ+—/| |ﬁ+—/|m W dt + /| (0)2 dt
Thus, using (3.21) and the estimates (3.27), (3.28) in (3.26) we get
t
ur (OF + o™ (OF + 1™ +orm), (OF + lu™ 01" + 2/ [ug™ (L, )] dt
0 (3.29)

t
+2/ luym (L, t)|* dt < C,
0
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where C' = C (¢y, ¢;) > 0 is a constant independent of ¢, v and m.
According to (3.25) and (3.29), we have

(u”™) is bounded in L>(0,T,V),

(3.30)
(uy™) is bounded in L>(0,T,V), (3.31)
(u¥™) is bounded in L*(Q), (3.32)
(v”™) is bounded in L>(0,T,V), (3.33)
(vy™) is bounded in L>(0,T,V), (3.34)
(v™) is bounded in L*(Q), (3.35)

From (3.30) — (3.35), we can obtain subsequences of (u*") and (v*), which will be also
denoted by (u*™) and (v*™), such that

u’™ — u” weak x in L>(0,T,V), (3.36)
uy™ — uy weak x in L>(0,T,V), (3.37)
ul™ — vl weakly in L*(Q), (3.38)
v’ — ¥ weak x in L>(0,T,V), (3.39)
vy — vy weak x in L=(0,T,V), (3.40)
V™ — v, weakly in L? (Q) . (3.41)

According to (3.1), (3.30), (3.33) and the compact injection of H*(Q) in L?(Q), there
exists a subsequence of (u”™) and (v¥™), which will be also denoted by (u*") and (v*™),
such that

f(u’™) — f(u”) strongly in L* (Q), (3.42)
g(v’™) — g(v") strongly in L (Q) . (3.43)

We can see that the estimates (3.25) and (3.29) are also independent of v. So, using
the same arguments to obtain u” and v”, we can pass to the limit, as v — oo, to obtain
functions u and v such that

u” — u weak x in L>(0,7T,V), 3.44

(3.44)
uy — uy weak x in L>(0,7,V), (3.45)
u?, — uy weakly in L*(Q), (3.46)
v” — v weak x in L*>(0,T,V), (3.47)
vy — vy weak * in L>(0,T,V), (3.48)
(3.49)

(3.50)

3.50

V!, — vy weakly in L?(Q),
f(u") = f(u) strongly in L* (Q)
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g(v”) — g(v) strongly in L? (Q). (3.51)
Making m — oo and v — oo in the equations in (3.20) and using the convergences
(3.36) — (3.51) we have

p_h?’ (uge (t) , 1)) Odt + /T ((u(t),v))0dt + /Tut(L,t)lp(L,t)Gdt
12 0 0 (3.52)
T T :
+k:/ (u+v2) (1) , ) dt +/ (F(u(£)), ) 6dt = 0, Vb € V, V6 € D(0,T)
0 0
an
ph/T (v (t) , ) Odt + k/T((u +vg) (1), @p)0dt + k:/Tvt(L, t)yp(L,t)0dt
o 0 0 (3.53)
+/ p)ldt =0, Yo € V, V8 € D(0,T).
0
Taking ¢, 1 € D(0, L), it follows that
i—}iutt Upe + k(u+v,) + flu) =0 in L*Q) (3.54)
and
phvy — k(u+v,), + g(0) =0 in LX(Q). (3.55)

Multiplying (3.54) by ¥0, ¢ € V and § € D(0,T), integrating in () and comparing with
(3.52), we get

T
/ (L, t) + ua(L, £)] (L, t)0dt = 0, Y0 € D(0,T), Y € V.
0

Consequently
ut(L) +u (L) =0o0n (0,7). (3.56)

Now, multiplying (3.55) by ¢0, ¢ € V and 6 € D(0,T), integrating in ) and comparing
with (3.53), we obtain

T
k/ (ve(L,t) + u(L,t) + v (L, t))(L, t)0dt = 0, Y0 € D(0,T), Vo €V,

0

which implies

v (L) +u(L) +v,(L) =0o0n (0,7). (3.57)

To complete the proof of the theorem, we need to show that u,v € L?(0,T, H*(0, L)).
For this, we consider the following boundary value problem:

(1) = 2 (1) kw4 0,) ()~ f(u(®) i (0.L),
(3.58)
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and
e (1) = =0 () + e ()~ 1o (0 (1) i (0,L),

v(0,t) =0, (3.59)
v (L, t) = —(u(L, t) + v (L, t)).

Since —%utt —k(utv,)— f(u), %vtt—i—ux —+9(v) € L*(Q), it follows by Proposition 2.1 that
u,v € L*(0,T, H*(0,L)). Using a standard argument, we can verify the initial conditions.
The uniqueness of solution is proved by energy method. [ ]

4 Weak Solution

The purpose of this section is to obtain existence of solutions for the problem (1.1) — (1.3),
with less regularity on the initial data and now f, g being continuous functions and sf (s) > 0,
sg(s) >0, Vs € R. Owing to few regularity of the initial data, the corresponding solutions
shall be called weak.

Theorem 4.1 Let us consider
fyg: R — R are continuous functions such that f(s)s >0 and g(s)s >0, Vs € R, (4.1)

(u’,u', 0%, 0" € [V x L*(0, L)]Q, (4.2)
F(u°),G(°) € L'(0, L). (4.3)

Then there exist at least two functions u,v : Q) — R such that

u,v € L=(0,T,V), (4.4)

ug, v, € L°(0,T, L*(0, L)), (4.5)

,ol_f;?’uﬁ —Upy + Kk (u+v,) + f(u) =0 in LY0, T, V' + L0, L)), (4.6)
phvy — k (u+v,), + g(v) = 0 in L'(0, T, V' + L'(0, L)), (4.7)

ug (L, ) +uy (L,-) =0 in L*(0,T), (4.8)

u(L,-) + v, (L,-) +v (L,-) =0 in L*(0,T), (4.9)

u(0) = u®, uy(0) = u*, v(0) = v°, v(0) = v in (0,L). (4.10)

Proof. There exist two sequences of functions (f,),eny and (g,),en, such that, for each
v € N, f,,9, : R— R are Lipschitz functions with constants ¢y, and ¢, , respectively,
satisfying sf,(s) > 0 and sg,(s) > 0, Vs € R and (f,),en, (9,)ven approximate f and g,
respectively, uniformly on bounded sets of R. The construction of these sequences can be
seen in Strauss [17].
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Since the initial data u° and v° are not necessarily bounded, we approximate u° and v°
by bounded functions of V. We consider the functions {; : R — R defined by

—7, if s< —j,
gj(s) = S, if |S| §.77
75 if s>7.

Considering &;(u’) = u” and &;(v°) = v%, we have by Kinderlehrer-Stampacchia [5] that
the sequences (u%);en and (v%);ey in V' are bounded in [0, L] and

u” — u® strongly in V, (4.11)

05

v% — Y strongly in V. (4.12)

Let us take the sequences (u%P),cn, (v%P),en in VN H%(0, L) and (u'?),en, (v'7)pey in V
such that

u¥? — 4% strongly in V, (4.13)

0%7 — % strongly in V, (4.14)

u'? — u' strongly in L*(0, L), (4.15)

v'? — ! strongly in L*(0, L), (4.16)
u¥P(L,-) +u'P(L,-) =01in (0,T), (4.17)
uP(L, ) 4+ v2P(L, ) 4+ vPP(L,-) = 0in (0,T). (4.18)

We fix (j,p,v) € N. For the initial data (u%?, u'?, 0% v'P) € {[V N H%(0,L)] x V}?, there
exist unique functions w;p,, Vjp, : @ — R in the conditions of the Theorem 3.1. By the same
argument employed in the Estimates I (see (3.23)), we obtain

h3 . . . L
’)1—2 w0 + ph [0 ()| +k|(uﬂpv+v;w)(t)|2+||unw(t)||2+2/ ™ (L, 5)|" ds
0

t . 2 L . L . ph,3 2
+2/ /" (L, s)|" ds + 2/ F, (u?"(z,t)) dx + 2/ G, (VP (x,t))dx < T |u!?|
0 0 0

L L
Fph 012 + & [P 4 002 4 (]2 2 / By (u%P)dx + 2 / Gy (097,
0 0

(4.19)
where F,( fo fu(s)ds and G, ( fo gy

We need estimates for the terms fo ) 0”’ ) dz and fOLG v%P) dz. Since u% and v% are
bounded a. e. in [0, L], Vj € N, it follows that

fo(u”) — f (u*) uniformly in (0, L),
9, (v") — g (v") uniformly in (0,L).
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L
/ F, (uY(z)) dz — / ) dz uniformly in R, (4.20)

/ G, (vW(z)) dz — / ) dz uniformly in R. (4.21)

From (4.11) and (4.12), there exist subsequences of (u%);cy and (v%);en, which still be also
denoted by (u%);eny and (v%) ey, such that

u” — v’ a. e in (0,L),

v — % a. e in (0,L).

By continuity of F' and G, it follows that F(u%) — F(u°) and G(v%) — G(v°) a. e. in
0, L]. We also have F'(u%”) < F(u°) and G(v¥) < G(v"). Thus, by (4.3) and the Lebesgue’s

dominated convergence theorem, we get
F(u%) — F(u°) strongly in L'(0, L), (4.22)
G(vY) — G(v°) strongly in L*(0, L). (4.23)
Making the same arguments for F,, and G,, it follows that
F,(u"?) — F,(u") strongly in L'(0, L), (4.24)
G, (V") — G, (v%) strongly in L'(0, L). (4.25)
By (4.20) — (4.25), we obtain

/ F,(u%7 ( dx—>/ ) dz in R, (4.26)
/ G, (v (z da:%/ G(v'(z))dx in R. (4.27)
Then
/ F,(u?(z)dz < C' and / G, (vWP(z)dr < C, (4.28)
0

where the constant C' > 0 is independent of j, p and v.
Using (4.11) — (4.16) and (4.28) in (4.19), we have

h . . . t ;
5 |l @O + ph v (2 }2+k\<uﬂp”+v;p”><t>|2+Huwt)l!”?/ [ (L,s)[" ds
0

+2/ ’vfp” (L, 3)’2ds <C,
0
(4.29)
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where C' > 0 is independent of j, p, v and ¢.
From (4.29), we get '
(u’?") is bounded in L*(0,7,V),

(v/7") is bounded in L>(0,T,V),
(u”) is bounded in L*(Q),
(v3") is bounded in L*(Q),

(ulP"(L,-)) is bounded in L*(0,T),

(v/*(L,-)) is bounded in L*(0,T).

According to (3.11), (3.12), (4.30), (4.34) and (4.35), we have

ul?” (L,-) is bounded in L*(0,T),

v/ (L, -) is bounded in L*(0,T).

(4.36)

(4.37)

As the estimates above are hold for all (j, p, v) € N3 and, in particular for (v,v,v) € N3,

VVV) VVV)

we can take subsequences (u"""),en and (v

such that
u” — u weak x in L>(0,T,V),
v — v weak x in L>(0,T,V),
u! — u, weakly in L*(Q),
vl — v, weakly in L*(Q),
wy(L, ) — x weakly in L*(0,T),

v/(L,-) — X weakly in L*(0,T),

T

u’(L,-) — u;(L,-) weakly in L*(0,T),
v/ (L,-) — v (L,-) weakly in L*(0,T),

We note that the Theorem 3.1 gives us

ph®

——up — U, + k(u” +v)) + f,(u”) =0in LZ(Q)a

12

phvly — k (u” +0), + g,(v") = 0 in L2(Q)

’LLZ (L> ) +uty (Lv ) =01n (O,T),

uw’ (L,)+vY (L,-)+ v/ (L,-)=01in (0,7).

ven, which we denote by (u”),en and (v”),en,

(4.46)

(4.47)
(4.48)
(4.49)

From (4.38) — (4.41) and the compact embedding of H*(Q) in L?(Q), we can guarantee
the existence of subsequences of (u”) and (v"), which we still denote with the index v, such

that
u” — ua. e. in @,

(4.50)
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vY — wva. e in Q.

As f, g are continuous, it follows
fw”) — f(u) a. e. in Q,

g(v”) — g(v) a. e. in Q.
We also have
fo(u”) — f(u”) a. e. in Q,
g,(v") — g(v”) a. e. in Q,

because u”(z,t) and v”(x,t) are bounded in R. Therefore
fo(u”) — f(u) a. e. in Q,

g, (v") — g(v) a. e. in Q.
Making the inner product in L? (Q) of (4.46) with u” (¢), we obtain

e @y @) = 5 [ 0 de = S (1), ()

). 0) = [ [ (G 6 @)
k /0 (0 + %) (1), (8)dt.
Observing (4.13), (4.15), (4.30) — (4.32) and (4.34), we have by (4.54) that

/0 (fo(u (1)), (1)) < C,

where C' > 0 is independent of v.
From (4.52), (4.55) and Strauss’ Theorem (see [17]), it follows

f,(u”) — f(u) strongly in L'(Q).

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

Analogously, taking the inner product in L? (Q) of (4.47) with v” () and after using

(4.14), (4.16), (4.30), (4.31), (4.33) and (4.35) we get

/0 (0, (0" (1)), 0" (1))dE < C,

where C' > 0 is independent of v.
From (4.53), (4.57) and Strauss’ Theorem (see [17]), it follows

g, (1) = g(v) strongly in L}(Q).

(4.57)

(4.58)
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Applying the convergences (4.38) — (4.45), (4.56) and (4.58) in (4.46) — (4.49), we
conclude

h3
/)1—2% — gy + k(u+v) + f(u) = 0in L'(0, T, V' + LY(0, L)), (4.59)
phvy — k(u +v,), +g(v) = 0in L'(0, T, V' + L*(0, L)), (4.60)
X +u (L,-) =0in L*(0,7), (4.61)
u(L,")+ X +v (L,-) =0in L*(0,T). (4.62)
Let us prove that u, (L,-) = x and v, (L,-) = X.
b um<L7 ) =X
According to (4.59), we deduce
h3
—Uyy = —pl—Qutt — k(u+v,) — f(u). (4.63)

Since ug, (u+v,) € L*(Q) and f(u) € L*(Q), by Propositions 2.1 and 2.3, there exist functions
z,w € L2(0, T,V N H?*0,L)) and n € L'(0,T, E) such that —z,, = u;, —wWse = u + v, and
—1ee = f(u). Hence

ph®

Multiplying (4.64) by 6 € D(0,T) and integrating from 0 to 7', we obtain

T oh® [T T T
— / ubfdt — —/ 20'dt + k/ whdt| = — / —nldt| .
0 12 0 0 TT 0 TT

From the uniqueness given by Proposition 2.3, we get
T ph3
/ (u+ Ezt + kw —i—n) 0dt =0, V0 € D(0,T),
0

that is,

ph’
12
Since zy(L,-) = (22(L, )¢ (see [14, Lemma 3.2]), we can apply the trace theorem in (4.65)
to obtain

2 — kw —n. (4.65)

u =

o

U (L) = =75

(22 (L,")), — kw, (L,-) — . (L,-) € H'(0,T) + L' (0,T).

For other side, by (4.46) we have

v ph3 v v v v
T Upy = _Eutt - k(u +vm) - fl/(u )
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with u?, (u” + v%), f,(u”) € L?(Q). By Propositions 2.1, there exist functions 2z, w”,n" €
L*(0,7,V N H?*(0, L)) such that —z%, = ul, —w%, = u” +v% and —n%, = f,(u”). Thus, as it
was done before, we have

ity = Okt
and 13
U’ = —/)1—22{ — kw” —n"”. (4.66)
By (4.38) — (4.40) and (4.56), we get
2¥ — z weakly in L*(0, T,V N H*(0, L)), (4.67)
w” — w weakly in L*(0, T,V N H?*(0, L)), (4.68)
n” — n strongly in L'(0, T, E). (4.69)
According to [13] and (4.67), we have
2/ — 2z weakly in H (0, T,V N H?*(0, L)). (4.70)

From (4.67) — (4.70) and by continuity of the trace, we obtain

n“(L,-) — n.(L, ) strongly in L*(0,T), (4.71)
2% (L, +) — 2p4(L, ) weakly in H(0,T), (4.72)
w?(L,-) — wy(L,-) weakly in L*(0,T). (4.73)

Taking into account the convergences (4.71) — (4.73), it follows by (4.65) and (4.66) that

w(L,-) — ug(L,-) weakly in [H'(0,T)NL>(0,T)]". (4.74)

T

In this way, comparing (4.42) and (4.74), we can conclude
X =u,(L,-) in L*0,T). (4.75)
o v, (L,-)=2%.
Making the same procedure as before, from (4.60), it follows that

ph 1

ol EQ(”)? (4.76)

with u,, v; € L*(Q) and g(v) € L'(Q). By Propositions 2.1 and 2.3, there exist functions
B, ¢ € L*(0,T,V N H*0,L)) and ¢ € L'(0,T, E) such that —B,, = us, — ¢y = 20, and
—Cox = 79(v). So, we can find

“Ugy = Uy —

_ ph 1
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and

h 1
v=pF— %@ - . (4.78)
Applying the trace theorem in (4.78), we obtain
L )= L, ) — @ L - l L HY0,7)+ L' (0, T
Um( 7')_533( 7') k<¢l‘( 7'))1& kcr( 7'>€ (07 )+ (07 )
We know by (4.47) that
14 12 ph 12 14
Uy = Uy — ?vtt - Egl/(v )

Since u”, v/, g,(v*) € L*(Q), it follows the existence of functions 8%, ¢*, ¢ € L?(0,T,V N
H?(0, L)) such that —3%, =%, —¢%, = v¥ and —C%, = g,(v"). Thus, for analogy to the that
we did before, we get
and

kv" = kB” — phoy — ¥ (4.79)

By (4.38), (4.41) and (4.58), we have

B — B weakly in L*(0,T,V N H*(0, L)), (4.80)
¢ — ¢ weakly in L*(0,T,V N H?*(0, L)), (4.81)
¢V — ¢ strongly in L'(0, T, E), (4.82)
¢! — ¢y weakly in H (0, T,V N H?*0,L)). (4.83)

According to convergences (4.80) — (4.83) and the continuity of trace, it follows that
BY(L,-) — B(L,-) weakly in L*(0,T), (4.84)
CY(L,-) — ¢(L,-) strongly in L'(0,T), (4.85)
¢“(L,-) — ¢(L,-) weakly in H~1(0,T). (4.86)

Using the convergences (4.84) — (4.86), we can conclude from (4.78) and (4.79) that
VY (L, ) — vy(L, ) weakly in [H'(0,7) N L>(0,T)]’, (4.87)

which comparing with (4.43), we deduce
Y =u,(L,-) in L*0,T).

To verify the initial conditions (4.10), we use the standard method. [ ]

Remark 4.1 The uniqueness of solution in the conditions of the Theorem 4.1 is a open
question. But, for some particular cases of the nonlinearities, for example f(s) = |s[" s
and g (s) = |s|"" s with p,q € [1,00), we can use the energy method as in Lions [9, p. 15]
to obtain the uniqueness of solution.
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5 Asymptotic Behavior

The aim of this section is to study the asymptotic behavior of the energy E(t) associated
to weak solution of the problem (1.1) — (1.3). As it was mentioned in the introduction, this
energy is defined by

1 [ph?
B = 5 |yl OF + pb o (OF + Kl +0) OF + Ju )
L L (5.1)
+2/ F(u(x,t))d:c+2/ G(v(x,t))d:c] :
0 0
Let us consider the following additional hypotheses:
3 6; > 0 such that f(s)s > (2+01)F(s), Vs € R, (5.2)
and
3 93 > 0 such that g(s)s > (2+ d2)G(s), Vs € R. (5.3)
The functions f and g given in the Remark 4.1 satisfy the conditions (4.1), (4.3), (5.2)
and (5.3).

The mean result of this section is:

Theorem 5.1 Let L < min{2,2/k} and f, g, u®, v°, ul, v* in the conditions of the Theorem
4.1 plus the hypotheses (5.2) and (5.3). Then there exists a positive constant k > 0 such
that the energy E(t) satisfy

E(t) <4E(0)e ", Vt > 0. (5.4)

Proof. Taking the inner product in L?(0,L) of (4.46) and (4.47) with u? (¢) and v (¢),
respectively, we obtain

E,(t) = — |[u"(L, )" = [v"(L. ), (5.5)

where E,(t) is the energy associated to strong solution (u”,v"), obtained in Section 3, when
f and g are replaced by f, and g,, respectively. Thus this energy is non-increasing.
It is important to emphasize that, for each v € N, the functions f, and g, of the
approximating sequences also satisfy the conditions (5.2) and (5.3), respectively (cf. [17]).
For an arbitrary € > 0, let us define the perturbed energy

E, () = B, (t) + ¥ (t), (5.6)
with
W(t) = a2 (1) 2 (6) + alphof (1), w0 (1) + B (1), 0 (6) + Blphof (1), (1),
(5.7)

where a > 0 and 3 > 0 are constants such that

a+ 20 > max{akL,al, 43}, (5.8)
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341 > 0 such that 5f(s)s > (a+v)F(s), Vs € R, (5.9)

and
3 49 > 0 such that Gg(s)s > (a+ 12)G(s), Vs € R. (5.10)

The choice of (3 is possible because

(a+72)
(24 d2)

(a+m)
(2+ )

f(s)s = (@ +m)F(s), 9(s)s = (@ +12)G(s)

and
(o + )
(2 + d7)

After some calculations, we find

aL + BLY ph?
el < (“57) 4

hL hL
+ (%) Bl + ) (O +

0< <%,for0<%<0é2 (1=1,2).

u? (t))* + (L + BL)ph v (1)

ph*L(a + B) + 12phL?(a + 3)
24

[ ()17,
which implies
(1) < CLE, (1), (5.11)
where Cy = [3 + (ph/k) + (ph®/12) + phL?] L(a + 3). Tt follows by (5.6) and (5.11) that
|Ev (1) — EL(t)] = €| W ()] < eCLE, (1),

that is,
(1—-€eC)E,(t) < E, (t) < (1+€eCh)E,(t).
Taking 0 < € < ¢g = 1/2C", we have

E,(t)
2

< E,. (t) <2E,(t). (5.12)
Deriving the function (5.7) and using the equations (4.46) and (4.47), it follows that
W'(t) = alug, (1), zug (1) + ak((w” +v7). (1), 2(w” +v7) (1))

+ak ((u” + %) (t),u” (t) + akLu’ (L, t)vy (L, t) — a(f,(u” (t)), zu (1))
a2y (6wt () — g 07 (0), a2 (1)) + alphot (1) et (0) = Bl I (513)
—Bu” (L, tyuy (L, t) — Bk |(u” +v¥) ()] = B(f, (u” (), u” (1))

ook [u (1)]* = BRv" (L, t)vy (Lyt) = Blgu (¥ (£)), 0" (1)) + Bph[oy ()]

Jr12

Now, we will analyze some terms that appear on the right side of (5.13).
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Analysis of a(u?, (t),zu’ (t)).

« «

ot () () = § [ o OF do = G0l =5 [z @) e (519

Analysis of 2222 (u? (t) , zul, (t))

aph®, , aph® (* d aph®L |
o (0o, ) = 0 [ (0 do = 2 ()
(5.15)
—aphS/L\u” () dz
24 J, '
Analysis of aph(v) (t),zv}, (t))
5 y aph (¥ d aphL aph [
aph(uy (1) oot (0) = “2° [l o O do = 222 (L0 -2 [ ot (0
0 x 2 2 J
(5.16)

Analysis of —pu” (L, t)u}(L,t)
—Bu”(L,t)uy (L,t) < Beo [uy (L, O [u” ()] < Coluf (L, )" + €l (D]*, (5.17)

where Cy = 32c3/4€, ¢g > 0 such that |[u”(L,t)| < co|ju”(t)]| and € > 0 a constant to
be chosen.

Analysis of —gkv” (L, t)vy(L,t)

=Bk (L, oy (L, t) < Pheo [y (L, )] (1(u” + 07) (O] + L [[u” (£)]])
_ Bk k2L
S 4€

< G oy (L, D) + €k (u + v) (OF + € [lu ()1

[ (L, OF + &k |(w” + ) (0)]° + o (L OF + € w0 (5.18)
where C3 = (1 + kL?) 3%kc}/4€.
Analysis of a(f,(u” (1)), zu (t))

Observing that F' is of class C'(R) and F(0) = 0, so

a(fulu” (1), zu (1)) = o / 2f,(u () () dz = a / e (2, 1)) d

Xz

. (5.19)
= aLF(u’(L,t)) — a/o F, (v’ (x,t))dz.
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e Analysis of a(g,(v” (t)), xvY (t))

Noting that G belongs to class C'(R) and G(0) = 0, we obtain, in a manner analogous
to the last analysis, that

a(g,(v” (1)), zvl (1)) = aLG(v"(L,t)) — a/o G,(v” (z,t))dx. (5.20)

e Analysis of a((u” +v%), (t), z(u” +vY) (1))

(0 + 0200 (1)l +02) (0) = 5 [ o |+ 02) (O d
0 (5.21)
:—|vtLt /|u+v )| da.
e Analysis of ak ((u” + v¥) (t),u” (1))
ak((u” +vy) (), u” (1) < %k\(U“er)( t)|” +Oz—LlC [ (&) (5.22)

e Analysis of akLu”(L,t)v}(L,t)
akLvy (L, t)u"(L,t) < coakL [vf (L, )] [[u” (t)[| < Calof (L, OF + € llu” @), (5.23)
where Cy = c3a?k?L? /4¢.

Substituting (5.14) — (5.23) in (5.13) and using (5.9), (5.10), we get

(1) < L (L)P = S OFF + S5 o (L.0)] — Skl + o) ()
PR+ o) () + O (1 >||2+c4|vt<L,t>|2+5||u” ok
—aLF,(u’(L,t)) + O";}ZL ur (L, )| — %}1’3 ! (1))% = aLG, (" (L, 1))
PO 0~ O O S O + O+ O
skl + ) OF = [ B 0+ 2 g 0 + a0
RERIG +02) OF + 0 @I = [ Gl @0+ G g (O,
which implies
U'(t) < — (C5 — 26) B, (t) + Cs [u? (L, )|° + Cy [o¥ (L, 1), (5.25)
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where C5, Cg and C7 are the following positive constants:
C(5 = mln{a+2ﬁ - OékL,Oé"—Qﬁ - OéL,Oé - 2ﬁ7717/72}7

aL  aph? akl  aphL
- d ¢ =~
g T T and Cr=—m 4o

The positivity of C5 is guaranteed by (5.8) — (5.10).

Cs = + 5 + Cy.

Now, deriving (5.6) and, soon after, substituting the expressions (5.5) and (5.25), we

obtain

E, (1) < —¢(Cs5 — 26) B, (1) — (1 — €Cg) |uf (L, ) — (1 — Cy) [vf (L, ).

Taking 0 < € < ¢; =min {1/C4,1/C7} and 0 < £ < C5/2, we have
E, (t) +kE, <0,
with £ = min {ep, &1 } (C5 — 2£) > 0. In this way
E,.(t) < B, (0)e™™, vt > 0.
Combining the last inequality with (5.12), we deduce

E,(t) <4E,(0)e " Vvt > 0.

Since F, and G, are continuous, it follows by (4.50) and (4.51) the convergences

F,(u”(-,t)) — F,(u(-,t)) a. e. in (0,L), ¥Vt >0,

G,(v"(-,t)) = G,(v(+,t)) a. e. in (0,L), Vt > 0.

For other hand, since f, — f and ¢, — ¢ uniformly on bounded sets of R, then
F,(u(-,t)) — F(u(-,t)) a. e. in (0,L), Vt >0,

G,(v(,t)) — G(v(-,t)) a. e. in (0,L), Vt > 0.
According to (5.27) — (5.30), we can conclude that

F,(u”(-,t)) = F(u(-,t)) a. e. in (0,L), VYt >0,

G,(v"(,t)) = G(v(-, 1)) a. e. in (0,L), Vt > 0.

From (5.26) we have the following estimates

/L F,(u"(z,t))dz < 4E,(0), /L G, (v (z,t))dx < 4E,(0).

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)
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Using the convergences (4.11) — (4.16), (4.26) and (4.27) in (5.33), it follows that

lim inf /OL F,(u” (x,t))de <4FE(0), liminf /OL G, (V" (z,t))dx < 4E(0). (5.34)

V—00 V—00

By (5.31), (5.32), (5.34) and Fatou’s lemma, we have

V—00

/0 " Flu (. 1))dx < liminf /0 "R (. 0))de

and ; .
/ G(v (z,t))dr < lim inf/ G, (v (z,t))dx.
0 v—ee Jo
In this way, taking the liminf in (5.26), we can deduce the inequality (5.4). |
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