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Abstract

The problem of exponential stability in mean square of the zero
solution for a class of singularly perturbed system of Ito differential
equations is investigated.

Estimates of the block components of the fundamental random
matrix are provided.
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1 Problem formulation

Consider the system of It6 differential equations:

dry(t) = [Apzi(t) + Apas(t)]dt + i A¥ 2 (1) dwy (t) (1.1)
edro(t) = [Agixi(t) + Agoxa(t)]dt + g: Ab 2 () dwy (t)

IThis paper is in the final form and no version of it will be submitted for publication
elsewhere.
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where z; € R",i = 1, 2,Aij,Afj are constant matrices with apropriate di-
mensions, £ > 0 is a small parameter; w(t) = (wi(t) wq(t)..wn(t))* is a
standard Wiener process on a given probability space (2, F,P).

For each € > 0 a solution of the system (1.1) is a random process z(t,¢) =

( ?E? 2 which is continuous with probability 1, verifies (1.1) and for all
2\,

t,x(t,e) is adapted to family of o-algebras generated by the process w(t).

Definition 1.1 We say that the zero solution of the system (1.1) is mean
square exponentially stable if there exist 3 > 1,a > 0 such that for any
solution z(t, ) of the system (1.1) with z(0,e) = x¢ independent of w(t),
t > 0, we have:

Bla(t,e)]” < Be=*'E|x(0)]”
for all t > 0 F being the expectation.
Remark

a) The constants «, 3 from the above definition may be dependent on the
small parameter £ > 0.

b) It can be seen [11] that in the definition of exponential stability we may
consider only the solutions with initial conditions z(0) € R™(n = ny + na).

The goal of this paper is to provide conditions assuring exponential stability
of the zero solution of the system (1.1). Such conditions are expressed in
terms of exponential stability of the zero solution of some subsytems of lower
dimension not depending upon small parameter .

If Asy is an invertible matrix we may associate the following system of It6
differential equations of lower dimension:

dxy(t) = Az (t)dt + i Ak (t)dwy(t) (1.2)

k=1
where

A, = A — ApAy Ay

Af = A]fl _A12A2_21A]2€17k: 1727"'7N'
We shall investigate the relationship between the exponential stability of the

zero solution of the “reduced system” (1.2) and the exponential stability of
the zero solution of the system (1.1) for e > 0 small enough.

We extend to the class of stochastic systems (1.1) the well known result of
Klimusev-Krasovski [9] from the ordinary differential equations.
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The same problem was investigated in [6] in the case when the fast equation
is

6dl‘2(t) = [Agll‘l (t) + AQQI‘Q dt + \/_ Z 21l‘1 + A22l‘2( )]dwk(t)

The convergence in mean square of the slow component x; (¢, ) to a solution
of the reduced system is proved in [4] when the system (1.1) is nonlinear.

2 Some preliminary results

Recall several results which are used in the next section.

A. For each ¢ > 0 we denote ®(t,tg,¢),t > to the fundamental random
matrix solution of the system (1.1) (see [5]), the columns of ®(¢,t¢,c) are
solutions of the system (1.1) and ®(to, to,€) = In,+ny-

If z(t) = x(t,ty,z0,€) is the solution of the system (1.1) which verifies
x(to, to, X0, €) = xo then we have x(t,e) = (¢, tg, €)xg, 1o € R™T"2,

B. Consider the linear system of [to differential equations
dx(t) = Agx(t)dt + Z Az (t)dwy(t) (2.1)
k=1

we have
Lemma 2.1 [7] The following are equivalent:
(i) the zero solution of the system (2.1) is exponentially stable in mean square.

(i) there exists a positive matriz X which solves the linear equation of Lia-
punov type

N
AX + XA+ Y AKX (AR +1=0. (2.2)

k=1

Moreover if (i) holds then the unique positive solution of the equation (2.2)
s given by

X = E/ O (t,0)d* (¢, 0)dt (2.3)

where ®(t,0) is the fundamental random matriz of the system (2.1).
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C. If I C R is an interval, we denote L2 (I, R") the subspace of the measur-
able processes f : I x 2 — R" which are adapted with respect to the family
of the o-algebras generated by the Wiener process w(t) and

E/I |f(1)]2dt < oo,

Resoning as in the prove of proposition 1 in [2] we obtain:

Lemma 2.2 Assume that the zero solution of the system (2.1) is exponen-
tially stable in mean square. If x(t) is a solution of the affine system

dx(t) = [Aox(t) + folt)]dt + Z[Akl“(t) + fi(t)]dwi (1),

t >0,x(ty) = x¢ then
N ot
Bla(t)? < 8(e 0 ag? + 30 [ e B fi(s)ds),
k=0 "t

for allt € [to, t1], fx € L2 ([to, 1), R"), o, B are positive constants not depend-
mng upon fr, xo.

3 The main result

Theorem 3.1 Assume

(i) the zero solution of the reduced system (1.2) is exponentially stable in
mean square;

(ii) the eigenvalues of the matriz Asy are located in the half plane Re\ < 0.

Then there exists eg > 0 such that for arbitrary ¢ € (0,e¢) the zero solution
of the system (1.1) is exponentially stable in mean square. Moreover, if

< q)ll(t7t07€) (D12(t7t075) )

Do (t,t0,2) Poa(t, to,€)

is a partition of the fundamental “random” matriz ®(t,tg,c) of the system
(1.1) we have the estimates
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E|®y(t, tg, e)]> < fre =t
E|®u(t t,e)? < Breer(t0) 1)
Bt )} € Z(emton) oot | oo
E@Qz(t,to,g)\z < Bgecalt—t)

for all t > tg, Bk, ap positive constants not depending upon t,tg, €.
Proof: Consider the nonlinear equation
Agy + AgoToy — €Ty (Ary + A1) = 0. (3.2)

By a standard implicit functions argument, we deduce that there exists e, > 0
and an anlytic function T5;(e) defined for |e| < e; which is a solution for
equation (3.2) with T5(0) = —Ay Ay, Moreover Ty (¢) = —Ayy Agy +
€T21(€) with |T21(€)| <¢é< o, (\V/)|€| < €1.

Let Ti5(¢) be the unique solution of the equation
e(An + AT (€))Tha — Tia(Age — €To1(e) Arz) + A1z = 0. (3.3)

We have Tis(e) = Ay Azt + eT15(e) where [Tio(e)| < é < oo for all |e < &;.

If ( zi(t€) ) is a solution of the system (1.1) we define
L2 (tv E)

(869) =% 1) (o £)(26)- oo

Using the It6 formula ([5]) we deduce that < &(t’z ) is a solution of the

72"

)

—~
~

S—

following system:

di(t) = Ai(e)&u(t)dt + Y (Af ()6 (t) + e ATy (e)a(t)) dwi(t)

k=1
edés(t) = As(e)Ea(t)dt + (A5 (e)61(t) + eAGy(e)E(t))duwy(t) (3.5)
k=1
where

Ai(e) = An+ ApTy(e)=A,+0(¢)

Az(E) = A22—€T21(5)A12

Agl(e) = A3 —eTu(e) AL, (3.6)

Afi(e) = AF+0(e), Aly(e) = Af (e)Thale)

Afy(e) = Afy(e)Tis(e).

EJQTDE, Proc. 6th Coll. QTDE, 2000 No. 7, p. 5



Since the zero solution of the reduced system (1.2) is exponentially stable in
mean square it follows that the linear equation

N
AX + XA+ Y AX(AY + 1, =0 (3.7)
k=1
has a unique symmetric solution X, > 0.
Also, since A, is stable, it follows that the Liapunov equation

A22X2 —+ X2A;2 + [n2 = O

has a unique solution X > 0 (see (2.3)).

By a standard argument based on implicit function theorem we deduce that
the linear equations

AL )X (AL () + 1, = 0

M=

A1(8>X1 -+ XIAT<€) +
k

I
A

Aby(e) Xo(Aby(e))" + 1oy = 0

hE

A2(€)X2 + XQA;(E) +e
k

I
A

have positive solutions X (¢), Xa(e) respectively defined for all € € (0, ¢e9).
Moreover, there exist p, po, 1, Vo not depending upon € such that

0 < prln, < Xq(e) < palyy;
0< V1]n2 < XQ(E) < I/Q.[n2.

Applying Lemma 2.1 we conclude that the zero solution of the system

déi(t) = Ar(e)éu(t)dt + Y AL ()& (t)dwy(t) (3.8)

k=1

and the one of the system

edé(t) = As(e)Ga(t)dt + & > Aby(e)&a(t)dwi(t) (3.9)

k=1
respectively, are exponentially stable in mean square.

Applying Lemma 2.2 to the first equation in the system (3.5) we deduce that
there exist #; > 0,a; > 0 such that

t

E|&(t,e))? < Bl(e’&l(t’tO)E|£1(to)|2+€2/ e~ M= By (s, ¢)|?ds. (3.10)

to
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Also, applying Lemma 2.2 to the second equation in the system (3.5) we
deduce that there exist (G, > 0, @y > 0 such that

= 0 g, t=ta) 1t 4«
Eléa(t, )2 < fole®= E\§2(t0,5)\2+€—2/te (0,2)[2do](3.11)
0

for all t > t,.

Substituting (3.11) in (3.10) and changing the order of integration we get

Bl&i(te))? < Baem MBI (1o, )\2+€E\€2(to, e)[?]
+54 / e 4 =21 (6 0|2,

to

By a standard argument in singular perturbation theory (see [1, 12]) we
deduce that there exists 0 < ¢y < e such that for arbitrary € € (0,¢9) we
have

Eléi(t,e)* < fre™ T [El&(to, )P + e Ela(to, €)I°] (3.12)
for all t > to, where 35 > 0,y € (0, d4).
Using (3.12) in (3.11) we obtain

] Bl&x(t )| < e FV [Elalto o)) (3.13)

~ (t—tg)
+%[6_al(t_t0) — e = [El&(to, €) P + Bl (to, €)Y

Reversing (3.4) and taking into account (3.12), (3.13) we get:

Elzi(t,e)]* < 5167&1@%0 [Elz1(to, )] + e B2 (to, €)]?]
Eloa(t, )2 < Boe 2 T Blas(to, )| (3.14)

(t—tg)
Do) _ oS (i, ) + £ B, )

which means the exponential stability of the zero solution of the system (1.1).

The estimations (3.1) follows from (3.14) replacing < ilgo’g ) by < Igl )
2\00,

and ( 0 ) respectively.
I,

Remark. The estimates of the block components of the fundamental matrix
solution ®(t, g, &) of the system (1.1) obtained in the above theorem differ
essentially from the ones obtained in the deterministic framework (see [1]).
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This is due to the intensity of the white noise from the second equation of
the system (1.1).

Let us consider the system of differential equations:

dxq(t) = [Anxl(t)+A12x2(t)]dt+iV:[A'flxl(t)+€A'f2x1(t)]dwk(t) (3.15)

N
k=1
In this case the reduced system is :

d[L‘l (t) = [All — A12A2_21A21]ZL‘1 (t)dt + i Alfll‘l (t)dwk(t) (316)

k=1

We associate to system (3.15) the following system:

dzo(T) = Agoxa(T)dT + Y Abyo(7)dwy(7) (3.17)

k=1
which is called “the boundary layer subsystem”.

If in the system (3.15) we perform the coordinates transformation (3.4) we
get:

di(t) = A& (t)dt+ Y (A ()6(t) + eAfy(e&a(t))duwn(t)  (3.18)

edér(t) = As(e)éo(t)dt + Ve Y (Aby ()& (t) + Aby(e)&a(t))dug ().
k=1

With the same arguments as in the proof of Theorem 3.1 we obtain:
Theorem 3.1’ Assume
a) Ags is a invertible matrix.

b) The zero solution of the reduced system (3.16) and the one of the boundary
layer system (3.17), respectively, is exponentially stable in mean square.

Under these assumptions the block components of the fundamental random
matrixz solution of the system (3.15) verify:

E|®q(t,tg,€)]? < pre -t

E|®yy(t, to, e)> < [ree -t

Al OF < e 19
E|®y(t,tg,e)|> < Pale™™ toto) t gemealt=to))
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for all t > tg,e > 0 small enough; oy, B positive constants not depending
upon t, tg, €.

The estimates obtained in Theorem 3.17 are similar to the ones obtained in
deterministic framework [1]. In the case of system (3.15) we are able to prove
the following converse result:

Theorem 3.2 Assume that Asy is an invertible matrix. If the fundamental
random matriz solution ®(t,to,e) of the system (3.15) verifies the estimates
(8.19), then the zero solution of the reduced subsystem (3.16) and the one
of the boundary layer subsystem (3,17) respectively is exponentially stable in
mean square.

Proof. Denote X(g) = E [;°O(t,0,6)Z(e)P*(¢,0,e)dt where

o [nl 0 X11(8> X12(8> . .y
I(e) = < 0 I, ) If <Xik2(5) Xon() is the partition of X(¢)

it is easy to see that
Xia(e) = B [ (@u(t,0,6)07,(1,0,6) + & @ps(t,0,)1y(t,0, )t

0
X12(€) = E/ ((bll(tv 0, E)q)ZI(tv 0, E) + 5_1(I>12(t7 0, E)q);2(t7 0, 5))dt

0

Xpo(e) = E /0 (Bor (£, 0,)B%, (1,0, ) + e Bos(t, 0, )DLy (£, 0, £) ).

Using the estimates (3.19) we see hat the integral from definition of X (¢) is
convegent. Moreover we get:

for € > 0 small enough, ¢ not depending upon .

Based on It6 formula [5] we conclude that X (e) verifies the equation

A(e) X (e) + X () A*(e) + i AR X (e)(AR(E) +T(e) =0 (3.21)
k=1

where
o Ay A1
Ale) = < e 1Ay e 1Ay )
Ak c Ak
AF _ i 12 _
(©) < 5_5A§1 5_5A§2 )
If

T(e) = ( [81 _8222(8) ) < —7{:11(8) [Sz )
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is the matrix used in (3.4) we denote

Yii(e) Yiale) ) _ )
( V() Yaole) ) =T(e)X(e)T"(e).

Based on (3.20) we have
¥i(6)] < & < oo (3.22)

for ¢ > 0 small enough, ¢ not depending upon €. Using (3.21) we obtain that
Y;;(e) solve the following system

A1(e)Yu(e) + Yu(e)Af(e) + Do[AL ()Y (e) (Aiy (e)°

e ALy (2)Y() (AL (6))” + £ AL (2)Via(e) (Aly(0))”
e Ay (£)Von ) (Al (€))"] + My (£) = 0

+e2 Aly(£)Yar(e) (Ahy(e))™ + Mia(e) = (3.23)

+ A5 () Y5(€) (A (€))" + Ay () Vaz(e) (A (€))”
+A55(6) Y22 () (A5(€))] + Mas(e) = 0

where
Mi(e) = [In, +eTia(e)To1(6)][In, + Tra(e)Tor(€)]" + eT12(e)T15(e)
M(e) = —[In, +eT12(e) T2 (e)]T5,(e) — Tha(e)

M22(€) = In2+€T21(€)T;1(E).

If e, k > 0 is a sequence with limy_,.. £, = 0 then from (3.22) it follows that
there exist a subsequence ey, such that lim; .. Y;;(ey,) are well defined.

Set Y} = limy_.o Y;;(ex,)-Replacing € by ey, in (3.23) and taking the limit for
[ — oo we get

N
ATY101 + }/1()1‘4: + Z A:,Yﬁ(A:,)* + Im =0
=1
A22Y202 + Y202A§2 + ZA Y202 Aéz) + In, + ZA Ylo1 Alm)* =0 (3.24)
=1 =1
Yip = 0.
The conclusion follows using Lemma 2.1 and the first two equations of the
system (3.24).
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4 Application

In this section we shall present an application of the result of Theorem 3.1
designing of a stabilizing state feedback for the following class of controlled
stochastic linear systems:

edry(t) = [Aglxl(t)+A22x2(t)—i—Bgu(t)]dt—i-iV: Ab 2 () dwy (t)

u € R™ is the control, z; € R™,7 = 1,2 are the states and Afj, Bj are real
constant matrices of appropriate dimensions.

Our aim is to construct a control law of the form:

with the property that the zero solution of the corresponding closed-loop
system:

dri(t) = [(An+B1F)x(t)+(Aa+ B Fy)zo(t)]dt

+ i\f: AN () dwy (t) (4.3)

edxsy (t) = [(A;1+BQF1)ZL‘1 (t) -+ (A22+BQF2)1‘2(t)]dt

N
+ 3 Ay (£)dwy (1)
k=1

be mean square exponentially stable. To avoind the ill conditioning due to
the presence of the small parameter ¢ in the system (4.1) the designing of the
stabilizing state feedback (4.2) is made in two steps. In each step we shall
design a stabilizing feedback gain for a controlled system of lower dimensions
and independent of the small parameter e.

To the system (4.1) with Ay invertible we associate the following reduced
subsystem:

N
dri(t) = [Ayai (t) + Bou(t)|dt + > Afzy (t)dwy(t) (4.4)
k=1
where A, and A* are the same as in (1.2) and B, = B; = A Ay Bs.
The corresponding boundary layer subsystem of the system (4.1) is:

ry(0) = Agws(0) + Bou(o) (4.5)
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o = L. If the pair (Aj, By) is stabilizable (see [10]) we choose F, € R™*"
such that the matrix A,y + BsF5 have the eigenvalues located in the half
plane Re\ < 0.

Now, using this choice of the feedback gain F3 we consider the following
system:

do,(t) = [Arxl(t)JrBru(t)]dtJrg:Af(FQ)xl(t)dwk(t) (4.6)

where Aﬁ(FQ) = A]fl - [A12 + BlFQ][AQQ -+ B2F2]—1A12<;1.

Assuming that the system (4.6) is stochastically stabilizable we choose the
matrix F,. € R™*™ such that the zero solution of the closed-loop system

d[L‘l

a = At BrEn(t)dt + i AR (B (t)dwi (t) (4.7)

k=1

be mean square exponentially stable.
Set
F1 = [[m —|— FQAEQIBQ]FT —|— F2A521A21. (48)

The matrix F; given by (4.8) and the matrix F; obtained before, can be used
to provide a stabilizing control law (4.2).

To show that such a control stabilizes the system (4.1) for € > 0 small enough,
we shall use the result of the Theorem 3.1 to the closed-loop system (4.3).
To this end we show that the assumption of the Theorem 3.1 are fulfild.

Indeed the matrix coefficients of the boundary layer subsystem is now Ay +
By F, which is stable. On the other hand the reduced subsystem associated
to the closed-loop system is

dri(t) = [An+BiFi—(App+BiF)(Ayx+BoFy)  (Ay + Bo )] (t)dt
+ i AR (Fo) (t)dw (). (4.9)

By algebraic manipulations, similar with the ones in deterministic framework,
(see e.g. [3, 8]) we obtain that (4.9) is equivalent to (4.7) and hence the zero
solution of the system (4.9) is exponentially stable in mean square.

Thus we obtain that the assumptions from Theorem 3.1 hold and hence the
zero solution of the closed-loop system is mean square exponentially stable
for arbitrary € > 0 small enough.

Remark: In the case of the stochastic systems (4.1) the designing of the
feedback gain F;, cannot be performed independently of the stabilizing feed-
back gain F3 as it happens in the deterministic framework [3, 8].
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