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Abstract. The present paper is devoted to the existence of solutions for implicit first or-
der differential systems with nonlocal conditions expressed by continuous linear func-
tionals. The lack of complete continuity of the associated integral operators, due to the
implicit form of the equations, is overcome by using Krasnoselskii’s fixed point theorem
for the sum of two operators. Moreover, a vectorial version of Krasnoselskii’s theorem
and the technique based on vector-valued norms and matrices having the spectral ra-
dius less than one are likely to allow the system nonlinearities to behave independently
as much as possible. In addition, the connection between the support of the nonlocal
conditions and the constants from the growth conditions is highlighted.
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1 Introduction and preliminaries

The purpose of this paper is to obtain the existence of solutions to the nonlocal problem for a
class of first order implicit differential systems

x(t) = gi(t, x(t),y(t)) + (t, x'(t),y'(t))

Y0 = 20 x(0,0) H X OFO) -
x(0) = afx]

y(0) = Blyl,

where g¢;, h;: [0,1] x R> — R are continuous functions and &, 8: C[0,1] — R are continuous
linear functionals with a [1] # 1 and B [1] # 1.

In the recent years much attention has been given to different types of problems with
nonlocal conditions. We refer to the bibliographies of the papers [2-4,11,13,17-19, 25,31, 32]
for references. The motivation is that such problems arise from the mathematical modeling of
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real processes, such as heat, fluid, chemical or biological flow, where the nonlocal conditions
can be seen as feedback controls, see for example [7] and the recent survey paper [28].

One can distinguish between discrete nonlocal conditions, or multi-point boundary con-
ditions, and continuous conditions given by continuous linear functionals. For both types,
it is important to take into consideration the interval on which a given condition really acts,
that is, the support of that condition. More exactly, the support associated to the condition
x(0) = a[x], where a : C[0,1] — R is linear, is the minimal closed subinterval [0, t] of [0, 1]
with the property

« [x] = a [y] whenever x =y on [0, t(].

This notion was first introduced in [4] and has become essential for the existence theory of
nonlocal problems. Indeed, as shown in [4,19,25], stronger conditions have to be satisfied by
the nonlinear terms of the equations on [0, tp], compared to the hypotheses asked on [to, 1].
One may assert that the “integral” equation equivalent to a nonlocal problem on the interval
[0,1], is of Fredholm type on the support [0, ty] of the nonlocal condition, and of Volterra type
on the remaining interval [tp, 1]. In the present paper again we shall exploit this idea, even
pregnantly. We shall do this, by considering a special norm on C [0, 1], namely

|x[, = max {’x|c[0,t0} , |x’C9[to,1]} ’

where || 4, is the usual max norm on C [0, fo},

X = max |[x(t)]|,
[€lejos = max |¥(1)]

while [x|c, ;) denotes the Bielecki type norm on C [to, 1],

_ —6(t—
*leypon = max [x(t)]e (=),
Here 7 < tp and 6 > 0 are given numbers. As we shall see, the joint role of the parameters 7
(any fixed number with # < t) and 6 (chosen large enough) is to weaken the assumptions on

1 (t,x,y),82 (t,x,y) when t € [t,1].
Note a key property of the functional a in connection with its corresponding support,

]| < llall [x]cpoh)

for every x € C[0,1], when normally, for any continuous linear functional a: C[0,1] — R, we
have [a[x]| < [|a[| [x|c[,1 , where the notation ||«|| is used to denote the norm of the continuous
linear functional «.

A standard technique for nonlocal problems, as like for boundary value problems in gen-
eral, is the reduction of the problem to a fixed point problem for a suitable integral type
operator. Then a fixed point theorem guarantees the existence of a solution. Topological fixed
point theorems, as well as index theory, are essentially based on compactness, which in case
of explicit equations usually holds, while for implicit equations it becomes a problem. In or-
der to overcome this difficulty, one may think to use Krasnoselskii’s fixed point theorem for
a sum of two operators, a contraction and a completely continuous mapping. Krasnoselskii’s
theorem [14,15] (see also [10]) has become a basic result of the nonlinear analysis with a large
number of applications to nonlinear operator, integral, and differential equations. Combining
Banach’s contraction principle and Schauder’s fixed point theorem, it can be considered a
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bridge between metrical and topological fixed point theories. There is a rich literature con-
cerning different generalizations and applications of this theorem. Here are some of them:
[1,5,6,9,12,20,21,27,30].

Nonlocal problems for implicit differential equations have been, by our knowledge, less
investigated. We just mention the paper [16] on the monotone iterative technique for an
implicit first order equation subject to a two-point boundary condition, and the paper [8]
whose aim is to obtain a Carathéodory solution for an implicit first order equation under
a nonlocal condition, via Schauder’s fixed point theorem and Kolmogorov’s compactness
criterion in L'.

Since we are interested here in systems of equations, we have opted for a vectorial ap-
proach based on the use of vector-valued norms, inverse-positive matrices and of a vectorial
version of Krasnoselskii’s fixed point theorem for sums of two operators. The vectorial ap-
proach allows the system nonlinearities to behave independently as much as possible.

We recall now some basic notions which are involved in our vectorial setting. By a vector-
valued metric on a set X we mean a mapping d: X x X — R’ such that (i) d(x,y) = 0 if and
only if x = y; (ii) d(x,y) = d(y,x) for all x,y € X and (iii) d(x,y) < d(x,z) +d(z,y) for all
x,Y,z € X. Here by < we mean the natural componentwise order relation of R”, more exactly,
ifr,s €e R", r = (r,r2,...,11), s = (51,52,...,54), then by r < s one means that r; < s; for
1=1,2,...,n.

A set X together with a vector-valued metric d is called a generalized metric space. For such
a space, the notions of Cauchy sequence, convergence, completeness, open and closed set are
similar to those in usual metric spaces.

Similarly, we speak about a vector-valued norm on a linear space X, as being a mapping
|-l : X = R’ with ||x|| = 0 only for x = 0; ||Ax|| = |A| ||x|| for x € X, A € R, and ||x +y| <
||| + [|y|| for every x,y € X. To any vector-valued norm ||-|| one can associate the vector-
valued metric d (x,y) := ||x — y||, and one says that (X, ||-||) is a generalized Banach space if X
is complete with respect to d.

If (X,d) is a generalized metric space and T: X — X is any mapping, we say that T is a
generalized contraction (in Perov’s sense) provided that a matrix M € M, , (R4) exists such
that its powers MF tend to the zero matrix 0 as k — oo, and

d(T(x), T(y)) < Md(x,y) forall x,y € X.

Here and throughout the paper, the vectors in IR" are seen as column matrices.

There are several characterizations known of the matrices M with M* — 0 as k — o (see
[23] and [29, pp. 12, 88]). More exactly, for a matrix M € M, », (R+), the following statements
are equivalent:

(@) M* — 0 as k — oo;

(b) I — M is nonsingular and (I — M)™! = I+ M + M? + - -- (where I stands for the unit
matrix of the same order as M);

(c) the eigenvalues of M are located inside the unit disc of the complex plane, i.e. p (M) < 1,
where p (M) is the spectral radius of M;

(d) I — M is nonsingular and inverse-positive, i.e. (I — M)~! has nonnegative entries.
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Let us note that for a square matrix M € My, (R ) of order 2,
a b
m=[tal;
one has p (M) < 1if and only if
a+d<min{2, 1+ad—bc}. (1.2)
The following almost obvious lemma will be used in the sequel.

Lemma 1.1. If A € M, «,, (Ry) is a matrix with p (A) < 1, then p (A+ B) < 1 for every matrix
B € M, xu (R4+) whose elements are small enough.

The role of matrices with spectral radius less than one in the study of semilinear operator
systems was pointed out in [24], in connection with several abstract results from nonlinear
functional analysis. Thus, Banach’s contraction principle admits a vectorial version in terms
of generalized contractions in Perov’s sense.

Following Perov’s approach, in [30] (see also [22]) the following vectorial version of Kras-
noselskii’s fixed point theorem for a sum of two operators was obtained.

Theorem 1.2 ([30]). Let (X, ||-||) be a generalized Banach space, D a nonempty closed bounded convex
subset of X and T : D — X such that:

(i) T =G+ H with G: D — X completely continuous and H: D — X a generalized contraction,

i.e. there exists a matrix M € My, (Ry) with p (M) < 1, such that |H(x) — H(y)| <
M ||x —y|| forall x,y € D;

(i)) G(x)+ H(y) € D forall x,y € D.

Then T has at least one fixed point in D.

The proofs of the vectorial versions of the Banach and Krasnoselskii theorems follow the
same ideas as for the original results. However, for applications to systems, these versions
allow nonlinearities to behave independently one to each other, and differently with respect
to the system variables.

2 Main result

In order to obtain the equivalent integral form of the problem (1.1), denote

Then, using the nonlocal conditions we obtain

x(t) = i —104[1]“ [/O.u(s)ds] +/0tu(s)ds,
y(t) = 1_1[3[1]ﬁ [/o v(s)ds] + /Otv(s)ds.
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Also define

Then the problem (1.1) is equivalent to the system

{u = G1(u,v) + Hi(u,0) (2.1)

v = Gy(u,v) + Hp(u,v).

Note that we look for solutions with x,y € C'[0,1], i.e. (x,y) € C! ([0, 1] ,]Rz) ,and so u,v €
C[0,1], that is (u,v) € C([0,1],1R?). The system (2.1) appears as a fixed point problem for
the operator

T:C([0,1],R*) — C([0,1],R*), T=(T1,Tr),

where T1, T, are given by

Ti(u,v) = G1(u,v) + H1(u,0),

(2.2)
Tr(u,v) = Go(u,v) + Ha(u,v).

We can rewrite (2.2) in a vectorial form, as a sum of two operators, namely

T(u,v) = G(u,v) + H(u,v),

R e P T B = S R vy

We shall assume that the nonlocal conditions expressed by the functionals «, 8 have the
same support [0, tp], and that the growth of g1 (f,u,v), g (t,u,v) with respect to 1 and v is at
most linear, on each of the two subintervals [0, tp] and [fo, 1], that is

aylu|+by|v|+c1 fort €0,

[0, to)

|g1(t,u,v)’ < {Al‘M’+Bl ’U""Cl fort € [to,l]
[0, o)

[to,1]

(2.3)
ap |ul +by|v|+c, forte

t,uv)l <
82( ) {A2|u|+B2|v|—|—Cz fort €

for all (u,v) € R?, and the functions hy, h» satisfy the Lipschitz conditions

|hy(t,u,v) —hi(t,u,0)
‘hz(t, u, ’0) — hz(t,ﬁ, 5)
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for all (u,v), (#,7) € R* and t € [0,1]. Here, for i = 1,2, a;,b;,c; > 0 and A;, B;,C;,a;,b; are
nonnegative numbers.

Denote
]|

__1sl
Ta T o

Ao = 1- Bl

and consider the matrices

| a1toAs bltoBﬁ | @ E1
Mo = artoAy bzl‘oBﬁ ! M = a, Ez '

With those notations, we can state and prove our main existence result.

Theorem 2.1. Assume that g1, 8> satisfy (2.3) and hy, hy satisfy (2.4). If the spectral radius of the
matrix Mo+ My is less than one, then problem (2.1) has at least one solution (x,y) € C'([0,1],1R?).

Proof. We shall apply the vectorial version of Krasnoselskii’s fixed point theorem to the space
X = C([0,1],IR?), endowed with the vector-valued norm ||| 1} r2) defined by

| x]. }
w - ’
H Hc([o,l],]RZ) [ ‘y‘*

forw = (x,y) € C([0,1],R?).

Step 1. The operator G is completely continuous. This follows from the continuity of g1, 2
and the fact that the terms fot ) ds, fo s) ds guarantee the equicontinuity in the Arzela-
Ascoli theorem.

Step 2. The operator H is a generalized contraction. To show this, let (u,v),(u,v) €
C ([0,1],R?) be arbitrary. Using the assumption (2.4), for ¢ € [0, to], we deduce that

|Hi(u,0)(t) — Hi(,0) (t)] = |ha(t,u(t),v(t)) — ha(t,u(t),0(t))]

< afu(t) —u(t)] + by [o(t) —B(t))|

< a1 Ju — o) + 0119 = Bl
and taking the supremum for ¢ € [0, ty], we obtain

‘Hl(lx[, U) — Hl (ﬁ’5)|C[O,tO] < a1 ’l/l — E|C[0,t0] +E] |U — 5|C[0,t0] . (25)
Next, for t € [ty, 1], we obtain
|Hi(u,0)(t) — H1(,7)(t)]
< |u(t) —u(t)| + b1 |o(t) —o(t)|
=7y |u(t) — ()] e 0D Ly |o(t) —T(t) | e 01O

< Ele(’(t*") | — mcg[toﬂ + Elee(t’”) v — 5|c9[t0,1] )
Dividing by ¢(*~") and taking the supremum when t € [ty, 1], we have

|H1(u,0) = Fy (7,9)| 1,0y < @1 |10 — Ty 1) + b1 [0 = Dy 1) - (2.6)
Taking into consideration (2.5) and (2.6), we see that

\Fhy (11,0) — i (7,9)], < [u— 7], + b1 [o 73], )
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Similarly,
|Hy(u,0) — Hy(u,0)|, < ap|u—1ul, +bs|o—7|,. (2.8)

The inequalities (2.7) and (2.8) can be put together under the vectorial form

|Hi(u,v) — Hi(u,0)], lu —1l,
|Hy(u,0) — Hy (,9)| } SMl[ 0 -7 }

* *

or equivalently,

1H(z) = HZ)llc(o1,r2) < M1 12 = Zl|cjo,17,r2) - (2.9)

for z = (u,v), z = (4, 7). Since by our assumption, (M + Ml)k — 0as k — oo, and M; <
My + M, one also has that M’l‘ — 0 as k — oo. Hence H is a generalized contraction in Perov’s
sense.

Step 3. In what follows, we look for a nonempty, bounded, closed and convex subset D of
C ([0,1],IR?) such that G(D) + H(D) C D. To this end, we shall first estimate G. Let (u,v) be
any element of C ([0,1],R?). For t € [0, t], using (2.3) we obtain

|G1(u, 0)(8)]

<m

1_1“[1]0( {/O.u(s)ds] —l—/otu(s)ds

<a <’1ﬂ“&”[1”+1> /OtO u(s)| ds + by <’1|_’%‘[1”+1> /Oto lo(s)| ds + c1

< mtpAn |“‘C[O,t0] + bitoBg |U|C[0,to] T

Taking the supremum, we have
‘Gl (u, v)|C[O,t0] < altoAa ’u|C[O,tg} + bltoBﬁ ’U|C[O,t0] +Cq. (210)
Furthermore, for t € [tp, 1], we have that

|G1(u, 0) (8)]

+ By 1_1/3[1][5[/0 v(s)ds] +/tv(s)ds +G
< A 1_1“[1]uc /Ou(s)ds} +/0t u(s)ds
+ By 1_1[3[1][&[/0 v(s)ds] +/Ot v(s)ds| + C;
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Then
|G1(u,0)(t)]
< AjtoAg |“|C[0t0] +Blt03ﬁ 9] cpo) + C
A / lu(s)] e 6N b1 gs 4 B, / [0(s)] e=0—M =) s
< AitoAq |u’C[0t]+B1tOB[3‘U‘C[Ot +G
+121 o |”’c9 to1] T 391 o |v‘cg[t01

Dividing by ¢/*~") and taking the supremum when ¢ € [to, 1], we obtain

’Gl(u’U”Ce[fo,l] < (Altko |l cjo,r0) + BrtoBg [0lcpo,r) + Cl) e~ 0to=m)

LA B .11)

‘M|C9[t01 ’U’cg [to1] *

Now we can take advantage from the special choice of the norm |-\Ce[t0,1], more exactly from
the choice of 17 < ty, to assume (choosing large enough 6 > 0) that

Aje 0o < g, Bie %= < and  Cre 0 <, (2.12)

and this way to eliminate from the first part of our estimation the growth constants A, By, C;.
Indeed, (2.11) and (2.12) give

Aq B1
1G1(u, U)|C9[t0 = arto Ay |”|c 0] T bitoBg ‘U’(:[o o) T+ 5 |”|c9[t0 1t 3 ’U|C9[t0,l] . 21)
Now, (2.10) and (2.13) imply that
A B
|G1(u,0)|, < (artoAa + — ) |ul, + ( britoBg + — | |ul, +c1. (2.14)
Similarly,
A B,
‘Gz(u, U)’ < | aptogAy + — |M’ + bztoB/g + —= 0 |u] + . (2.15)
The inequalities (2.14) and (2.15) can be put under the vectorial form
|G1(u,0)], } [!u! ] [cl]
M o+
[ |G (u, 0)], 1 el c2

or, using the vector-valued norm, equivalently,

1G (1, 9) lcqoyre) < Mo | (1, 0) e o2y (2.16)
where ¢ [ ‘1 ] and
(6]
a1toAy + 71 bitoBg + By
Mo = 0 BT 0
0 artoAy + % bZtOB/S + %
Clearly My = My + M;, where
A B
M, = Xz 15’2 .
9 0
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On the other hand, from (2.9), we deduce that
1H,9)co,r2) < Mill(9) [l (jo1)m2) + 4 (2.17)
for every (u,7) € C ([0,1],R?), where

d = [|H (0,0)lc(o,1,r2) -

Now we look for the set
D = {(1,9) € C (0,1, R : || (,0) (o) < R},

with R = {ﬁ; } , R1 >0, R > 0. According to the estimations (2.16) and (2.17), the condition
G (D)+ H (D) C D is satisfied provided that

(Mg +M;)R+c+d <R,
equivalently
c+d<(I—My—M)R. (2.18)

Since My + M; = My + M1 + My, p (Mo + M;) < 1 and the entries of M, are as small as
desired for large enough 6 > 0, from Lemma 1.1, we can choose 6 such that

p(M9+M1) < 1.

Then, according to the property (d) of matrices with spectral radius less than one, the inequal-
ity (2.18) is equivalent to
R>(I—Mg—M) " (c+d).

This proves the existence of radii Ry, R, > 0 for which the inwardness condition G (D) +
H (D) C D is satisfied. Thus Theorem 1.2 applies and guarantees the existence in D of at least
one fixed point for T. O

Remark 2.2. It is worth to underline the exclusive contribution to the matrix My + M; of the
growth constants ay,ay, by, by corresponding to the support interval [0, o], in contrast to the
constants A, Ay, By, B, which are not involved in any conditions.

Remark 2.3. In view of (1.2), the spectral radius of the matrix My + M; is less than one if the
following inequality holds:

amtoAy +a1 + bztoB/g + Ez
< min {2, 1+ (lllt()Aa + 51) (bztoBﬁ + Ez) — (bltoBﬁ —|—El> (athA,x —|—Ez)} .

We note that Theorem 2.1 can be easily extended to general n-dimensional systems. In that
case, the assumption about the spectral radius of the corresponding matrix of order n can be
checked using computer algebra programs such as Maple and Mathematica.

We conclude this paper by an example illustrating our main result.
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Example 2.4. Consider the problem

x'=a(t)xsin(x+y) +b(t)ycos(x —y) +m(t)sinx’ +n(t)y + fi(t)

y'=c(t)xcos (x+y)+d(t)ysin(x —y)+cos(p(t) X' +q(t)y') + fat) (2.19)
1/2 1/2

x(0) = [ Tx(s)ds, y©) = [ y(s)ds

where a,b,c,d,m,n,p,q, f1, f» € C[0,1]. In this case,

g1(t,u,v) =a(t)usin(u+v)+b(t)vcos (u —v) + f1(t)
(t,u,v) =c(f)ucos(u+v)+d(t)vsin(u —v) + fo(t)
hi(t,u,v) = m (t)sinu+n(t)v
ha(t,u,v) = cos(p (f) u+q(t)v)
and we have tp = 1/2 and g1, g satisfy (2.3) with
ap = ‘a‘C[O,l/Z] ’ by = ’b‘C[O,l/Z] ’ G = ’f1’C[0,1/2]'
ay = |C|c[o,1/2] ’ by = |d|qo,1/2] ’ 2 = |f2|c[o,1/2] ’
Av=lalcpsy,  Bi=lblepsay, G =lhlepsy-
Ax = ‘C‘C[l/z,l] ’ By = ’d‘C[l/Z,l] ’ G = |f2’q1/2,1]'
Also, hy, hy satisfy (2.4) with
ap = |m|c:[o,1] , by = |”|C[o,1] ’ a = |P’c[o,1] ’ by = |‘J|c[o,1]-

In addition,
lall = Bl = a1] = B[1] = 1/2.

For this example

M0+M1:[al+a1 b1+b1]

a, +a, by + Ez
_ 2] cro1/2) T Mlciony 1Pleoasz + 11l epon .
el + 1Plcp 1dlcpoas2) T 14lcoa

Therefore, according to Theorem 2.1 and Remark 2.3, if
a; +a, + by + by < min {2, 1+ (a; +a) (bz +EQ> — (a2 + @) ( by +El) } , (2.20)

then the problem (2.19) has at least one solution.
Here are three particular cases:

(1°) Assume that a; = a,, @, = a and by = by, by = by. Then the sufficient condition of
existence (2.20) reduces to
m+a+b+b1 <1,
that is
2] cro1/2) T 1Pl + Mlcion) + 17l < 1-
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(2°) Assume that a; = by, @; = by and by = ay, by = a». Then (2.20) becomes
a +a+ b —l—El <1,

that is
|2l cro1/2) + [Pl y2) + 1Mlcppq) + 7l < 1.

(3%) Assume that a; = by = by and a; = by = by. Then (2.20) is equivalent to

a;+a + \/(ﬂ1+ﬁl) (ap +12) < 1,

or more explicitly

lalcpo1/2) + Mo + \/<|ﬂ|qo,1/2] + |m|qo,1}> <|C|C[O,1/2] + |P’qo,1]> <1
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