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Abstract. This article deals with the asymptotic behavior of nonoscillatory solutions of
fourth order linear differential equation where the coefficients are perturbations of con-
stants. We define a change of variable and deduce that the new variable satisfies a third
order nonlinear differential equation. We assume three hypotheses. The first hypoth-
esis is related to the constant coefficients and set up that the characteristic polynomial
associated with the fourth order linear equation has simple and real roots. The other
two hypotheses are related to the behavior of the perturbation functions and establish
asymptotic integral smallness conditions of the perturbations. Under these general hy-
potheses, we obtain four main results. The first two results are related to the application
of a fixed point argument to prove that the nonlinear third order equation has a unique
solution. The next result concerns with the asymptotic behavior of the solutions of the
nonlinear third order equation. The fourth main theorem is introduced to establish
the existence of a fundamental system of solutions and to precise the formulas for the
asymptotic behavior of the linear fourth order differential equation. In addition, we
present an example to show that the results introduced in this paper can be applied in
situations where the assumptions of some classical theorems are not satisfied.
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1 Introduction

1.1 Scope

Linear fourth-order differential equations appear as the most basic mathematical models in
several areas of science and engineering. These simplified equations arise from different lin-
earization approaches used to give an ideal description of the physical phenomenon or to
analyze (analytically solve or numerically simulate) the corresponding nonlinear governing
equations. For example in the following cases, the one-dimensional model of Euler-Bernoulli
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in linear theory of elasticity [1,34], the optimization of quadratic functionals in optimization
theory [1], the mathematical model in viscoelastic flows [7,22], and the biharmonic equations
in radial coordinates in harmonic analysis [16,21].

An important family of linear fourth order differential equations is given by the equations
of the following type

v+ las +ra ()] + [+ 2Oy + [+ + [0 +nHy =0, (11

where a; are constants and r; are real-valued functions. Note that (1.1) is a perturbation of the
following constant coefficient equation:

y(iv) + 513]//” + azy" + ﬂl]/ + agy = 0. (1.2)

We recall that the study of perturbed equations of the type (1.1), in the general case of n-order
equations, was motivated by Poincaré [30]. Thus (1.1) is also known as the scalar linear differ-
ential equation of Poincaré type. Moreover, we recall that the classical analysis introduced in
the seminal work [30] is mainly focused on two questions: the existence of a fundamental sys-
tem of solutions for (1.1) and the characterization of the asymptotic behavior of its solutions.
Later on, equations of the Poincaré type (1.1) (of different orders) have been investigated by
several authors with a long and rich history of results [4,10,18,19]. Even though this is an old
problem, it is still an issue which does not lose its topicality and importance in the research
community. For instance, in the case of asymptotic behavior of third order equations, there
are the following newer results [14,15,28,32,33].

In this contribution, we address the question of the asymptotic behavior of (1.1) under new
general hypotheses for the perturbation functions.

1.2 A brief review of asymptotic behavior results in linear ordinary differential
equations

Historically, some landmarks in the analysis of the asymptotic behavior in linear ordinary
differential equations are given by the works of Poincaré [30], Perron [25], Levinson [23],
Hartman—Wintner [20] and Harris and Lutz [17,18]. The works of Poincaré and Perron are
focused in the scalar case and the contributions of Levinson, Hartman—Wintner and Harris
and Lutz are centered on diagonal systems. Indeed, to be more precise, let us briefly recall
these results.

¢ Poincaré [30] assumes the following two hypotheses:

p is a simple characteristic root of (1.2) such that Re () # Re(po) (13)
for any other characteristic root pg of (1.2), '
the functions r; are rational functions such that r;(t) — 0 when t — oo. (1.4)

Then, under (1.3)—(1.4), he deduces that (1.1) has a solution y, (t) satisfying the following
asymptotic behavior:

(iv) ¢ e (¢ " (t
Yu (t) %S Yu (t) A3, w — AZ w — A, (1.5)
Yu(t) Yu(t)

Yu(t) Yul(t
when t — oo.
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¢ Perron [25] extends the results of Poincaré by assuming (1.3) and considering instead of
(1.4) the hypothesis that the perturbation functions r; are continuous functions such that
ri(t) — 0 when t — oo.

¢ Levinson [23] analyzes the non-autonomous system
xX'(t) = [A(t) + R(1)]x(t)

where A is a diagonal matrix and R is the perturbation matrix. He assumes that the
diagonal matrix satisfies a dichotomy condition and the perturbation function is contin-
uous and belongs to L!([ty, o[). Then, Levinson proves that a fundamental matrix X has
the following asymptotic representation

X(t) = [I+0(1)] exp (/tA(s)ds). (1.6)

fo

¢ Hartman and Wintner in [20] assume that the diagonal matrix A satisfies a condition
that is stronger that the Levinson dichotomy condition and the perturbation function is
continuous and belongs to L ([tg, oo[) for some p €]1,2]. Then, they prove that

X(t) = [[+0(1)] exp (/t: (A(s) + diag(R(s))) ds).

e Harris and Lutz in [17] (see also [13,18,26,27,29]) find a change of variable to unify the
results of Levinson and Hartman and Wintner.

The list is non-exhaustive and there are other important results, like the contributions given
by Elias and Gingold [11] and Simsa [31]. We note that the application of Levinson, Hartman-
Wintner and Harris and Lutz results to (1.1) are not direct. This fact is a practical disadvantage
of this kind of results, since in general the explicit algebraic calculus of A and R in terms of
the perturbations are difficult.

The important point here is that (1.3) can be stated equivalently as follows: u € R is
a simple characteristic root of (1.2), since the requirement “Re(y) # Re(puo) for any other
characteristic root o of (1.2)” excludes to the conjugate root of 7z, then u € R. Thus, in this
paper we consider the following hypothesis:

{/\i,i =14 : A > A > A3 > )\4} C R is the set of characteristic roots for (1.2). (1.7)
The hypothesis (1.7) is satisfied, for instance in the case of the biharmonic equation
Au(x) =0 inR", withn > 5,

in radial coordinates. Indeed, considering r = ||x|| and ¢(r) = u(x), the biharmonic equation
may be rewritten as follows

v 2(n—1 n—1)(n-3 n—1)(n—-3
§0 () + 2Dy o D23 gy DSy, e,
Now, by introducing the change of variable v(t) = e~*/(P~Dgp(e!) for some p > EZfig, the

differential equation for ¢ can be transformed in the following equivalent equation

o™ (1) + K30™ (t) + K0 () + K1/ (t) + Koo(t) = 0, teR, (1.8)
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where K; are real constants depending of n and p, see [16] for further details. We note that the
roots of the characteristic polynomial associated to the homogeneous equation are given by
p+1 4 4 p+1 "

/\1:27>)\2:f>0>)t3:7p—1’1>/\4:2

p—1 p—1 p—1 p—1 (1)

Thus, the radial solutions of the biharmonic equation in a space of dimension n > 5 and with
p > (n+4)(n—4)"! can be analysed by the linear fourth order differential equation (1.8)
where the characteristic roots satisfy (1.9) which will be generalized. Thus the analysis of the
a perturbed equation for (1.8) are relevant for instance, in the analysis of the equation

A2u(x) — ’xT_M(X) = Af(Qu(x), AMu€ER, f:R">TR,
which appears naturally in the weighted eigenvalue problems [35].

Nowadays, there are three big approaches to study the problem of asymptotic behavior
of solutions for scalar linear differential equations of Poincaré type: the analytic theory, the
nonanalytic theory and the scalar method. In a broad sense, we recall that the essence of the
analytic theory consists of the assumption of some representation of the coefficients and of
the solution, for instance power series representation (see [5] for details). In relation to the
nonanalytic theory, we know that the methods are procedures that consist of two main steps:
first, a change of variable to transform the scalar perturbed linear differential equation in a
system of first order of Poincaré type and then a diagonalization process (for further details,
consult [6,10,12,24]). Meanwhile, in the scalar method [2—4, 14, 15, 28,32,33] the asymptotic
behavior of solutions for scalar linear differential equations of Poincaré type is obtained by a
change of variable which reduces the order and transforms the perturbed linear differential
equation in a nonlinear equation. Then, the results for the original problem are derived by
analyzing the asymptotic behavior of this nonlinear equation.

1.3 The scalar method

In this paper, we are interested in the development of a modified version of the original scalar
method. Indeed, in order to contextualize the basic ideas of this methodology, we recall the
work of Bellman [3]. In [3], Bellman presents the analysis of the second order differential
equation u” — (1 + f(t))u = 0 by introducing the new variable v = ' /u which transforms the
linear perturbed equation in the following Riccati equation v’ + v*> — (1 + f(t)) = 0. Then, by
assuming several conditions on the regularity and integrability of f, he obtains the formulas
for characterization of the asymptotic behavior of u. For example, in the case that f(f) — 0
when t — oo, Bellman proves that there are two linearly independent solutions u; and uy,
such that

—1, (1.10)

— -1, (1.11)

exp (1= [/ If(@)ldr) < () <exp (1-+ [ 1f(0)] ), (1.12)
exp(—t—/t: |f(r)\dr> <u(t) < exp(—t+/t: |f(r)\dr). (1.13)
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More details and a summarization of the results of the application of the scalar method to a
special second order equation are given in [4]. Note that (1.10)—(1.11) correspond to (1.5) and
(1.12)—(1.13) to (1.6).

We reorganize and reformulate the original scalar method. Indeed, in Section 3, the pre-
sented scalar method distinguishes three big steps. First, for each characteristic root y of
(1.2), we introduce the change of variable z = y'/y — u and deduce that z is a solution of an
equation of the following type

"

2" 4 8p7" + 17 + doz = Po(t) + P1(t)z2" + Pa(t)zZ + #3(t)2%2
+ 24 (£)(2)* + 5 (8)2% + o (t)2° + F7 ()24, (1.14)

where 4y are real constants and 7 are real-valued functions, see equation (3.2). Second, we
prove the existence, uniqueness and the asymptotic behavior of the solution of (1.14). Finally,
in a third step, we deduce the existence of a fundamental system of solutions for (1.1) and
conclude the process with the formulation and proof of the asymptotic integration formulas
for the solutions of (1.1). Basically, we translate the properties of z (the solution of (1.14)) to v
(the solution of (1.1)) via the relation y(t) = exp(fttO (z(s) + p)ds).

1.4 Aim and results of the paper

The main purpose of this paper is to describe the asymptotic behavior of nonoscillatory so-
lutions of equation (1.1) by the application of the scalar method. Then, our results are the
following.

(i) If u = A; in (1.14), we prove that A; — A; with j € {1,2,3,4}\{i} are the roots of the
characteristic polynomial associated to the linear part of (1.14), see Proposition 3.1.

(ii) Assuming that (1.7) is satisfied and that (1.14) has a solution z; for u = A;, we establish
that

yi(t) = exp (/t:()\i +zi(s)) ds), i=1,...,4 (1.15)
defines a fundamental system of solutions for (1.1), see Lemma 3.2.
(iif) We consider a third order nonlinear differential equation of the following type
2" + b7 + b1z + boz = P(t,z2,7,7"), (1.16)

where b; are real constants and P is a given function. Then, we prove that (1.16) has a
unique solution z € C3([to, oo[) by assuming three hypotheses: (a) the function P admits
a especial decomposition, (b) the roots of the linear part of (1.16) are simple, and (c)
the coefficients satisfy the decomposition of IP and an integral smallness condition, see
Theorem 3.3.

(iv) We assume that the constants a; are such that (1.7) is satisfied and the perturbation
functions are asymptotically small in the following sense

) oo ooag ooBZg _

tlgg /to g(t,s)p(A,s)ds| + /to g(t,s)p()tl,s)ds + /to W(t,s)p()tl,s)ds =0, (1.17)
im [~ gt s)+ 18]+ 128w 1) 1as =0, j=1,....4 (1.18)
fim [, [0+ 569+ |G (9] In)lds =0, j=1,4 ~
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with ¢ a Green function and p is given by
p(Ai,s) = Ars(s) + A2ra(s) + Airi(s) + ro(s). (1.19)

Then, by noticing that (1.14) is of the type (1.16), we prove that exists z; a unique solution
of (1.14) for y = A;, see Theorem 3.4

(v) We assume that (1.7) and (1.18) are satisfied. We prove the following asymptotic formu-

las
o(/we—ﬁ<f—5>\p(/\1,s)\ds), i=1 Ber—Ay,0[
t
o(/we*ﬁﬁ‘*s)\p(AZ,s)yds), i=2, BelAs—Ay0]
zi(1), Z(t), 2] () = " (1.20)
O(/ eiﬁ(tis)‘p(/\:hs)’ds)/ i = 3/ ﬁ S [/\4 - /\310[/
to

t
o(/ e p(Ag,5)|ds), =4, BE]0As—Ad),
to
under different assumptions on the perturbation functions. To be more precise, we

obtain (1.19)—(1.20), by assuming that the perturbations satisfy the following inequalities
forj=0,...,3

*© 1 1
—(Aa—Aq)( < mi S - .
/t e |r( )|ds_m1r1{A1 v UlAl} t>ty, i=1, (1.21)

[y s+ [T e 0oy (5) s
to

1— e (hi—A2)to 1 1
< 1 / = .
< mm{ A A, + Ny — s 0ads [ 1=2, (1.22)
/ “r(s |ds+/ 23)(=9) 1, (s) | ds
1-— 1 1
< | = 1.2
mm{ )\2—7\3 )\3—7\4’031‘\3}/ i=3, (1.23)
/ ~(2=M)(E=9) |4 (5)| ds < min B i=4. (1.24)
J /\3 —/\4’ 0'4A4 !

with o; and A; some given constants, see (H3) and Theorem 3.5 for details.

(vi) Under (1.7) and (1.18), we prove that (1.1) has a fundamental system of solutions given
by (1.15) and that the asymptotic behavior (1.5) is valid. Note that (1.7) is a weaker
condition than (1.11). Moreover, assuming (1.21), (1.22), (1.23) or (1.24), we prove that
the following asymptotic behavior

yi(t) = eMlt) exp <7‘£i1 /t]I’(s,zi(s),zg(s),zg’(s)) ds> , (1.25)

to

y/(t) = (A +0(1))eti 1) exp <7rl-_l /tt]P(s,zi(s),zg(s),zf(s)) ds

0

(0 = 03+ o) exp (it [ Ploz(o) s H(G) ), 022
t

N———

) (1.26)
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W0 = (03 + oM Wexp (71 [ (s a6, 20600 D ds), (128)

fo
holds, when t — oo with z;,z} and z! given asymptotically by (1.19)-(1.20), see Theo-
rem 3.6.

Moreover, we present an example of application of Theorem 3.6.

1.5 Outline of the paper

This paper is organized as follows. In Section 2 we present the general assumptions. In
Section 3 we present the reformulated scalar method and the main results of this paper. Then,
in Section 4 we present the proofs of Theorems 3.3, 3.5 and 3.6. Finally, in Section 5 we present
an example.

2 General assumptions

The main general hypotheses about the coefficients and perturbation functions are (1.7),
(1.17)—(1.18) and (1.21)—(1.24). Now, for convenience of the presentation, we introduce some
notation and summarize these conditions in the following list

(H) { Li=1,4

(Hp) Consider p(A;,s) defined by (1.19). The perturbation functions are selected such that
G(p(Ai,-))(t) = 0and L(r;)(t) — 0,j=0,1,2,3, when t — oo, where G and L are the
functionals defined as follows

AL > A > Az > )L4} C R is the set of characteristic roots for (1.2).

G(E)(t) = /t:og(t,s)E(s)ds + /to g—g( s)ds| + ‘/ at2 s)ds|, (2.1)
c@xw=[fpanm+ﬂ§uﬁ>+gﬁu@]w@n%. 22)

(H3) Let us introduce some notations. Consider the operators IFy, IF5,F3 and F4 defined as
follows

Fy(E) (1) = [ ¢ e () ds,

t

IFZ(E)(t):/t ~(M=22)(=) | E (5 |ds+/ ~(a=22)(t=5) | E(5)| ds,

0

Fa(E)(1) = [ e 0209 E(e)]ds + [~ o M E(s) s,
0

t
Fu(E)(t) = [ e (29| E(s)] s

to
and oj, A; defined by
o; = 3|Ai* +5[Ai] +3
+ (19+7|Al~| + [12A; + 3a3| + |67 +3/\ia3+u2|>n, nelo,1/2],
1

A= L A= Al (U414 = Al + 14— A?), 3)
[Yi (k) El;




8 A. Coronel, F. Huancas and M. Pinto

with

Yl' =H<)Lk—)\]'), k,jE {1,2,3,4}—{i},
k>
L={ Gk 0 € 123,48 (k0 # i), (0 # (i) ).

Then, the left inequalities in (1.21)—(1.24) are unified in the new notation as the following
inequality FF;(r;)(t) < min{IF;(1)(t), (A;o;)~'}. Thus, defining the sets

Fi([to, 00[) = {E : [to,00[— R : F;(E)(t) < p; := min {IFl-(l)(t), AZ} } (2.4)

v

we assume that the perturbation functions ro, 1, 2, 13 € Fi([to, oo[).

3 Revisited scalar method and statement of the results

In this section we present the scalar method as a process of three steps. At each step we
present the main results whose proofs are deferred to Section 4.
3.1 Change of variable and reduction of the order

We introduce a little bit different change of variable to those proposed by Bellman. Here, in
this paper, the new variable z is of the following type

/ t

z(t) = ]]//((tt)) —u orequivalently y(t) =exp </ (z(s) +u) ds) , (3.1)
fo

where y is a solution of (1.1) and yu is an arbitrary root of the characteristic polynomial asso-

ciated to (1.2). Then, by differentiation of y(f) and by replacing the results in (1.1), we deduce

that z is a solution of the following third order nonlinear equation

2" 4 [dp + a3)Z" + [6p* 4 Bazp + az)Z’ + [44° + 3uPaz + 2uas + a1)z

= — {73(f)2" + [Burs(t) + ra(t))2’ + Bplra(t) 4+ 2ura(t) + ri(t))z + pra(t)

3.2
+ 121y (t) + ur(t) +ro(t) +4zz" + [12p + 3a3 + 3r3(t)]z2' + 62°2 (¢.2)

+ 3[2']% + [6p* + 3uaz + as + 3urs(t) + ra(£)]22 + [4u + r3(t)]2° + 24}.

Thus, the analysis of original linear perturbed equation of fourth order (1.1) is translated to
the analysis of a nonlinear third order equation (3.2).

We note that the characteristic polynomial associated to (1.2) and the third constant coef-
ficient equation defined by the left hand side of (3.2) are related in the sense Proposition 3.1.
Thus, noticing that the change of variable (3.1) can be applied by each characteristic root A;
and assuming that the equation (3.2) with y = A; has a solution, we can prove that (1.1) has a
fundamental system of solutions, see Lemma 3.2.

Proposition 3.1. If A; and A; are two distinct characteristic roots of the polynomial associated to (1.2),
then A; — A; is a root of the characteristic polynomial associated with the following differential equation

2" 4 [4A; 4 a3)2" + [6A7 4 3azA; + ap]2’ + [4A2 +3A%a3 + 2Ma5 +a1]z = 0. (3.3)
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Proof. Considering A; # A; satisfying the characteristic polynomial associated to (1.2), sub-
tracting the equalities, dividing the result by A; — A; and using the identities

AP+ AP+ MAT + A7 = (A = A)® 4+ 4Ai(A) — M)+ 6AF (A — Ai) + 44}
as ()\]2 + /\j/\i + )le) = 613()\j — )Li)z + 3613)\1'()Lj —Ai)+ 3613)\12
az()t]' — /\1) = 612()\]' — )\l) —+ 2/\1'612,
we deduce that A; — A; is a root of the characteristic polynomial associated to (3.3). O

Lemma 3.2. Consider that (3.2) has a solution for each y € {A1,...,As}. If the hypothesis (Hy) is
satisfied, then the fundamental system of solutions of (1.1) is given by

t
yi(t) = exp (/t [Ai +zi(s)] ds), with z; solution of (3.2) with u = A;, i€ {1,2,3,4}. (34)
0

3.2 Well posedness and asymptotic behavior of (3.2)

In this second step, we obtain three results. The first result is related to the conditions for the
existence and uniqueness of a more general equation of that given in (3.2), see Theorem 3.3.
Then, we introduce a second result concerning to the well posedness of (3.2), see Theorem 3.4.
Finally, we present the result of asymptotic behavior for (3.2), see Theorem 3.5. Indeed, to be
precise these three results are the following theorems:

Theorem 3.3. Let us introduce the notation C3([to, oo[) for the following space of functions
C3([to, o0[) = {z € C*([ty, [, R) : z(t),Z'(t),z"(t) — O when t — oo}, th € R,
and consider the equation
2" 4+ b7 4+ b1Z + boz = Q(t) + F(t,z,7,7"), (3.5)
where b; are real constants, () and F are given functions such that the following restrictions hold.
(R1) There are functions F,BT:R* 5 R; A, Ar: R — R3 and C € R7, such that
F=F+E+T,
Fy(t,x1,x2,x3) = Ag(t) - (x1, X2, X3),
By(t,x1, %2, 33) = Ma(t) - (12,27, 17),
T(t,x1,%2,%3) = C- (3, x1X2, X1%3, X7, X{ %2, X7, 1),
where “-” denotes the canonical inner product in R".
(R2) The set of characteristic roots of (3.5) when Q) = F = 0 is given by {1 > 72 > 73} C R.

(R3) It is assumed that G(Q)(t) — 0, L(||A1]l1)(t) — 0and L(||Az]|1)(t) is bounded, when t — co.
Here || - ||1 denotes the norm of the sum in R", G and L are the operators defined on (2.1) and
(2.2), respectively.

Then, there exists a unique z € C5([to, oo[) solution of (3.5).

Theorem 3.4. Let us consider that the hypotheses (Hy) and (H,) are satisfied. Then, the equation (3.2)
with y = A; has a unique solution z; such that z; € C3([to, o).
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Theorem 3.5. Consider that the hypotheses (H1),(H2) and (Hs) are satisfied. Then z; the solution of
(3.2) with u = A, has the following asymptotic behavior

O(/ e 5t5\p()x1,s)]ds>, i=1, Be€ra—M,0]

6) eﬁf5|pA2, )|ds> i=2, Be[Az—A0[,

(3.6)

O

U
o( e P=)p(As,s )|ds) i=3, Bec[lg—A30[
( e P |p(Ay,s )yds) i=4, Bel0,A3— A4,
where p(Ai,s) = A3r3(s) + A?ra(s) + Air1(s) + ro(s).
3.3 Existence of a fundamental system of solutions for (1.1) and its asymptotic

behavior

Here we translate the results for the behavior of z (see Theorem 3.4) to the variable y via the
relation (3.1).

Theorem 3.6. Let us assume that the hypotheses (H1) and (H,) are satisfied. Denote by Wy, . .., 4]
the Wronskian of {y1, ..., ya}, by 7t; the number defined as follows

mi=][(A—A), Ni={1,234}—{i}, i=1,...4,
keN;
by p(Ai,s) the function defined in Theorem 3.5 and by F the function defined in Theorem 3.3 with
A1, Ao and C given in (4.14). Then, the equation (1.1) has a fundamental system of solutions given by
(3.4). Moreover the following properties about the asymptotic behavior

(iv)
yi(t) y; (t) 2 yi'(t) 3 y; (t) 4
:)\i/ :/\'/ :)\ir :A'/ (37
it wd O )
Wiy, ...,yal= JT (A —Ak) vavaysys (1+0(1)), (3.8)
1<k<t<4
are satisfied when t — oo. Furthermore, if (H3) is satisfied, then
t
yi(t) = ehi(t=to) exp <7‘[i1/ [p(/\i,s) + P(s,zi(s),zg(s),zg’(s))]ds) , (3.9)
fo

[p(Ai,s) + F(s, zi(s),zé(s),zg’(s))} ds) , (3.10)

v (1) = (4] +0(1)) M~ exp P s) + E(s,2i(s),2)(5), 2/ (5)) | s

(0 = (034 0(0) M W exp (0 [ [p(hs5) + Fls,z(6), 20, (o] as ), 3D
< [ > (3.12)

W0 = (a8 o) e enp (71 [ [p(09) + Fls,2(5), 24,26, @19

to

hold, when t — oo with z;,z} and z}' given asymptotically by (3.6).
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4 Proof of the results

In this section we present the proofs of Theorems 3.3, 3.4, 3.5, and 3.6.

4.1 Proof of Theorem 3.3

Before presenting the proof, we need to define some notations about Green functions. First,
let us consider the equation associated to (3.5) with 3 = F =0, i.e.

2" + bz + b1z + byz = 0, (4.1)

and denote by v;, i = 1,2,3, the roots of the characteristic polynomial for (4.1). Then, the
Green function for (4.1) is defined by

g1(t,s),  (ru7273) €RE_,
g(ts) = 1 g2(ts),  (v,72,73) €RG__, 42)
(13 =72) (3 —=1) (2= 1) | g(t,9), (71, 72,73) ER3,_,
where
0, t>s,

t,s) = 4.3
gl( ) {(')/2 — 73)6771 (t=s) + (73 _ 'yl)e*'YZ(t*S) + (/)/1 _ r)/z)e*'YS(tfs), t<s, ( )
@(ts) = (72— ’Ya)e*%(tfs), t>s, @

’ (71— 72)e MU= 4 (3 —y)e 279, ¢ <,
e(ts) = 1 (727 13)e M) 4 (3 =), >, s)

' (72 —71)e 1), t<s, '

_ —71(t—s) _ —72(t—s) _ —73(t—s) >
aalts) = {(()72 73)e + (73— m)e + (11— m2)e i 25 g
’ < S.

Further details on Green functions may be consulted in [4].

Now, we present the proof by noticing that, by the method of variation of parameters,
the hypothesis (R;), implies that the equation (3.5) is equivalent to the following integral
equation

z(t) = /t:og(t,s) [Q(s) + F<s,z(s),z’(s),z”(s))} ds, (4.7)

where g is the Green function defined on (4.2). Moreover, we recall that C3([to, o|) is a Banach
space with the norm ||z[lo = sup,, [|z(t)| + |2 (¢)[ + |z"(t)|]. Now, we define the operator T
from C3([to, oo[) to C3([to, oo[) as follows

Tz(t) = /oog(t,s) [Q(s) + F(s,z(s),z’(s),z"(s))}ds. (4.8)

to

Then, we note that (4.7) can be rewritten as the operator equation

Tz=z over Dy:= {z e C([to, o)) = |1zlo gn}, (4.9)
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where 1 € R™ will be selected in order to apply the Banach fixed point theorem. Indeed, we
have the following.

(@) T is well defined from C3([ty, o[) to C3([to, o[). Let us consider an arbitrary z € C3([to, o).
We note that

7&@):Aj%ﬁt@ﬁu@+pGg@yz@Lﬂ@»}w,
T'z(t) = /too gztf(t s) [Q(s) + F(s,z(s),z’(s),z”(s))} ds.

0

Then, by the definition of g, we immediately deduce that Tz, T'z, T"z € C?([ty, o[, R). Fur-
thermore, by the hypothesis (R1), we can deduce the following estimates

201 < | [ s ola@as + st s)[|f (26, 26),2'()]

+F2(sz )( ‘r( 2(s) '(s),z"(s))Hds, (4.10)
O gfusm L) [|B(5260,76),2'6)

+5@z ,zs) ]( &ﬂgﬂ@ﬂpﬁ (4.11)
1< [ TR0+ [ H0 | x0.0.0)

+ B (s,2(5),2/(5),2"(5)) +‘T<szs,z(s),z”(s)>u ds. (4.12)

Now, by application of the hypothesis (R3), the properties of £;, F, and T and the fact that
z € C3, we have that the right hand sides of (4.11)—(4.12) tend to 0 when t — co. Then,
Tz, T'z, 7"z — 0 when t — oo or equivalently Tz € C% forall z € Cé.

(b) For allm € |0, 1], the set Dy, is invariant under T. Let us consider z € D,. From (4.10)—(4.12),
we can deduce the following estimate

IT2ll0 < G@)®) + Izl (1Al ) ) +2(l1zl) £ (1Al ) )+ (Hzllo) £ 1Azl ) 1)

+ (lzl)” (Z il + (Jesl +lea! ) lzllo + |c7r(r|z||o)2) (1))

< Li(t) + I(t), (4.13)

h(t) = uzuo{z(umulyw + (22 (sl ) () + £ (1Sl ) () lzllo

+ (£ (I2lh) B + £(lich ) ®) (quo)z+£(chl)<t>(uzuo)3}.
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Now, by (R3) we deduce that I;(t) — 0 when t — oo. Similarly, by application of (R3), we
can prove that the inequality

B(t) < 112{ (22 (Il ) () + £ (Il ) () + (£ (Il ) () + £ (Il ) () n

+£(chl)<t>n2}

=n
holds when t — oo in a right neighborhood of n = 0. Hence, by (4.13) and (R3), we prove
that Tz € D;, for all z € D,

(o) T is a contraction for n € ]0,1/2[. Let z1,z0 € Dy, by the hypothesis (R1) and algebraic
rearrangements, we obtain that

||T21 — T22||0
) ) aZ
<lzi—zlo [ (I3 + |55 t9)| + |55 )] ) IA(s)]ds
to ot ot
Hz - zlomax {20,307} [ (159 + [ B+ |28 w9)]) 1nao)has
7 o 7 at 7 atz 7
00 9 82
B 2 4.3 98 78
+||z1 zz||0max{2n,3n ,4n }/fo (]g(t,s)|+ By (t,s)| + 552 (t,s) ) |Cl|1 ds

<z —zz||0{£(||/\1]|1> + max {2n,3n2}£<]|/\2|\1> + max {2n,3n2,4n3}£(|\C||1> }

Then, by application of (R3), we deduce that T is a contraction, since, for an arbitrary n €
10,1/2], we have that max {211,3T]2} = max {2n,3n2,4n3} =2n<1

Hence, from (a)—(c) and application of Banach fixed point theorem, we deduce that there
are a unique z € Dy, C C}([to, o[) solution of (4.9).

4.2 Proof of Theorem 3.4

The proof of the Theorem 3.4 is followed by the application of Theorem 3.3. Indeed, in the
next lines we verify the hypothesis (R1)-(R3). First, the hypothesis (R1) is satisfied since (3.4)
can be rewritten as (3.5). More precisely, if A; denotes an arbitrary characteristic root of (1.2),
we have that the constant coefficients b; in (3.5) are defined by

by = 4)\13 + 3/\%&3 +2MAay + aq, by = 6/\12 + 3Aja3 + a», by =4A; +as, (4.14a)

the functions Q: R — R and A, Ay: R — R3 and the constant C € R’ defining the function
F are given by

Q) = —(Adrs(t) + A2ra(t) + Airr (8) +10(8)),  Ax(t) = (b(t), f(£),h(t)), (4.14b)
As(t) = (q(b), f(£),h(t)), C=— (3, 12A; + 3a3, 4, 602+ 3\jaz +aa, 6, 4)\1-,1), (4.14c)
with

b(t) = —(BA2rs 4+ 2Aima +11) (1),  f(t) = —(BAirs +12)(t), q(t) = 3h(t) = —3r3(t). (4.14d)
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Second by the application of Proposition 3.1, we deduce that the hypothesis (R;) is satis-
fied. Meanwhile, we note that (H;) implies (R3). Thus, we deduce that conclusion of the
Theorem 3.4 is valid.

4.3 Proof of Theorem 3.5
We prove the formula (3.6) by analyzing an iterative sequence and using the properties of the
operator T defined in (4.8).

4.3.1 Proof of (3.6) withi =1

Let us denote by T the operator defined in (4.8) and by z; the solution of the equation (3.4)
associated with the characteristic root A1 of (1.2). Now, on Dy, with 1 € |0,1/2[, we define
the sequence wy,4+1 = Twy, with wy = 0, we have that w, — z; when n — oco. This fact is a
consequence of the contraction property of T.

We note that the hypothesis (H;) and Proposition (3.1) implies that all roots of the corre-
sponding characteristic polynomial for (4.1) with b; defined on (4.14a) are negative, since,

O>7m=AM—-—AM>71=A3—A1 > 93 =As4 — Aq. (4.15)

Moreover, by (4.14b) we note that the identity Q)(s) = p(A4,s) is valid. Then, the Green
function g defined on (4.2) is given in terms of g; and

(r2=71) (3 = 712) (13 = 11) = (A3 — A2) (As — A3) (A — A2) = Y1

Naturally, the operator T can be rewritten equivalently as follows

Tz(t) = ;1 /tc>O g1(t,9) {p()\l,s) + F(s,z(s),z’(s),z"(s))}ds, for t > to, (4.16)

since ¢1(t,s) = 0 for s € [to, t]. Thus, the proof of (3.6) with i = 1 is reduced to prove that
I, € Ry fwa(b)| + |w) (D] + |y ()] < Dy / e PEDp(Ay, ) dT, Vit (417)
t
do Ry : &, - P, whenn — oo. (4.18)

Hence, to complete the proof of (3.6) with i = 1, we proceed to prove (4.17) by mathematical in-
duction on n and deduce that (4.18) is a consequence of the construction of the sequence {®,, }.
However, before to proceed with the details, we deduce a bound of the Green function g:

ot or
< (115 = 2l + 11 = 78l + [y = ma e~ maximml =3,

16901+ | 1)+ |58 )

(I = el il v = mllval + 12 = mllys] e m iz,
(11 = mlln P+ =1l + r2 =l J e meximrasi ¢

= (1A= Aal{1+ 12 = Al + 122 = AP} + g = Aol {1+ |As = Aa] + [As = a2}
+1As = A2l{1+ [Ag = Aa| + [Ag = A2} )emmaritamhi oA A i)

= Ay[Yy|e Rt E=9) (4.19)



Asymptotic integration of a linear fourth order ODE 15

Here A; is the notation defined on (2.3).

We now prove (4.17). Note that for n = 1 the estimate (4.17) is satisfied with ®; = A;.
Indeed, it can be proved immediately by the definition of the operator T given on (4.16), the
property F(s,0,0,0) = 0, the estimate (4.19) and the hypothesis that f € [A, — Ay, 0], since

jwr(B)] + [ ()] + |wi (£)]
= [Tawo(t)] + [T'wo(t)] + |T"wo(t)]

1 0 02
— g [ (e + S|+ S8
SAl/t e~ =M= |y 1) | dt

< A /t =B p(Ay, )| dT.

) o) s

Now, assuming that (4.17) is valid for n = k, we prove that (4.17) is also valid for n = k 4 1.
However, before to prove the estimate (4.17) for n = k 41, we note that by the hypothe-
sis (H3) (i.e. the perturbations belong to Fi([to, o0[)), the notation (4.14) and the fact that
max{n,n%n®} =n forn € ]0,1/2[, we deduce the following estimates

[p(M,5) + F(s,@x(s), wi(s), o} 5) )|
< Ip(A,5)] + b(s)[wx(s)| + [£(3)|ewoh ()] + [h(s) ) (5)]
+1a(5)lleok(5) i (s)] + [£(3) |wi(s) 2 + [ (s) [Jx(s) P
+1Culleok(5) P + 1 Callewor () Ik (5)] + Gl oy | + |Callwon(s) |} (5)]
+1Cslleor(s) Pleof ()] + Colleor () + Crl o (5)

< [p(A,s)| + |[0(s)] + [£($)] + ()] + lq(s)In + £(s) I + [(s)In®
4 6
+(Xlehn+ (X \cir)nZI max { |ce(s)], [k (5)], [wf ()]}
i=1 i=5
< p(h,s)| + r|<b,f,h><s>||1+<|r<q,f,h><s>||1+||c:||1> | (wn i wt)(s)]| . @200
/ " e M3 (s ds < (3|A1 2 +2|A] + D)o, (4.20b)
t
/ m‘f’“zwf*s)rf(s)\ds < (3l + Doy, (4:20¢)
t
/°° ~Rem M) g(s)|ds < 3py, /we—“r““—s)!h(s)ldsSpl. (4.20d)
t t

Using (4.16), the notation (4.14), the inductive hypothesis, the inequality (4.19) and the esti-
mates (4.20) we have that

w1 ()] + | ()] + [wiy1 (8)]
= [Tw(t)] + | T'w(t)| + | T wi(t)]

_ 1
[Y1]

[ee]

§1(8,5) [p(A5) + F (s,01(5), w(s), wf (5)) ] ds
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I %L (1,5) (1, 5) + F (5, (), wh(s), wf (5)) ] ds

) o

/t°° 0%g (t,s) [P(/h,s) + F(s, wk(s),w,’{(s),wl’{’(s)ﬂds

ot?

_ ‘;ﬂ/t“ (|g1(t,s)y + 'aftl(t,s)

SAl/t e—(Az—Al)(t—s){|p(A1,S)|+

X H(wk,w,’(,w,’(/) (s)Hl}ds

< Al/t e(AzAl)(tS){‘p(Alls)’+

+

}

2 > ‘P(M,s) +F(S'wk(5)/wz/<(5),w;i/(5)))ds

d
i (t9)

1B, f, 1) ()]l + (H(Prfrh)(S)Hl + ||CHl>ﬂ]

+

1B, £, 1) (s) [l + <H<q,f,h)(S)Hl + HCH1>n]

x @, / eﬁ<ST>|p(A1,r)|dr}ds
S

< Al{l + [T tames lll(b,f,h)(s)lll + (||<q,f,h><s>||1 + ||C||1>n] @ ds}

t

<A(14 @0 00) /t e BT (A, 7)|d.

Then, by the induction process, (4.17) is satisfied with ®, = A;(1 4+ ®,_1 p1 01).

The proof of (4.18) is given as follows. Using recursively the definition of ®,_,,...,®»,
we can rewrite &, as the sum of the terms of a geometric progression where the common
ratio is given by p1 A101. Then, the hypothesis (H3) implies the existence of ® satisfying (4.18),
since by the construction of p; we have that p;A107 €]0,1] for n € ]0,1/2[. More precisely, we
deduce that

. = i . [(p1Aro0)" —1] Ay
lim @, = Ay 113.}0;) <p1A161> = A Jim S A~ 00

Hence, (4.17)-(4.18) are valid and the proof of (3.6) with i = 1 is concluded by passing to
the limit the sequence {®,} when n — oo in the topology of C3([to, 0]).

4.3.2 Proof of (3.6) withi =2

Let us denote by z; the solution of the equation (3.4) associated with the characteristic root A,
of (1.2). Similarly to the case i = 1 we define the sequence w,; = Tw, with wy = 0 and, by
the contraction property of T, we can deduce that w, — z when n — 0. In this case, we note
that Q(s) = p(Az,s). Moreover, by Proposition (3.1) we have that 71 = A1 — Ay > 0 > 7 =
A3 — Az > 73 = Ag — Ay. Then the Green function g defined on (4.2) is given by (Y2) '¢,.
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Thereby, the operator T can be rewritten equivalently as follows
1 [e°]
Tz(t) = —/ 22(t,9) [p(Az,s) - F(s,z(s),z’(s),z”(s))]ds
YZ to
t
1 / (A3 — Ag)e” M= A2)(t=s) [p(/\z,s) + F(s,z(s),z’(s),z”(s))}ds
YZ to

+ /00 |:(A1 - A3)ei(/\4*/\2)(t75) + (/\4 _ /\1)6*()\3*)L2)(t75):|
t

X {p()\z,s) + F(s,z(s),z’(s),z”(s)) } ds}. (4.21)
Then, the proof of (3.6) with i = 2 is reduced to prove

0, € Ry : |wn(t)| + |l (#)| + |wi (1)] g@n/ e P p(Ay, T)|dT, VE> 1y,  (422)
£

0

JdeRy : &, > Dwhenn — 0. (4.23)

In the induction step for n = 1 the estimate (4.22) is satisfied with ®; = A,, since by the
definition of the operator T given on (4.21), the property F(s,0,0,0) = 0, the estimates of type
(4.19) for g» and the fact that B € [A3 — Ay, 0] C [A3 — Ay, A1 — Az], we deduce the following

bound
w1 (8)] + |wy ()] 4 |y ()]
= [Tawo(t)] + |T'wo(t)| 4 | T" o (t)]

1 t
< |A3—A4|(1+M1—A2|+Ml—Az\z)/ e~ M=22)(t=9) | p( Ay, )| ds
’Y2| fo

+ [W —Aly(l g — A + Ay —A2]2> + Ay —A1|(1 + s — Aa| + A3 —AZF)]

X / e Pt=s) |p(A2, T)| ds}
t

t 0
< A, {/t e’ﬁ(t’s)|p()x2,r)| ds —|—/t e’ﬁ(t’”\p()u, 7)| ds}
0

= Az/t e P p(Ay, T)|dT.

0

Noticing that similar inequalities to (4.20), with A, instead of A; and integration on [y, 00|
instead of [t, o[, we deduce that

t o
Ji(t) == / e_(/\l_)\Z)(t_s)|p(A2ls)|ds_|_/t e_()‘3_)‘2)(t_5)|p()t2,s)|ds

fo

t o) )
< / e B p(Ag, )| ds + / e P35 |p(Ay, 7)| ds = / B p(Ay, T)| dT,

0

Bty i= [ e [10, £1) I+ (I, £, )+ 1€ ] | (cnchcf ) ()] s

fo

+ [T e 0209 [, £+ (10, £ B+ 1€ )] | (wnoh ) 0)] s
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sl%ﬁ“”M@Jﬂﬂﬂm+(W%ﬁM@MrﬂmH)]Mww%f () )], s

+ [ eI £l + (i £+ Ieln] | (wowtaf) @) a
= [T 10 £+ (1 £ I+ 1] | (w0, of ) )] 4
<@ [0 £ WE -+ (1@ L0 EI+ICh)n] [ p(, ) dr ds

to

—¢y/eﬁ“sﬂﬂbﬂm@ﬂh+(wmfh )+ €l )n] [ e B p(ag, 7)) deds

to

< & o2 0'2/t e P p(Ay, 7)| dT.

0

Then, the general induction step can be proved as follows

w1 ()] + lwp g ()] + [wiy (1))
= |Twe(t)| + [T'wi(t)| + | T"wi(t)]

t
< Az/ emM=M)(E=8) (A, 6) + F(s,z(s),z/(s),z”(s)) ’ ds

to
+A2/ e~ M= M)(=s) (A, 5) +F<s,z(s),z’(s),z”(s)> ‘ ds
t

< A

[ e g9+ 106, £+ (166,26 + €1 )]

Nl o) o

+ [ e {WALH+MWLM@W+OMJﬂWWHWQMﬂ

X H(wk,w,’{,w,/(') (s)Hl}ds

= A2 (D) + (1)

< A (1 + & 02 02) /too e P p(Ay, 7)| dT.
0
Hence the thesis of the inductive steps holds with ®, = Ay(1 + ®,_102 02).
We proceed in an analogous way to the case i = 1 and deduce that (4.23) is satisfied with
b = Az/(l — P2 (YzAz) > 0.
Therefore, the sequence {®,} is convergent and z; (the limit of w, in the topology of
C2([to, o0])) satisfies (3.6).

4.3.3 Proof of (3.6) withi =3 andi =14

The proof of the cases i = 3 and i = 4 is completely analogous to cases i = 2 and i = 1,
respectively.
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44 Proof of Theorem 3.6

By Lemma 3.2, we have that the fundamental system of solutions for (1.1) is given by (3.4).
Moreover, by (3.4) we deduce the identities

vil) _ o

yi(t) A+ zi(0) (4.24)
vit) o ,

g = it zi(B)? +2i(t), (4.25)
W) 4 20 + 300 + (0120 + 2110, 426
(iv)
y;,(t()t) = [Ai +zi(O)]* + 6[A; + zi(1)*2}(t) + 3[zH(1)]* + 4[A;i + zi(1)]2] () + 2/ (1), (4.27)

Now, using the fact that z; € C3([to, o[) is a solution of (3.4) with u = A;, we deduce the proof
of (3.7). Now, by the definition of the W[y, ..., y4], some algebraic rearrangements and (3.7),
we deduce (3.8).

The proof of (3.9) follows from the identity

t 00
/ e’”/ e®H(s)dsdt
to T

9] 00 t
_ 1 [/ e ") H(s) ds —/ e“(tos)H(s)dS] —1—1/ H(t)dt
a t to a Jty
and from (4.8)—(4.9). Now, we develop the proof for i = 1. Indeed, by (3.4) we have that

Y1 (t) = exp (/t:(,\l Lot ))dr) — M=) exp (/tzl(r) dr). (4.29)

to

(4.28)

By (4.8)—(4.9), (4.15), (4.16), (4.28), and the fact that 713 = (A2 — A1) (A3 — A1) (As — A1), we have
that

t 1 t 0
/t z1(T)dT = Y]/t t ¢1(T,9) (p()\l,s) + F(s,z1(s),2} (s),z’l’(s))drds
0 0 0
/ / )\4 _ )\3 —(A2—Aq)(T—5) + (/\2 _ /\4)6*()\3*)\1)(7*5)

+ (Mg — Az)e—W-M)(H)} (p()tl,s) +E(s,21(5), 2, (s),z;’(s)))ds dt

1 A=Az A=Ay | As—Aa] ff / "
d
[/\2 A + e + M—)\l] /to (p(Al,s) + F(s,z1(s),21(s), 2] (s))) s

Y,
1 |As—A ® _
+Y71 )\i_)\i{/t e~ (M=)t 5)(;9(}\1,5)+F(s,zl(s),zﬂ(s),z’l’(s)))ds
_ /°° ef(/\zf)tl)(fO*S) (P(ALS) + F(S,Zl(S),le(s),z’l’(s)))ds}]
to
1 [(A—A . s
Y Ai—)\j{/t g~ (A=)t )<p(/\1,s)—|—F(s,zﬂs),zi(s),z’{(s)))ds

to

— /Oo e~ (M= M)(to=s) (p()\l,s) + F(s,z1(s), 2} (s),z’l’(s)))ds}]
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;1 t : ﬁj { /too e~ (Ma=21)(t=s) (p(/\l,s) + F(s, zﬂs),zﬁ(s),zi’(s)))ds
_ /tooo o~ (Aa=21)(to—s) (P(/\LS) +F(s,z1(5), 2, (S),Z&’(S)))ds}]
= ;1 ‘ t: (p()u,s) + P(s,zl(s),zi(s),z'f(s)))ds +0(1).

Then, (3.9) is valid for i = 1. The proof of (3.9) for i = 2,3,4 is analogous. Now the proof of
(3.10) follows by (3.9) and (4.24)—(4.27).

5 Example

In this section we consider an example where some classical results cannot be applied. How-
ever, we can apply the Theorem 3.6.
Consider the differential equation

y™) — 5y + [sin(t7) + 4]y =0, with g € ]2, 0], (G-1)

which is of type (1.1) with (ag,a1,a2,a3) = (4,0,—5,0) and (ro,71,72,73)(t) = (sin(#1),0,0,0).
Introducing the change of variable

y(t) 11 1 1 x1(t)
v | 121 -1 =2 x2(t)
yv't) | | 41 -1 4 x3(t) |’
Y (1) 81 -1 -8 x4(t)

we note that (5.1) is equivalent to the following system

/

x1(t) 20 0 0 -1 -1 -1 -1 x1(t)
x(t) | 01 0 O +sin(tq) 2 2 2 2 x ()
x5(t) 00 -1 0 2 | 2 -2 -2 2 x5(t)
x4(t) 00 0 -2 1 1 1 1 x4(t)

We note that
sin(t1) #+ 0 whent — oo,  sin(#7) & LP([tp,o0[) for any p > 1.

Then, the classical generalizations of Poincaré type theorems [31], the Levinson theorem [10,
Theorem 1.3.1], the Hartman—Wintner [10, Theorem 1.5.1] or the Eastham theorem [10, Theo-
rem 1.6.1] can not be applied to obtain the asymptotic behavior of (5.1).

Now, in order to apply the Theorem 3.6, we have the following.

(@) The set of characteristic roots of the linear no perturbed equation associated to (5.1), i.e.
y™) —5y” 4 4y = 0, is given by {2,1, —1, —2}. Then (H;) is satisfied.

(b) By integration by parts we note that

~ * ¢ _ g e g
/ ro(t) dt = / sin(t7) dt = _ cos( 0_1 ) + 1—9q cos(t1) i
to to q tg q t #
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Then | ftzo sin(t7) dt| is bounded and ry is conditionally integrable. Now, we prove that

tlim / e“t=5) sin(s7) ds| = 0, c>0,9>2, (5.2)
—00 | Jt
t
lim / 6D sin(sT)ds| =0, ¢>0,9>2, (5.3)
t—o0 to
lim e sin(s?)|ds =0, ¢>0,49>2, (5.4)
—00 Jt
t
lim [ eC7)|sin(s7)|ds =0, ¢>0,9>2 (5.5)
t—00 Jt,

Indeed, by integration by parts, we deduce that
0< / e“'=%) sin(s7) ds
t

q oo ,c(t—s) q oo ,c(t—s) q
_ cos(t1) 1 [c/ e cos(s )dt+ (- 1)/ e cos(s7) dt]
t

gti—1 q 571 ¢ s

cos(t1)| ¢ [ |e(t=5) cos(s) g—1 [=]et=9) cos(s)
< |2 [ A = oSt |
qt qJi S q Ji s
1 " c n 1
Tttt q(g -2 gt
which implies (5.2). Similarly, we get the following bound
t
0< / e“t=%) sin(s7) ds
fo
1 1 ftf] es'=1ds  (g—1) ftz e“s1ds

7

<

which implies (5.3). To prove (5.4) and (5.5), we can apply similar arguments or more
directly the change of variable m = s1.

We note that p(A;,s) = ro(s). Then, by application of (4.2), (5.2) and (5.3) we deduce that
G(p(Ai,-))(f) = 0 when t — co. Moreover, L(rg)(f) — 0 when t — co by application
of (4.2), (5.4) and (5.5) and L(r1)(t) = L(r2)(t) = L(r3)(t) = 0since r; = rp, = r3 = 0.
Thus, (Hy) is also satisfied.

We note that

_ 1 1 — e 2t
Fi(1)(t) =1, Fo(l)(t) =1—e T+ 5 F3(1)(t) = —+ 1, Fu(1)(t) =1,
o1 =19+76y, o0,=11+39y, o03=11+39y, o4 =19+767,
32 35 5 32
Al=—, Ar=—, Az=—-, As=—.
1 3 7 2 6 7 3 21 4 3

Then, the sets F;([to, o0[) given in (2.4) are well defined. We note that, naturally, r; =
r, = r3 = 0 € F;. Moreover, from (4.2), (5.4) and (5.5) we can prove that IF;(ry)(t) — 0
when t — oo. Then, we have that ry € F;([to, oo[). Hence, (Hs) is satisfied.
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Thus, from (a)—(c), we can apply the Theorem 3.6 and the asymptotic formulas are given by

n(t) = exp (15 [ {sins) - fits)} o),

to

ve(t) = oxp (= g [ {sin) = ) ),

y3(t) = e fexp (% /t { sin(s7) _f3(s)} ds),
ya(t) = e Hexp ( — 11—2 t: { sin(s7) — f4(s)} ds),

where
f1(t) = 3(Z1(s))? + 242 () +421(5)2{ (5) + 6[21(5) 21 (5) + 8[21(5)]° + [21(5)]*
fa(t) = 3(25(5))? +1223(s) +42a(5)25 () + 12[22(5)]*25(5) + 4[22(5)]° + [22(s)]*
f3(t) = 3(25(5))? — 623(s) +423(5)25 (5) + 6[z3 ()25 (s) — 4[z3(s)]” + [23(s)]*
fat) = 3(24(s))? — 1225(s) + 424(5)2{ (5) + 6[24(5)]2}(5) — 8[24(5)]° + [24(5)]*

O </ e PU=S)|sin(sP)|ds ), i=1, Be[-1,0]
t

o) < / ooe*ﬁ“*s)\ sin(s”)| ds> , i=2, Be[-2,0]
zi(), Zi(1), 2/ (t) = °
o) (/ e—ﬁ<f—5>|sin(sr’)|ds), i=3, Bec[-1,0]
to
o) </teﬁ<f5>\ sin(s”)| ds> , i=4, Bec]o1].
to
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