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ABSTRACT. This paper deals with a class of integrodifferential impulsive periodic systems with
time-varying generating operators on Banach space. Using impulsive periodic evolution operator
given by us, the suitable Ty-periodic PC-mild solution is introduced and Poincaré operator is
constructed. Showing the compactness of Poincaré operator and using a new generalized Gronwall’s
inequality with impulse, mixed type integral operators and B-norm given by us, we utilize Leray-
Schauder fixed point theorem to prove the existence of Ty-periodic PC-mild solutions. Our method

is much different from methods of other papers. At last, an example is given for demonstration.
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1. INTRODUCTION

It is well known that impulsive periodic motion is a very important and special phenomena
not only in natural science but also in social science such as climate, food supplement, insecticide
population, sustainable development. Periodic system with applications on finite dimensional spaces
have been extensively studied. Particularly, impulsive periodic systems on finite dimensional spaces
are considered and some important results (such as the existence and stability of periodic solution,
the relationship between bounded solution and periodic solution, robustness by perturbation) are
obtained (See [7], [11], [12], [32]).

Since the end of last century, many researchers pay great attention on impulsive systems on
infinite dimensional spaces. Particulary, Dr. Ahmed investigated optimal control problems of system
governed by impulsive system (See [3], [4], [5], [6]). Many authors including us also gave a series of
results for semilinear (integrodifferential, strongly nonlinear) impulsive systems and optimal control
problems (See [8], [9], [10], [13], [14], [15], [16], [26], [27], [28], [29], [30], [31]).
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Although, there are some papers on periodic solution for periodic systems on infinite dimensional
spaces (See [1], [13], [24], [25]) and some results discussing integrodifferential system on finite Ba-
nach space and infinite Banach space (see [10], [14]), to our knowledge, integrodifferential impulsive
periodic systems with time-varying generating operators on infinite dimensional spaces have not
been extensively investigated. Recently, we discuss the impulsive periodic system and integrodif-
ferential impulsive system on infinite dimensional spaces. For linear impulsive evolution operator
is constructed and Typ-periodic PC-mild solution is introduced. Existence of periodic solutions and
alternative theorem, criteria of Massera type, asymptotical stability and robustness by perturbation
are established (See [17], [18], [19]). For semilinear impulsive periodic system, a suitable Poincaré
operator is constructed and verify its compactness and continuity. By virtue of a generalized Gron-
wall inequality with mixed integral operator and impulse given by us, the estimate on the PC-mild
solutions are derived. Some fixed point theorem such as Banach fixed point theorem, Horn’s fixed
point theorem and Leray-Schauder fixed point theorem are applied to obtain the existence of peri-
odic PC-mild solutions respectively (See [20], [21], [22]). For integrodifferential impulsive system,

existence of PC-mild solutions and optimal controls are presented (See [26]).

Herein, we go on studying the following integrodifferential impulsive periodic system with time-

varying generating operators:

#(t) = A(t)x(t) + f (t,:c, JEatt,s, :r)ds) ot T,

(1.1)
Ax(t) = Bra(t) + ck, t = 7.

in the Banach X, where {A(¢), t € [0,Tp]} is a family of closed densely defined linear unbounded
operators on X and the resolvent of the unbounded operator A(t) is compact. f is a Tp-periodic, with
respect to t € [0+ o0), Carathéodory function, g is a continuous function from [0, 00) x [0, 00) x X
to X and are Tp-periodic in ¢ and s, and Biys = Bk, ck+5 = cx. This paper is mainly concerned
with the existence of periodic solutions for integrodifferential impulsive periodic system on infinite

dimensional Banach space X.

Here, we also use Leray-Schauder fixed point theorem to obtain the existence of periodic solutions
for integrodifferential impulsive periodic system with time-varying generating operators (1.1). First,
by virtue of impulsive evolution operators corresponding to linear homogeneous impulsive system
with time-varying generating operators, we construct a new Poincaré operator P for integrodiffer-
ential impulsive periodic system with time-varying generating operators (1.1), then overcome some
difficulties to show the compactness of Poincaré operator P which is very important. By a new
generalized Gronwall inequality with impulse, mixed type integral operator and B-norm given by
us, the estimate of fixed point set {x = APx, A € [0, 1]} is established. Therefore, the existence of
Ty-periodic PC-mild solutions for impulsive integrodifferential periodic system with time-varying

generating operators is shown.

In order to obtain the existence of periodic solutions, many authors use Horn’s fixed point theorem
or Banach fixed point theorem. However, the conditions for Horn’s fixed point theorem are not easy
to be verified sometimes and the conditions for Banach’s fixed point theorem are too strong. Our
methods is much different from other’s and we give a new way to show the existence of periodic

solutions. In addition, the new generalized Gronwall inequality with impulse, mixed type integral
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operators and B-norm given by us, which can be used in other problems, have played an essential

role in the study of nonlinear problems on infinite dimensional spaces.

This paper is organized as follows. In section 2, some results of linear impulsive periodic sys-
tem with time-varying generating operators and properties of impulsive periodic evolution operator
corresponding to homogeneous linear impulsive periodic system with time-varying generating oper-
ators are recalled. In section 3, the new generalized Gronwall inequality with impulse, mixed type
integral operator and B-norm is established. In section 4, the Ty-periodic PC-mild solution for inte-
grodifferential impulsive periodic system with time-varying generating operators (1.1) is introduced.
We construct the suitable Poincaré operator P and give the relation between Ty-periodic PC-mild
solution and the fixed point of P. After showing the compactness of the Poincaré operator P and
obtaining the boundedness of the fixed point set {x = APz, A € [0,1]} by virtue of the generalized
Gronwall inequality, we can use Leray-Schauder fixed point theorem to establish the existence of
Ty-periodic PC-mild solutions for integrodifferential impulsive periodic system with time-varying

generating operators. At last, an example is given to demonstrate the applicability of our result.

2. LINEAR IMPULSIVE PERIODIC SYSTEM WITH TIME-VARYING GENERATING OPERATORS

In order to study the integrodifferential impulsive periodic system with time-varying generating
operators, we first recall some results about linear impulsive periodic system with time-varying
generating operators here. Let X be a Banach space. £(X) denotes the space of linear operators
in X; £5(X) denotes the space of bounded linear operators in X. £,(X) is the Banach space with
the usual supremum norm. Define D={ry,- - -, 75} C [0,Tp], where § € N denotes the number of
impulsive points between [0, Tp]. We introduce PC([0,To]; X) = {z : [0,Tp] — X | = is continuous
at t € [0, Ty]\D, z is continuous from left and has right hand limits at ¢ € D} and PC1([0, Tp]; X) =
{z € PC([0,To); X) | & € PC(]0,To]; X)}. Set

Ilepcmax{ sup |[[z(t +0)||, sup I:c(tO)II} and  [|z]|pcr = [|lz]lpc + |2 pc-
t€[0,To] t€[0,To]

It can be seen that endowed with the norm || - [|pc (|| - ||pc1), PC([0, To); X) (PCY([0,To); X)) is a

Banach space.

Consider the following homogeneous linear impulsive periodic system with time-varying gener-

ating operators

1) { i(t) = A(t)a(t), t % 7,

Ax (1) = Bra(tk), t=rT.

on Banach space X, where Ax(ry,) = x(r;) — z(r ), {A(t), t > 0} is a family of closed densely

defined linear unbounded operators on X satisfying the following assumption.

Assumption [A1]: (See [2], p.158) For ¢ € [0, Tpy] one has
(P1) The domain D(A(t)) = D is independent of ¢ and is dense in X.
(P3) For t > 0, the resolvent R(\, A(t)) = (M — A(t))~! exists for all A with Re\ < 0, and
there is a constant M independent of A and ¢ such that

[RONA@)| S M +|A)""  for  Rex<0.
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(P3) There exist constants L > 0 and 0 < o < 1 such that
| (A(t) — A@0)) A~ (7)|| < LIt — 0| for ¢,0,7 €[0,Tp).
Lemma 2.1: (See [2], p.159) Under the assumption [A1], the Cauchy problem
(2.2) (t) + A(t)xz(t) =0, t € (0,Tp] with z(0) ==z

has a unique evolution system {U(t,0) |0 < 8 < ¢t < Tp} in X satisfying the following
properties:

(1) U(t,0) € £4(X) for 0< 0 < t < Ty,

2)UE,rU(r,0) =U(t,0) for 0 <9 <r<t<Tp.

B)U(,)xeCAX)forze X, A={(t,0) €[0,Tp] x [0,Tp] | 0 <8 <t <Tp}.

(4) For 0 < 0 <t < Ty, U(t,0): X — D and t — U(t,0) is strongly differentiable in
X. The derivative %U(t,@) € £3(X) and it is strongly continuous on 0 < 6 < t < Tj.

Moreover,
8
Ut,0) = —A@Q)U(,0) for 0<0<t<Ty,
C
t,0 = [JAQ)U(,0)| £,x) < ot
£5(X)
AU (t,0)A(0) 1H£(X < C for 0<60<t<T.

(5) For every v € D and t € (0,Tp], U(t,0)v is differentiable with respect to  on 0 < 6 <
t< T,

)
5V (00 = Ut 6)A(6)v.

And, for each Z € X, the Cauchy problem (2.2) has a unique classical solution z €
C1([0, To); X) given by

x(t) =U(t,0)z, te][0,Tpl.

In addition to assumption [Al], we introduce the following assumptions.
Assumption [A2]: There exits Ty > 0 such that A(t + Tp) = A(t) for t € [0, Tp).
Assumption [A3]: For t > 0, the resolvent R(\, A(t)) is compact.

Then we have

Lemma 2.2: Assumptions [A1], [A2] and [A3] hold. Then evolution system {U(¢,0) | 0 <
0 <t <Ty}in X also satisfying the following two properties:
(6) U(t + Ty, 0+ Tp) = U(t,0) for 0 < 0 <t < Tp;
(7) U(t,0) is compact operator for 0 < 6 < ¢t < Ty.

In order to introduce a impulsive evolution operator and give it’s properties, we need the following

assumption.

Assumption [B]: For each k € ZI, By € £,(X), there exists § € N such that 745 =

Tk + 1o and Biys = By.
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Consider the following Cauchy problem

)= AW, te 0, T\D,
(2.3) Ax(1;) = Bra(my), k=1,2,---9,
z(0) = Z.

For every & € X, D is an invariant subspace of By, using Lemma 2.1, step by step, one can verify
that the Cauchy problem (2.3) has a unique classical solution x € PC([0,Ty]; X) represented by
x(t) = S (t,0)% where L(-,-) : A — £(X) given by

U(tvo)v Tk—1 SHStSTkv

Ult, ;1) I + Be)U (74, 0), The1 <0 <1 <t < T,

U(t, )| Hoar, < +B)U (75, 720) | (I + Bi)U(:, 0),

Ti_1§9<Ti§"'<Tk<t§Tk+1.

The operator {#(t, ), (t,0) € A} is called impulsive evolution operator associated with {By; 7 }72 ;.

The following lemma on the properties of the impulsive evolution operator {.(t,6), (t,0) € A}

associated with {By; 7 }32, are widely used in this paper.

Lemma 2.3: (See Lemma 1 of [18]) Assumptions [Al], [A2], [A3] and [B] hold. Impulsive
evolution operator {.(¢,0), (t,0) € A} has the following properties:
(1) For 0 < 0 <t < Ty, L(t,0) € £(X), i.e., supgcgscr, 7t 0)]] < Mg, where
My, > 0.
(2) For 0 <0 <r<t<Ty,r+#k Lt0)=.L(tr)S(r0).
(3)For 0<@<t<Tpand N € Z, S(t+ NTp,0 + NTp) = S (t,0).

(4) For 0 <t < Ty and M € Z&, ./ (MTy +t,0) = .#(t,0) [.#(To,0)]™

(5)

5) Z(t,0) is compact operator for 0 < 0 < t < Tj.

Here, we note that system (2.1) has a Tp-periodic PC-mild solution z if and ouly if #(Tp,0)
has a fixed point. The impulsive evolution operator {.7(t, ), (¢t,0) € A} can be used to reduce the
existence of Ty-periodic PC-mild solutions for linear impulsive periodic system with time-varying
generating operators to the existence of fixed points for an operator equation. This implies that we
can build up the new framework to study the periodic PC-mild solutions for the integrodifferential

impulsive periodic system with time-varying generating operators on Banach space.

Now we introduce the PC-mild solution of Cauchy problem (2.3) and Ty-periodic PC-mild solu-
tion of the system (2.1).

Definition 2.1: For every T € X, the function « € PC([0,Tp]; X) given by z(t) = (¢,0)z
is said to be the PC-mild solution of the Cauchy problem (2.3) .

Definition 2.2: A function x € PC(]0, +00); X) is said to be a Ty-periodic PC-mild solution
of system (2.1) if it is a PC-mild solution of Cauchy problem (2.3) corresponding to some

Z and z(t + Tp) = «(t) for t > 0.
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Secondly, we recall the following nonhomogeneous linear impulsive periodic system with time-

varying generating operators

(2.5) { i) =A@t + [0, t£m
Ax (1) = Bra(m) + cr, t=Ty.

where f € L' ([0,To]; X), f(t+To) = f(t) for t > 0 and ¢y, satisfies the following assumption.
Assumption [C]: For each k € Zar and ¢ € X, there exists § € N such that cxi5 = ck.

In order to study system (2.5), we need to consider the following Cauchy problem

z(t) = A()z(t) + f(¢), t €0, To]\D,
(2.6) Ax (1) = Bra(m) + g, k=1,2,--,0,
z(0) = Z.

and introduce the PC-mild solution of Cauchy problem (2.6) and Tp-periodic PC-mild solution of
system (2.5).

Definition 2.3: A function x € PC([0,Tp]; X), for finite interval [0, Tp], is said to be a PC-
mild solution of the Cauchy problem (2.5) corresponding to the initial value Z € X and
input f € L' ([0, To); X) if @ is given by

2(t) = S(t,0)7 + /t S (t,0)f(0)do + Z S (t, ) e fort €[0,Ty).
0 0< <t
Definition 2.4: A function x € PC(]0, +00); X) is said to be a Ty-periodic PC-mild solution
of system (2.5) if it is a PC-mild solution of Cauchy problem (2.6) to some Z and z(t+Tp) =
x(t) for t > 0.

3. THE GENERALIZED (GRONWALL’S INEQUALITY

In order to use Leray-Schauder theorem to show the existence of periodic solutions, we need a
new generalized Gronwall’s inequality with impulse, mixed type integral operator and B-norm which
is much different from the classical Gronwall’s inequality and can be used in other problems (such
as discussion on integrodifferential equation of mixed type, see [26]). It will play an essential role in

the study of nonlinear problems on infinite dimensional spaces.

We first introduce the following generalized Gronwall’s inequality with impulse and B-norm.

Lemma 3.1: Let € PC([0,00); X) and satisty the following inequality

(3.1) @) < a+ b/ot l(0)[1** 6 + d/ot (Al
where a, b, d >0, 0 < A\j, A3 < 1 are constants, and |lzg||p = supg<¢<g [|2(£)[|. Then
lz()] < (a+1)el*r.
Proof. See Lemma 3.1 of [23]. O

Using Gronwall’s inequality with impulse and B-norm, we can obtain the following new general-

ized Gronwall’s Lemma.
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Lemma 3.2: Let x € PC([0,Ty]; X) satisfy the following inequality

To
&4

t t To
()| < a+b/ ||z(0)||’\1d9+c/ (9)||A2d9+d/ ||z9||§;d9+e/ ||| d6 for all t € [0, Ty),
0 0 0 0

where A1, A3 € [0,1], A2, Ay €[0,1), a, b, ¢, d, e > 0 are constants. Then exists a constant
M* > 0 such that

lz(@)] < M.

Proof. See Lemma 3.2 of [23]. O

4. PERIODIC SOLUTIONS OF INTEGRODIFFERENTIAL IMPULSIVE PERIODIC SYSTEM WITH
TIME-VARYING GENERATING OPERATORS

In this section, we consider the following integrodifferential impulsive periodic system with time-

varying generating operators

() = A[)x(t) + f (t,x, f(fg(t, s, x)ds) , t# T,

(4.1)
Ax(t) = Brx(t) + ck, t=Tg.

and the associated Cauchy problem

#(t) = A()a(t) + f (t,x, I g(t,s,x)ds) . tel0,To)\D,
(4.2) Az(m) = By () + cx, k=1,2,- .6,
x(0) = Z.

By virtue of the expression of the PC-mild solution of the Cauchy problem (2.6), we can introduce
the PC-mild solution of the Cauchy problem (4.2).

Definition 4.1: A function z € PC([0, Tp; X) is said to be a PC-mild solution of the Cauchy
problem (4.2) corresponding to the initial value Z € X if = satisfies the following integral

equation

t 0
x(t) = y(t,O)ﬁc—i—/O L(t,0)f <9,x(9),/0 g(@,s,x(s))ds) do+ Z S (t, ) e for te[0,Tp).

o< <t

Now, we introduce the Ty-periodic PC-mild solution of system (4.1).

Definition 4.2: A function z € PC([0,4+00); X) is said to be a Tp-periodic PC-mild solution
of system (4.1) if it is a PC-mild solution of Cauchy problem (4.2) corresponding to some
Z and z(t + Tp) = «(t) for t > 0.

We make the following assumptions.

Assumption [F]:
[F1]: f:]0,4+00) x X x X — X satisfies:
(i) For each (z,y) € X x X, t — f(t,x,y) is measurable.
(ii) For each p > 0 there exists Lf(p) > 0 such that, for almost all ¢ € [0, +00) and all z;,
22, Y1, 42 € X, |l2all, [lz2ll, [lyall, lvall < p, we have

||f(t,x1,y1) - f(ta:CQayQ)H < Lf(p)(H‘Tl - ‘TQH + Hyl - y2||)
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[F2]: There exists a positive constant My > 0 such that
1 (82 y)|| < My(L+ 2] + [lyl]) for all z,y € X.
[F3]: f(t,z,y) is Tp-periodic in ¢, i.e., f(t + To,z,y) = f(t,z,y),t > 0.

Assumption [G]:
[G1]: Let D = {(t,s) € [0+ 00) x [0+ 0);0 < s < t}. The function g : D x X — X is
continuous for each p > 0 there exists Ly(p) > 0 such that, for each (¢,s) € D and each x,
y € X with [|z|], |y|]| < p, we have

lg(t, s,2) = g(t, s, y)|| < Lg(p)llz = yl|.
[G2]: There exists a positive constant M, > 0 such that
lg(t, s, z)|| < My(1+ |jz|) for all z € X.

[G3]: g(t,s,x) are Ty-periodic in ¢ and s, i.e., g(t + Tp, s + To, x) = g(t,s,z),t > s > 0 and
To
/ g(t,s,x)ds =0,t > s > 0.
0

Lemma 4.1: Under assumptions [G1] and [G2], one has the following properties:
(1) Jo9(,s,2(s))ds : PC([0,Ty]; X) — PC ([0, To]; X).
(2) For all 21,25 € PC (0, To); X) and |21 pe: 0.1 » 1221 e o 1) < P4

/g(t,s,wl(SDdS*/ g(t,s,22(s)) ds|| < Lg (p) To [|(21)s = (22)¢]l 5 -
0 0

(3) For z € PC ([0, To]; X),

Proof. See Lemma 4.3 of [23]. O

t
/ g (t,5,2(s)) ds|| < M,Ty (1 + [zl ) -
0

Now we present the existence of PC-mild solution for system (4.2).

Theorem 4.1: Assumptions [Al], [F1], [F2], [G1] and [G2] hold. Then system (4.2) has a

unique PC-mild solution given by the following integral equation
t 0
26, 7) = (00T + / S0 f 9,30(9),/ 90,5, 2(s))ds | do+ S 7 (1) en.
0 0 0< <t
Proof. In order to make the process clear we divide it into three steps.
Step 1, we consider the following general integro-differential equation without impulse

@ () = AD)a(t) + f (t,x,fg g(t,s,x)ds) L te[s 7],

(*3) z(s) =7 € X.

In order to obtain the local existence of mild solution for system (4.3), we only need to set up the

framework for use of the contraction mapping theorem. Consider the ball given by

B={zel(stl;X)|[z@)-2] <1 s<t <t}
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where t; would be chosen, and ||z ()| < 1+ ||Z|| = p, s <t < t1. B C C([s,t1],X) is a closed

convex set. Define a map Q on B given by

t (4
(Qz)(t) =U(t,0)z +/ Ut f <9,z(9),/0 g(@,s,z(s))ds) do.

Under the assumptions [A1], [F1], [F2], [G1], [G2] and Lemma 3.1, one can verify that map Q is a
contraction map on B with chosen ¢; > 0. This means that system (4.3) has a unique mild solution
x € C([s, t1]; X) given by

t 0
z(t) =U(t,0)z —|—/ U(t,0)f (9,3@(9),/0 g(@,s,x(s))ds) df on [s,t1].

Again, using the Lemma 3.1 and (3) of Lemma 4.1, we can obtain the a prior estimate of the mild

solutions for system (4.3) and present the global existence of mild solutions.

Step 2, for t € (7, Tk+1], consider Cauchy problem

) @ (1) = A(t)z ()+f(t:cf0 tsxds),tE(Tk,TkH],
(1) = xk.
where z = (I + Bg)x(m) + ¢, € X.

By Step 1, Cauchy problem (4.4) also has a unique PC-mild solution

¢ 9
x(t) =U(t, m)zk +/ U(t,0)f (9,90(9),/0 g(@,s,x(s))ds) dé.

Tk

Step 3, combining the all of solutions on (g, 7k+1] (kK = 1,--+,d), one can obtain the PC-mild
solution of the Cauchy problem (4.2) given by

t 0
x(t,T) = y(t,O):EJr/O L(t,0)f <9,z(9),/0 g(0,s,x(s)) >d9+ Z (t, )

0< <t

This completes the proof. O

To establish the periodic solutions for the system (4.1), we define a Poincaré operator from X

to X as following

P(z) = x(To,x)
To

6
S (To,0z + | A (To,0)f (9,:5(9,1;),/0 g(@,s,x(s,x))ds) o+ > (T, ) e

0 0<m,<To

(4.5)

where z(-, Z) denote the PC-mild solution of the Cauchy problem (4.2) corresponding to the initial

value 2(0) = Z, then, examine whether P has a fixed point.

We first note that a fixed point of P gives rise to a periodic solution.

Lemma 4.2: System (4.1) has a Tp-periodic PC-mild solution if and only if P has a fixed

point.

Proof. Suppose z(-) = z(- + Tp), then 2(0) = x(Tp) = P(«(0)). This implies that z(0) is a fixed
point of P. On the other hand, if Pz = xo, 9 € X, then for the PC-mild solution z(-,zo) of the

Cauchy problem (4.2) corresponding to the initial value 2:(0) = xg, we can define y(-) = x(-+Tp, o),
EJQTDE, 2009 No. 4, p. 9



then y(0) = z(Tp,x0) = Pxo = x0. Now, for ¢t > 0, we can use the (2), (3) and (4) of Lemma 2.3
and assumptions [A2], [B], [C], [F3], [G3] to arrive at

yt) = x(t+Tp,xo0)

= SL(t+To, To)(To,0)xo
To

0
+ Lt + To,To)S (To,0) f (9,x(9,z0),/ g(@,s,z(s,:c@)ds) do
0 0

—+ Z Y(t+T0,T0)§” (To,T]:r) Ck
0< 71 <To

t+T0o

0
+ <y(t4>1_‘079)f <951‘(97x0)5/ g(@,s,x(s,:p@)ds) do
0

To

Y S+ Toms) eres

To<Tr+s<t+To

To

0
= y(t,O){y(To,O)xo + S (To,0)f <9,$(9,x0),/0 g(@,s,x(s,x@)ds) do

0

+ Z y(To,T;j)CkH}

0< 71 <To
t 0+To
+/ L(t+To,0+To)f 9+T0,z(9+T0,:c0),/ g(0 + To, s,x(s,x0))ds | db
0 0

Y ST ms) eres

To<Tr+s<t+To

= Z(t,0)z(To)

To

t 0+To
+/ y(t—i_TO’e—’—TO)f <9+T05$(9+T03'T0)’/ g(9+T0,S,$(S,.T0))dS> do
0

+ Y I+ To ) ks
To<Tk+s<t+To

t [4
= y(t,O)x(To)Jr/ L(t,0)f <9,z(9+T0,:c0),/ g(9+T0,s+T0,:c(s+T0,z0))ds> do
0 0

Y ST ms) eres

To<Tr+s<t+To

t 0
= S (0)a(Ty) + / y(t,mf(e,y(e,y(o», / g(9,s,y<s,y<o>>>ds)de+ S 7 (47 en

0<7<t
t 0
= (0)y(0) + / y(t,mf(e,y(e,y(m, / g(9,s,y<s,y<o>>>ds)de+ S 7 (1) e
0<7<t

This implies that y(-, y(0)) is a PC-mild solution of Cauchy problem (4.2) with initial value y(0) = xo.
Thus the uniqueness implies that z(-,20) = y(-,y(0)) = x(- + Tp,zo), so that z(-,x0) is a Tp-
periodic. 0

Next, we show that P defined by (4.5) is a continuous and compact operator.

Lemma 4.3: The operator P is a continuous and compact operator.
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Proof. (1) Show that P is a continuous operator on X.

Let z, § € 2 C X, where = is a bounded subset of X. Suppose z(-, Z) and z(-,§) are the PC-mild
solutions of Cauchy problem (4.2) corresponding to the initial value Z and § € X respectively given
by

t 0
xz(t,z) = L(t,0)z +/O (¢, 9)f<9, z(@,f),/o g(0, s, z(s,f))ds) do + Z S (To, i) cks

0<1 <t

(t,y)

t 0
y(t,O)gjL/O y(t,@)f(@,z(@,g),/o g(@,s,z(s,g))ds)d9+ Z S (To, i) k.

0<1 <t

Thus, we obtain

t
lzt, D)l < Ma||z] + (1 + MyTo) Mg, My To + Mz, ) Hck||+MToMf/O (0, z)]|d0

0<7,<To

t
+MTOMfMgTO/ 2(s, )| ds
0

IN

t t
a0-+ M, My [ 12(6,2)]d8+ M, MsM,To [ sl
0 0

and

IN

t
[zt 9 M, gl + (14 MyTo) M, Mg To + Mz, Y ekl +MToMf/O (0, 9)[|d6

0<7,<To

t
MMMy [ (s, ) s
0

¢ ¢
< ot MMy [ o(6,9)1d0 + M MyMTo [ eyl
0 0
where ||z 2[|B = supg<e<s (€, 7)|| and ||z 5]l B = supo<e<s (€, D).
By Lemma 3.1, one can verify that there exist constants M and M3 > 0 such that
ot )| < My and  [la(t, g)]| < My.
Let p = max{M;, M3} > 0, then ||z(-, Z)|, ||z(-,§)|| < p which imply that they are locally bounded.

By assumptions [F1], [F2], [G1], [G2] and (2) of Lemma 4.1, we obtain
[l (t, 7) — x(t, g
< @0z - gl

+/Ot I-7(t, )| |f<9,z(9,f),/06 g(9,s,x(s,f))ds> - f(t?,:c(@,g), /00 g(0, s,z(s,ﬂ))ds) do

t t
< Mo =gl + MnLo(p) [ [12(6.2) - 2(6.9)1d8 + Mz, Li()Ly(@)To [ e~ gl
0 0
By Lemma 3.1 again, one can verify that there exists constant M35 > 0 such that
ot z) — 2(t,y)|| < My Mzp, ||z - yl| = L||z - gl|, for all £ € [0, Tp],

which implies that
IP(@) — P(§)| = [|a(To, ) — 2(To,y)|| < L]z — gl

Hence, P is a continuous operator on X.
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(2) Verify that P takes a bounded set into a precompact set in X.
Let T is a bounded subset of X. Define K = PT'={P(z) € X |z € T'}.

For 0 < e < T, define

K. =P.I' :y(To,TO —E){ZE(TO —E,.’f) | S F}

Next, we show that K. is precompact in X. In fact, for z € T" fixed, we have

|z(To — €, )|
To—e 6
< ATy —e,0)3] +/ y(%e,@)f(e,z(o,f),/ g(@,s,z(s,f))ds) a9
0 0
+ > @ - e
0<7<To—¢
To
< MTOHZZ'H+MTOMfT0(1+MgT0)+MTOMf/ ||:L'(9,:E>Hd9
0

To
Mr, YD e + MrMyMTs [ oz lads
0<7<To 0

< Mg |\ z)| + Mp, MyTo(1 + MyTo) + (1 + MyTo) Mg, MyTop+ Mz, > lex]-
0< 71 <To

This implies that the set {(Tp —¢,Z) | € I'} is totally bounded.

By virtue of (5) of Lemma 2.3, . (Ty, To — €) is a compact operator. Thus, K, is precompact in
X.

On the other hand, for arbitrary z € T,

To—e (4
P.(z) = y(TO,O):EJr/O y(TO,o)f<9,x(9,:z>,/0 g(@,s,x(s,f))ds)d@Jr S (T, en

0<m,<To—¢
Thus, combined Wlth , we have
To—e
|P-(z) — P(z)|| < H/ S (T, 0 f(@ x(6, x)/ (H,S,x(s,x))ds)dG
0
", >f<o,:c<9,z>, / <o,s,x<s,z>>ds)deH
0 0
+ Z y(To,TIj)Ckf Z y(To,T]:r)Ck
0< T <Tp—¢ 0<7m<Top
Tg 0
< [ 1@l f(e,zw,:a, / gw,s,z(s,f»ds) 0
T()*E 0
+Mp, > el for € [Ty — e, T)
To—e<t<To
< MpMe(1+MgTo)(1+p)e+ My, Y el for 7 € [Th —&,Tp).

To—e<7,<To

If there are no impulsive points between [Ty — ¢, To], it is clear that > 5, . 7 [lck being zero.
As a result, it is showing that the set K can be approximated to an arbitrary degree of accuracy
by a precompact set K.. Hence K itself is precompact set in X. That is, P takes a bounded set

into a precompact set in X. As a result, P is a compact operator. 0
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In order to use Leray-Schauder fixed pointed theorem to examine the operator P has a fixed

point, we have to make the assumptions [F2] and [G2] a little stronger as following.

[F'2]: There exist constant Ny > 0 and 0 < A < 1 such that

1F(t 2, m)l| < Ny (1+ [l]1* + [ly]*) for all 2,y € X.

[G2']: There exists a positive constant N, > 0 and 0 < A < 1 such that

lg(t. s, 0)l| < Ny(L+[|e|*) for all = € X.

Now, we can give the main results in this paper.

Theorem 4.2: Assumptions [Al], [A2], [A3], [B], [C], [F1], [F2'], [F3], [G1], [G2], [G3] hold.
Then system (4.1) has a Tp-periodic PC-mild solution on [0, +00).

Proof. By virtue of (5) of Lemma 2.3, (T}, 0) is a compact operator on infinite dimensional space
X. Thus, #(Ty,0) # oI, « € R. Then, there exists 3 > 0 such that ||[0.7(Tp,0) — I|z|| >
BlZ|| for o € [0,1]. In fact, define I1, = I—0.(T0,0), 0 € [0,1], and II,, : [0,1] — £,(X) and h(o) =
ITL,| : [0,1] — R*. It is obvious that h € C([0,1];R*). Thus, there exist . € [0,1] and 8 > 0 such
that

h(o.) = min{h(c) | 0 € [0,1]} > 5 > 0.

If not, there exits & € [0, 1] such that h(g) = 0. We can assert that & # 0 unless h() = 1. Thus,
for & € (0,1],

1
S (T, 0) = EI where

Q|
\%
=

which is a contradiction with . (T, 0) # al, o € R.

By Theorem 4.1, for fixed & € X, the Cauchy problem (4.2) corresponding to the initial value
2(0) = Z has the PC-mild solution z(-,Z). By Lemma 4.3, the operator P defined by (4.5), is

compact.

According to Leray-Schauder fixed point theory, it suffices to show that the set {Z € X | T =
oPZ,0 € [0,1]} is a bounded subset of X. In fact, let T € {Z € X | Z = 0 PZ,0 € [0,1]}, we have

sl < ||lo(To,0) - 1)z]|

| @0 Hf(e,xw,w), / Ggw,s,x(s,x»ds)

df + o Z |- (To, ) || Nlewl-

0<1,<To

By assumptions [F2'] and [G2'],

d0+%Z 3 |7 (To.rid) | Nexll

0<7<To

ol < 5[ @0 Hf(e,xw,w), / Ggw,s,x(s,x))ds)

IN

To To

o _

% M, | (Ny -+ NyTo)To + / |2(6, 7)1 d6 + Ny N,To / leaslbdo + S el
0 0 0<7.<Tp
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For t € [0, Tp], we obtain

ot )|
t t
< Myl + M, | (Np+ NyTolTo + Ny [ 20,2) a0+ NyNTo [ faslds+ Y
0 0 0<m <t
g o A o A
< S, |+ N T T+ Ny [ @0+ NN T [ lenalbas - S el
0 0 0<7e<Tp
t t
M (N N T T+ Ny [ (0.0 d0 + NN, To [ aslbdo+ 3 el
0 0 0<m,<t
< (Gt 1) v | 6+ NTOTo+ X Ll |+ 00y [ a0, s
0

0< 71, <To
o
g
By Lemma 3.2, there exists M* > 0 such that

g

* 5

To t To
MENy [ (6.0 d6 + M, NyNyTo [ sl + TMEN;N,To [ sl
0 0 0

lz(t, Z)|| < M* for ¢ € [0,Tp).

This implies that [|2(0,7)|| = ||Z|| < M* for all Z € {z € X | Z = 0 PZ,0 € [0,1]}.
Thus, by Leray-Schauder fixed pointed theory, there exits x¢ € X such that Pxg = xy. By
Lemma 4.2, we know that the PC-mild solution x(-, o) of Cauchy problem (4.2) corresponding to

the initial value x(0) = xo, is just Tp-periodic. Therefore z(-, x) is a To-periodic PC-mild solution
of system (4.1). O

5. AN EXAMPLE

Consider the following non-autonomous integrodifferential periodic population evolution equation

with periodic impulsive perturbations

Za(r,t) +sinta(r,) = —02sinta(rt) + 23 (.1
L 0() (1 + sin(t — 5))y/30F (r, 5) + 2ds,
reQ=(0,ry), t>sandt,s € (0,2r]\ {%ﬂ',ﬂ" %ﬂ-}’

0.051xz(r,1;),i =1,

(5.1) Az(r, ) =a(r, 1) —z(r,7;) =1 —0.05Iz(r,7),i=2, r€Qn==4mi=1,23,
0.051x(r,1;),i = 3,

x(r,0) = xo(r), re€Q,

2(0,t) = po(t), te(0,2m)\ {im, 7, 3x},

where ¢t denotes time, r denotes age, 7, is the highest age ever attained by individuals of the
population, x(r,t) is called age density function, zo(r) is an initial age density of the people, @ (t)

is the absolute infant fertility rate of population.
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Set X = L?(0, 7). Let A(t) be defined by

(A(t)p)(r) = sint( - %(p(r) - 0.2<p(r)), for arbiartry ¢ € D(A(t))
where

D(A@)) = {e | ¢, A(t)p € L*(0,71n); 9(0) = wo}.

It is well known that operator A = —<Lo(r) — 0.2¢(r) with ¢ > r,, is the infinitesimal generator
of a compact semigroup {7 (t),¢ > 0} on X with domain D(A4) = {¢ | ¢, Ap € L?*(0,rm); ¢(0) =
©o}. Thus, one can immediately obtain that {A(t),t > r,,} can determine a compact, 2m-periodic

evolutionary process {U (¢,60),t >0 > 0}.

Define z(-)(r) = z(r,-), sin(-)(r) = sin(r,-), f (,z(),fo g(-, s,z)ds) (r) = x%()(r) + fotw(s)(l +
sin(- — s))1/323(-) + 2ds(r) where (- + 21) = ¢(-) € LL ([0, +0); X), 0% P(s)(1 + sin(t —

loc
$))\/323 () + 2ds = 0, and

0.05I,i =1,
B; ={ —0.05I,i=2,
0.05I,i = 3.

Thus we formulate (5.1) as the following abstract integrodifferential impulsive periodic system

i(t) = AWz(t) + [ (t.a, fy gt s,2)ds ), te 0,27\ {3m,m, §m),
(5.2) Az (im) = Bz (i7), i=1,23,
x(0) = z(2m).
It satisfies all the assumptions given in Theorem 4.2, our results can be used to system (5.1). That

is, system (5.1) has a 2m-periodic PC-mild solution @ax(r,-) € PCar ([0 4 00); L?(0,7y,)), where

PCor([0,+00); L*(0,71,)) = {z € PC ([0,400); L*(0,7p,)) | 2(t) = x(t + 2m),t > 0} ;
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