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Abstract. In the present paper, we obtain an existence result for a class of mixed bound-
ary value problems for second-order differential equations. A critical point theorem is
used, in order to prove the existence of a precise open interval of positive eigenvalues
A, for which the considered problem admits at least one non-trivial classical solution
uy. It is proved that the norm of u, tends to zero as A — 0.
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1 Introduction
The aim of this paper is to study the following mixed boundary value problem

pu')' +qu=Af(x,u) +g(u) inla,bf, 1.1)
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where p € C!([a,b]) and g € C°([a,b]) are positive functions, A is a positive parameter,
f:[a,b] x R — Ris a continuous function such that

(f1) |f(x,t)] <ay+ax|t|"!, ae.x€[ab],teER,

where a1,a; > 0 and r € |1, +00[, and ¢: R — R is a Lipschitz continuous function with the
Lipschitz constant L > 0, i.e.,

g(t1) — g(t2)| < Lty — |

for every t1,t, € R, and g(0) = 0.

Our goal here is to obtain some sufficient conditions which imply that the problem (1.1)
has at least one classical solution (see Theorem 3.1). We use the variational method and a
critical point theorem.

Motivated by the fact that such kind of problems are used to describe a large class of
physical phenomena, many authors looked for existence and multiplicity of solutions for
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second-order ordinary differential nonlinear equations, with mixed conditions at the ends.
We cite the papers [1-3,6-10, 14]. For instance, in [7], Bonanno and Tornatore established the
existence of infinitely many weak solutions for the mixed boundary value problem

{—(pu’)’+qu =Af(x,u) inla,b[,
u(a) =u'(b) =0,

where p,q € L®([a, b]) are such that

po := essinfp(x) > 0, go := essinfqg(x) >0,
x€[a,b] x€la,b]
f:[a,b] x R — R is a Carathéodory function and A is a positive parameter.

We also refer the reader to the paper [11] in which, by means of an abstract critical points
result of Ricceri [13], existence of at least three solutions for the following two-point boundary
value problem

u” + (Af(t,u)+g(u))h(t,u') = up(t,u)h(t,u’) inla,b[,

u(a) = u(b) =0,
where A and y are positive parameters, f: [4,b] x R — R is continuous, ¢: R — R is Lipschitz
continuous with ¢(0) =0, h: [4,b] x R — R is bounded, continuous, with m := infh > 0, and
p: [a,b] x R — R is L!-Carathéodory, are ensured.

The paper is organized as follows. In Section 2 we introduce our abstract framework and
we give some notations. In Section 3 we prove the main result (Theorem 3.1), while Section 4

is devoted to some consequences and remarks on the results of the paper. Here we give an
application of the results (Example 4.7).

2 Preliminaries

In order to prove our main result, that is Theorem 3.1, we report here the result obtained in
[5] (see [5, Theorem 3.1 and Remark 3.3]).

Theorem 2.1. Let X be a reflexive real Banach space, let ®,Y: X — R be two Gateaux differentiable
functionals such that ® is strongly continuous, sequentially weakly lower semicontinuous and coercive
in X and Y is sequentially weakly upper semicontinuous in X. Let Iy be the functional defined as
Iy :==®—AY, A € R, and for any r > infx ® let ¢ be the function defined as

( sup ‘I’(v)) —¥(u)
o(r):= inf ved Hzeorh
’ ued-1(]—oo,r[) r— @(u) .

(2.1)
Then, for any r > infx ® and any A € 0,1/ ¢(r)|, the restriction of the functional I, to ®~1(] — oo, 7[)
admits a global minimum, which is a critical point (precisely a local minimum) of Iy in X.

Now, let f: [4,b] x R — R be a continuous function and g: R — R be a Lipschitz contin-
uous function with the Lipschitz constant L > 0, i.e.,

1g(t1) —g(t2)| < Lty — to|
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for every t1,t, € R, and g(0) = 0.
Put

— /Otf(x,g)dé, G(t) :== —/Otg(é‘)dé‘

for all x € [a,b] and t € R. Denote
X = {u € W2([a,b]) : u(a) = o};

the usual norm in X is defined by

fulii= ([ o+ | b(u'(x»zdx)l/z.

For every u,v € X, we define

(u,v) = /ab p(x)u (x)v' (x)dx + /ab g(x)u(x)o(x)dx. (2.2)

Clearly, (2.2) defines an inner product on X whose corresponding norm is

]| := (/ p(x) 2dx+/ de>m.

Then, it is easy to see that the norm || - || on X is equivalent to || - ||x. In fact, put

po := min p(x) >0, go := min g(x) >0, m := min{po, g0} >0,
x€la,b) x€E[a,b]

and
p1 := max p(x), g1 := max g(x), M := max{p1,q1}.

x€a,b] x€|a,b]
Then, we have
m2|u|x < |lul| < MY?||lu||x, VucX.

In the following, we will use || - || instead of || - ||x on X. Note that X is a reflexive real Banach
space.

By standard regularity results, since f is a continuous function, p € C!([4,b]) and q €
C%([a,b]), then weak solutions of problem (1.1) belong to C?([a,b]), thus they are classical
solutions.

It is well known that the embedding X < C%([a, b]) is compact and

Jufleo < HMH (2.3)

for all u € X (see, e.g., [15]).
Fixing r € [1, 400, from the Sobolev embedding theorem, there exists a positive constant
¢, such that

cr
[l (o)) < erllullx < ﬁHMH/ Vu € X, (2.4)

and, in particular, the embedding X — L"([a,b]) is compact.
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Suppose that the Lipschitz constant L > 0 of the function g satisfies

Po
L< max{qo, (b—a)z}' (2.5)
Consider the energy functional I : X — R associated to (1.1) defined as follows

Iy(u) :=d(u) — A¥(u), Vu € X,

@) = 2ulP + [ Glux))dx

Y(u):= /abF(x,u(x))dx.

where

and

Lemma 2.2. Let the functional ® be defined as above. Then we have the following estimates for every
ue X:

—L + L
o P < @) < T =l (26)
—L(b—a)? +L
PP e < o) < POy @7

Proof. Since g is Lipschitz continuous and satisfies g(0) = 0, we have
g <LJtl,  VteER,

and so,

t
B < L/ ]dE = %ﬂ, Vi€ R
0

Therefore, condition gp > 0 implies that

/abG(u(x))dx < 2/ x))%dx
Sz% /a 9(x) (u(x) dx
L
< 2770||qu/

for every u € X, and thus (2.6) follows.
On the other hand, the inequality (2.3) yields

<& [ty

/bG(u(x))dx

IN

for every u € X. Therefore, we deduce (2.7). The proof is complete. O
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By the condition (2.5) and Lemma 2.2 we deduce that ® is coercive.
By standard arguments, we have that ® is Gateaux differentiable and sequentially weakly
lower semicontinuous and its Gateaux derivative is the functional ®' (1) € X*, given by

@%uﬂv)ziébp() dx+1/ dx—:ébgﬁdx»vﬂmdx

for every v € X. Furthermore, the differential ®': X — X* is a Lipschitzian operator. Indeed,
for any u,v € X, there holds

1" () — @' (v)[|lx- = sup [{P'(u) — P'(v), w)]

lwll<1

< sup [{u—0v,w)|+ sup blg(u(x))—g(v(X))lIW(X)Idx

[[wl|<1 w]|<174

< sup [ju—o| [w]
el <1

+ sup ([ lstuco) —stot s@enl) ([ reor)”

Recalling that g is Lipschitz continuous and the embedding X < L2([a,b]) is compact, the
claim is true. In particular, we derive that ® is continuously differentiable.

On the other hand, the fact that X is compactly embedded into C%([a, b]) implies that the
functional ¥ is well defined, continuously Gateaux differentiable and with compact derivative,
whose Gateaux derivative is given by

b
= / f(x,u(x))o(x)dx
a

for every v € X. Hence Y is sequentially weakly (upper) continuous (see [16, Corollary 41.9]).
Fixing the real parameter A, a function u: [a,b] — R is said to be a weak solution of problem
(1.1) if u € X and

/ab p(x)u’ dx+/ dx—)\/ f(x,u( (x)dx—/abg(u(x))p(x)dx:()

forall v € X.

Hence, the critical points of I, are exactly the weak (classical) solutions of (1.1).

In conclusion, we cite a recent monograph by Kristdly, Ridulescu and Varga [12] as a
general reference on variational methods adopted here.

3 Main results

Put )
Po . Po
O N e (e
o 240 . Po
> .
- 0= Gy

The main result in this paper is the following.
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Theorem 3.1. Let f: [a,b] x R — R be a continuous function satisfying condition (f1). In addition,
if f(x,0) = 0 for a.e. x € [a,b], assume also that

(f2) there exist a non-empty open set D C |a,b[ and a set B C D of positive Lebesgue measure such

that

infyep F(x,t .. infyep F(x,t
0+ t2 t—0t tz

Then, there exists a positive number A* given by

y
A i=rsu ,
7>I3 (ra1c1 (%)1/2 + axc! (%)r/2 'yr—1>

such that, for every A € 10, A*[, problem (1.1) admits at least one non-trivial classical solution u, € X.
Moreover,

li —0
Lim {lu || =0,

and the function A — I)(u,) is negative and strictly decreasing in |0, A*|.

Proof. We prove the result for the case o < po/ (b — a)?. The proof for the case go > po/ (b —a)?
is similar.

Fix A € ]0,A*[. Our aim is to apply Theorem 2.1 with the Sobolev space X and the
functionals ® and Y introduced in Section 2. As given in Section 2, ® and Y satisfy the
regularity assumptions of Theorem 2.1. Clearly, inf,cx ®(u) = 0. Owing to (f;), one has that

F(x,8) < mlg] + 22 (e, (3.1)

for any (x,¢&) € [a,b] x R.
Since 0 < A < A*, there exists 4 > 0 such that

ry *
A< =: AL (3.2)
v (20 NP (e NP T
11 Uinlpo—L(6=a)?) 26 \mtpo-L6=a) ) 7
Now, set 7 € |0, +oo[ and consider the function
sup  Y(v)
(o) 1= 220l
P
Taking into account (3.1) it follows that
b a,
¥(0) = [ Flro(e)dx < mlollugon) + 2ol o
Then, due to (2.7), we get
200 1/2
< (=2 ) 53)

for every u € X such that ®(u) < p.
Now, from (2.4) and by using (3.3), one has

2po 12 1/2 cr 2po /2 /2
“”K“l“(m(po—ub—a)z)) et Gt Lo —ap)) P
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for every v € X such that ®(v) < p. Hence

2po )1/2 1/2 C?( 2po >r/2 r/2
su Y(v) <ajc +a,L )
v (L sop) ()—'11<mwo—Lw—av> T UL -a)) F

Then

2po >1/2 ~1/2 Cr ( 2po )r/Z r/2-1
< ajc +ax—- '
X(P) 1¢1 <m(po—L(b—a)2) Y 2 m(po—L(b—a)Z) P

In particular, we deduce that

2 1/2 o 2 r/2
22y < Po -1 Cr Po <r—2
X”’-““(mW—Lw—@a> v +@r<mW—Lw—ma> v 89

At this point, observe that

( sup ‘P(U)) —Y¥(u)
o(7") =  inf  ~veri(zedl

ued-1(]—o0,92[) ’72 - CI)(M)

taking into account that 0x € ®!(] — o0, %%[) and ®(0x) = ¥(0x) = 0.
In conclusion, bearing in mind (3.2), the above inequality together with (3.4) yields

P(7*) < x(7%)

2po 12 -1 cr 2po /2 —r—2
< _r
—““QMW—uwwVQ TR Gnlpe— Lo —an) 7

In other words,

ry
Ae |0
4 1/2 r/2
2p 2p —r—
et (st )+ 0 (apetiean) 7
[

C10,1/¢(7%)
By Theorem 2.1, there exists a function u, € ®~ (] — o0, 4?[) such that
IA(M/\) = qD,(LM) - /\‘Iﬂ(u/\) = 0,

and, in particular, u, is a global minimum of the restriction of I, to ®~!(] — oo, ¥%[).

Now, we have to show that for any A € ]0,A*[ the solution u, is not the trivial zero
function. If f(-,0) # 0, then it easily follows that u, # 0 in X, since the trivial function does
not solve problem (1.1).

Let us consider the case when f(-,0) = 0 and let us fix A € ]0, A*[. We will prove that the
function u, cannot be trivial in X. To this end, let us show that

lim sup P = H-o00. (3.5)

a0+ @)
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For this, due to (f2), we can fix a sequence {&,} C R converging to zero and two constants
o and « (with ¢ > 0) such that

lim infyep F(x, &)

= —|—OO
n——+oo é(% !

and
inf F(x, &) > xé&?,

xeD

for every ¢ € [0,0].
Now, fix a set C C B of positive measure and a function v € C{°([a, b]) C X such that:

i) v(x) € [0,1], for every x € [a,b];
ii) v(x) =1, for every x € C;
iii) v(x) =0, for every x € ]a,b[\D.
Finally, fix M > 0 and consider a real positive number 1 with

2p0 nmeas(C) +x [p o 0(x)? dx
po+L(b—a)? [o]]?

Then, there is v € IN such that ¢, < ¢ and

. > 2
inf F (x,8u) > 118Gy,

M <

for every n > v.
Now, for every n > v, by the properties of the function v (that is, 0 < ¢,v(x) < o for n
sufficiently large), one has

¥(Gw) _ JoF(x8n)dx+ [ F(x, Env(x)) dx
D(Gno) D(¢u0)
2po nmeas(C) +x [, - v(x)* dx

>
~ po+L(b—a) o]

> M.

Since M could be taken arbitrarily large, it follows that

. T(@n’”)
m (En0)

= —|—OO,

from which (3.5) clearly follows. Hence, there exists a sequence {w, } C X strongly converging
to zero, such that, for every n sufficiently large, w, € ® (] — c0,4?[), and

L(wy) = ®(w,) — A¥(wy,) < 0.
Since u, is a global minimum of the restriction of I, to ot (] = oo, ’?2[), we conclude that
I,\(u/\) <0= I/\(Ox), (3.6)

so that u, is not trivial in X.
Moreover, from (3.6) we easily see that the map

]0,/\*[ SA— I/\(MA)
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is negative.
Now, we claim that
Iim [|u,|| =0.
Tim [y

Indeed, bearing in mind that @ is a coercive functional and that uy € ® (] — oo, ¥?[), for
every A € ]0,A%[, we obtain

ZPO 1/2 )
Hu)\H < <p0 _L(b_a)z) Y-

As a consequence, using the growth condition (f;) together with the property (2.4), it follows
that

b
/a [ up(x))up(x) dx| < anflunllprgop)) + a2lluallir (o)
ac acy
< —alluall + T lluall (37)
< aicq (m(po—L(b—a)2)> + axc; milpo —L(b—a)?)
= Mry,

for every A € ]0,A%[.
Since u, is a critical point of I, then I} (u))(v) = 0, for any v € X and every A € |0, A%[.
In particular, I (1) (uy) = 0, that is

@) ) = A [ Fle () (x) d, (38)

for every A € |0, A%[. Hence, from (2.3), (3.7) and (3.8), it follows that
—L(b—a)?
0.< P =E0Z 0 s 2 < @) ) < AMs,

for every A € ]0, A%[. Letting A — 0%, we get lim,_,o+ ||ux[| = 0, as claimed.
Finally, we have to show that the map A +— I, (u,) is strictly decreasing in |0, A*[. For this,
we observe that for any u € X, one has

I(u)=A (@E\u) - ‘I’(u)) . (3.9)

Now, let us fix 0 < A1 < Ay < /\fy and let u,, be the global minimum of the functional I,
restricted to ®~1(] — oo, ¥%[) for i = 1,2. Also, let

my, == (q)(:;”) —‘I’(u;\i)> = inf <q>)(;;) —‘I’(v)) ,

ved (] —o0,72[)

for every i =1,2.
Clearly, the negativity of the map A — I,(u,) in |0, A*| together with (3.9) and the positiv-
ity of A imply that
my, <0, fori=1,2. (3.10)
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Moreover,
m/\z S m/\ll (3'11)

thanks to 0 < Ay < Ay and @ > 0 by Lemma 2.2. Then, by (3.9)-(3.11) and again by the fact
that 0 < Ay < Ay, we get that

Iy, (up,) = Aamy, < Agmy, < Aymy, = Iy (uy,),
so that the map A — I (u,) is strictly decreasing in |0, A*[, which completes the proof. O

Remark 3.2. Theorem 3.1 can be also obtained applying Theorem 2.3 of [4], which directly
ensures that the local minimum is non-zero.

4 Additional results and comments

In this section we give some consequences, remarks and an example.

Remark 4.1. By direct computation, it follows that the parameter A* in Theorem 3.1 can be

expressed as
)

+o00, ifl<r<?2,
2m
—, ifr=2,
A" = < aarc
r'?max .
2L A H2ST <t
(raver (55) "+ a2cf (5) 7 Vimax

where

~ (ﬂ>1/2 _'ma 1/0=1)
Tmax 2=\ acl(r —2) ’

Remark 4.2. From the above expressions, it follows that if the term f is sublinear at infinity
(i.e., r € ]1,2[ in (f;)), Theorem 3.1 ensures that, for all A > 0, problem (1.1) admits at least
one nontrivial classical solution.

Remark 4.3. We observe that if f(x,0) = 0 for a.e. x € [a,b], Theorem 3.1 is a bifurcation
result. Indeed, in this setting, it follows that the trivial solution solves problem (1.1) for every
parameter A. Hence, A = 0 is a bifurcation point for problem (1.1), in the sense that the pair
(0,0) belongs to the closure of the set

{(up,A) € Xx]0,+0o[ : u) is a nontrivial classical solution of (1.1)}

in the space X x R.
Indeed, by Theorem 3.1 we have that

lur| =0 as A — 0%,
Hence, there exist two sequences {u;};en in X and {A;}jen in R" (here u; := u, ) such that
Aj— 0% and |[u] =0,

as j — +oo.
Moreover, for any Aq,A, € ]0,A*[, with A; # A, the solutions u,, and u,, given by
Theorem 3.1 are different, thanks to the fact that the map

]0,)\*[ SA L\(I/l/\)

is strictly decreasing.
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The next result is an immediate consequence of Remark 4.1.

Corollary 4.4. Let f: [a,b] x R — R be a continuous function with f(x,0) = 0 for a.e. x € [a,b],
satisfying the following subcritical growth condition

If(x, 1) <a;+ a2|t]r’1, a.e.x € [a,b],t €R, 4.1)

where a1,ay > 0 and r € ]2, +o00[. Further, assume that there exists a non-empty open set B C |a, b|

such that (o F
. t
lim M = foo0. (4.2)
t—0+ t

Then, there exists a positive number A* given by

A% m(r —2) racy /0=
" aarer(r—1) \axcl(r —2) ’

such that, for every A € 0, A*[, problem (1.1) admits at least one nontrivial classical solution u) € X.
Moreover,

li uy|| =0,

Um [fuy |
and the function A — I)(uy ) is negative and strictly decreasing in |0, A*|.

We state an example on the following special case of our results.

Theorem 4.5. Let f: R — R be a continuous function such that f(0) = 0, and
) 0,

m — = 400
t—0t oo t—+oo |t]?

for some 0 < s < +oo. Then, there exists A* > 0 such that, for every A € ]0,A*|, the following
autonomous mixed problem

—(pu') +qu = Af(u)+g(u) inla,bl,
u(a) =u'(b) =0,
admits at least one nontrivial classical solution u) € X. Moreover,
li =0,
Tim [y =0
and the mapping
b 1 (x)
A (i) — A/ </ f(x,t)dt> dx
a 0
is negative and strictly decreasing in |0, A*|.

Proof. The conclusion follows immediately from Theorem 3.1. Indeed, if

f(t)

lim =—~ = 400,
t—0+t t
then, we have
F(t
lim Q = 400,
t—0t t

and condition (f;) holds true. Moreover, hypothesis

0,

|t —+oo [E]S

where 0 < s < 400, implies the growth condition (f;). O
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Remark 4.6. We observe that if f is a non-negative function, our results guarantee that the
attained solution is non-negative. To this end, let u( be a solution of problem (1.1). Arguing by
contradiction, assume that the set A := {x € [a,b] : up(x) < 0} is non-empty and of positive
Lebesgue measure. Put 9(x) := min{0, uo(x)} for all x € [a,b]. Clearly, ¢ € X and, taking into
account that 1 is a weak solution and by choosing v = 7, one has

/ab p(x)ug dx—l—/ dx—/\/ f(x,up(x))o (x)dx—/abg(uo(x))ﬁ(x)dx =0,

that is,
/ p(x)|ugy(x)|*dx + / x) |ug(x) [*dx — / < (uop(x))uo(x)dx < 0.
A
On the other hand, if go < po/ (b — a)?, then

— L(m(A))?
pO;O())HMOH%NLZ(A) < / p(x)|ug(x) [*dx +/ x) |uo(x)|?dx — /Ag(uo(x))uo(x)dx,
where m(A) is the Lebesgue measure of the set A, and if g9 > po/ (b — a)?, then
—L
qoqo [uollyi2(ay < / p(x)|ug(x)Pdx +/ x) o (x)|?dx — /Ag(ug(x))uo(x)dx.

Hence, 1y = 0 on A which is absurd. So, it follows that u( is non-negative.

The next example deals with a nonlinearity f has vanishes at zero. The existence of one
nontrivial solution for the mixed problem involving the map f is achieved by using Corol-
lary 4.4.

Example 4.7. Consider the following problem

{—(Zexu’)’ +uler —1) = Af(x,u) in]0,1[, (4.3)
u(0) =u'(1) =0,

where f(x,u) := a(x)|u|"~2u + B(x)|u|"~?u and &, B: [0,1] — R are two continuous positive
and bounded functions, and 1 < h < 2 < I. Then, for every A € |0, A*[, where

/(-1
P [—-2 lCl ( :
 8(I = 1) max{||alle, [|Bllec} \ cl(I—2) '
problem (4.3) admits at least one nontrivial classical solution

uy € Y:={u € W([0,1]) : u(0) = 0}.

sl = ([ 22+ [ tuoper)

lim ||u,|| =0,
A—=0F

1 2 1 1 M)‘(X)
A gl = [ ([ fe i) ax
0 0 0

Moreover, by

we have

and the function
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is negative and strictly decreasing in 0, A*.
To prove this, we can apply Corollary 4.4 with

flt) o= o)t + Bx) |t 2,
p(x) := 2¢%, g(x) :=¢*, g(t) :=t,
for every (x,t) € [0,1] x R. In fact, f(x,0) =0 for a.e. x € [0,1] and it is easy to verify that

£ (x,1)] < 2max{||&/ce, [|Blleo} (1 + W-l) , ae.xel0,1, teR

Then, condition (4.1) holds. Moreover, a direct computation shows that

. infyep F(x,t) _ infyepa(x) (.. 1 B
tlg(g1+ t2 = h tlgg1+ R2=h) = +oo,

where B C ]0,1] is an arbitrary non-empty open set. Hence, assumption (4.2) is verified and
the conclusion follows.

Remark 4.8. We point out that the energy functional I, associated to problem (4.3) is un-
bounded from below. Indeed, fix u € X \ {0} and let T € R. We have

I (tit) = ®(Tu) — A / 1 < / i f(x,t)dt) dx

12— A T lnfxe[m]“( x) A~ mfx€[01]'3( )

—00

<

|| ||Lh (o1]) — H HLI ([0,1])

as T — +oo, bearing in mind that h <2 < [.
Hence, since the functional I, is not coercive, the classical direct method result cannot be
applied to the case treated in Example 4.7.

Remark 4.9. We note that, applying Theorem 2.1, we have the relevant result of Theorem 3.1
for the following mixed boundary value problem with a complete equation
—(pu') +au +qu = Af(x,u) + g(u) in |a, b, (4.4)
u(a) =u'(b) =0, '
where p € C'([a,b]) and g, € C°([a,b]) such that # and § are positive functions, A is a
positive parameter, f: [a,b] x R — R is a continuous function such that

|f(x, )] < R (a1 —|—a2\t]r’1) , aex€[ab], teR,

where a1,a, > 0 and r € |1,4o0[ and R is a primitive of 7i/p, while g: R — R is a Lipschitz
continuous function with the Lipschitz constant L > 0 satisfying

minxe[a,b] B_R(x) ﬁ(X) }

R(x)q(x)’ (b a7

L <max<{ min e
x€[a,b]

and g(0) =

In fact, since the solutions of problem (4.4) are solutions of the problem

{—(eRﬁu’)’ +eRqu = (Af(x,u) +g(u)e®  inlab[,
u(a) =u'(b) =0,

we can state and prove a result for problem (4.4) similar to Theorem 3.1.
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