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BOUNDED WEAK SOLUTIONS TO NONLINEAR
ELLIPTIC EQUATIONS

ABDERRAHMANE EL HACHIMI, JAOUAD IGBIDA

ABSTRACT. In this work, we are concerned with a class of elliptic
problems with both absorption terms and critical growth in the
gradient. We suppose that the data belong to L™ () with m > n/2
and we prove the existence of bounded weak solutions via L°°-
estimates. A priori estimates and Stampacchia’s L*-regularity
are our main ingredient.

1. INTRODUCTION

In this work, we intend to study the Dirichlet problem for some
nonlinear elliptic equations whose model example is:

—Au+a(a)ulul ! = Bu)[Vul? + f(z) in O,
(P) { u|ag =0.

where 2 is a bounded open set in RY, N > 2, A denotes the Laplace
operator and (3 is a continuous nonincreasing real function , with 3 €
L' (R). The real function a (z) is nonnegative and bounded in L* ().
Under suitable conditions on the data, we shall study existence and
regularity of solutions for problem (P).

These kind of problems have been treated in a large literature start-
ing from the classical references [18] and [19]. Later, many works have
been devoted to elliptic problems with lower order terms having qua-
dratic growth with respect to the gradients (see e.g. [8], [9], [13], [15],
[16], [17], [22] and the references therein).

The general problem (P), though being physically natural, does not
seem to have been studied in the literature. So for special situations,
in the case where a = 0, (§ is constant and f = 0, this equation may
be considered as the stationary part of equation

uy — Au = €| Vul?,
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which appears in the physical theory of growth and roughening of sur-
faces. It is well known as the Kardar-Parisi-Zhang equation (see [16]).
It presents also the viscosity approximation as € — 400 of Hamilton-
Jacobi equations from stochastic control theory (see [21]).

For the simpler case where a = 0, [ is a constant (we can assume
3 =1 without loss of generality) and f € L that is when (P) of the

form
(1.1) ~Au = |Vu|*+ f(z) in
u = 0 on 09,

the problem has been studied in [17], where the change of variable
v = e" — 1 leads to the following problem

(1.2) —Av = f(z)(v+1) in Q,
v = 0 on 0.

Then, provided that f € L>
unique solution in Wy (Q).

, it is proved there that (1.1) admits a

In the case where a = 0, f € L9 with ¢ > %, and [ is a continuous

nonnegative function satisfying supplementary conditions according to
1

. . . . o elsl
each situation, for instance f (s) = T or f(s) = T

ori estimates have been proved in [1] and [6] to obtain existence and
regularity results, while uniqueness have been shown in [2].

a pri-

In this paper, to prove existence of bounded weak solutions for (P),
we assume that f € L™, m > %, [ is a continuous real function
nonincreasing with 8 € L' (R) and a is a nonnegative bounded real
function. We shall obtain a solution by an approximating process.
Using a priori estimates and Stampacchia’s L*°-regularity results we
shall show that the approximated solutions converges to a solution of

problem (P).

2. PRELIMINARIES AND MAIN RESULTS

In this section, we present some notations and assumptions. We
also recall some concepts and results which will be used in our further

considerations. We will refer the reader to the corresponding references.
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Throughout this paper Q will denotes a bounded open set in RY with
N > 2. We denote by c a positive constant which may only depend on
the parameters of our problem, its value my vary from line to line.

For 1 < ¢ < N we denote ¢* = g—i. Moreover, we denote N’ = 57
and its Sobolev conjugate by Ny = %

For k£ > 0 we define the truncature at level £k as
Ti(s) = min{k, max{s, —k}}.
We also consider Gy.(s) = s—Tj (s) = (|s| — k)" sign (s). We introduce
Ty? (Q) as the set of all measurable functions u : @ — R such that
Ty, (u) € Wy (Q) for all k > 0. We point out that T, (Q) N L™ (Q) =
Wy? () N L (Q).

For a measurable function u belonging to TO1 2 (Q), a gradient can
be defined as a measurable function which is also denoted by Vu and
satisfies VT, (u) = Vu X[juj<k) for all & > 0 (see e.g. [3]).

We are going to investigate the solution of the following nonlinear
elliptic problem
(py{ —Bu @l = BVl + f(z) in 0,
U|BQ = 07
where € denotes a bounded open set in RY with N > 2. u denote a
real function depending on z in RY.

We denote by ~ the real function

(2.1) v = [ 8o

We assume that » > 1, and that

(2.2) feL™(Q) withm > g

Both functions 3 and a have to satisfy certain structural assumptions
which are described by:

(A) There exists ag such that a > ap > 0 a.e in Q and a € L™ ().
(B) The real function 3 is continuous nonincreasing with 8 € L' (R) .

Without loss of generality we assume [ (0) = 0
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By a weak solution of problem (P) we mean a function u, such
that both functions 3(u) |Vu|?* and a(x)u|u|"! are integrable, and the
following equality holds

r—1, 2
23) [ vavor [a@uarto= [ saiviPor [ o,
for any test function ¢ in H} (Q) N L™ (Q).

Theorem 2.1. Let f in L™ (), m > £ and r > 1. Then, under
the assumptions (A) and (B) the problem (P) has at least one solution
which belongs to W2 () N L™ (Q).

g

3. FUNDAMENTAL ESTIMATES

3.1. Estimates on general problem. In this sections we prove some
basic estimate for regular elliptic problem. The main tools for proving
theorem 2.1 are a priori estimates together with compactness argu-
ments applied to a sequences of bounded approximating solutions. We
shall study the nonlinear elliptic equation

(3.1) —Au = B(z,u, Vu) + f(z) in Q,

under the assumption

(3.2) ulpq = 0.

Where B(z,s,£) = b(s,&) —a(z,s)|s|"™%; a(.,.) and b(.,.) are two
functions satisfying the following hypothesis:

(a1) a(z,s) : @ x R — R is measurable in z € R for any fixed
s € R and continuous in s for a.e. z.
(ay) There exists a constant ¢ > 0 such that for all s and almost
every x
a(x,s) >a(r)s+ec.

(a3) For any a > 0 the function

ao () = sup{a (z,s)|s|""'}

|s|<er
is integrable over 2.

(b1) b(s,€) : R x RY — R is measurable in s € R for any fixed

¢ € RN and continuous in ¢ for a.e. s.
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(by) The real function b satisfies
b(s,&) < B(s)[€)?, for all s and ¢ .

Let us note that if u is a weak solution of (3.1), then it satisfy the
following equality

/QVUVQ/J:/QB(J:,U,Vu)w—i—/wa,

for all ¢ in H} () N L™ ().
We will now prove the following basic results. If u is a weak solution

of (3.1) we denote uy = Ty (u). Then we have the following estimates:

Lemma 3.1. Let u be a weak solution of problem (3.1). Then u satis-

fies

[ul[r@) < c

Proof. We consider for m > 1 the following function

Um (8) = fo 1+t) if s20,
e ST age
Taking ¢, (u) as test function in (3.1), where m is such that 0 <
m—1<r —1, we obtain

/Q Vu Vi (1) — /Q (2, 1, V)t (1 / Fibm (u

/Q Vi Vi () + / 0, ) [uf (1) < / b(ot, VY / Fibm (1

/QVuVQ/Jm(u)jL/Q a(x)ulul" b, (u /5 ) VUl (u) /fwm

Then we have

[ ivuP v [ @ < [ 800Vl | fon
m—l)/ \WFW+/ a(a)ulul"™ P, (u) /fwm
m=1) [ 1Vult et [l ) < [ o

Since s|s|""14(s) is nonnegative, then using the fact that

S‘S‘T 11%(5) Z |S| wm< )7 (wm( ) =1-2" m+1)’ fOI‘ s> 1.
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We get for all u

r o1 ¥m(u)
L < [ a5 o

Then we obtain
/ lu|" < ec.
Q
O

Lemma 3.2. Let u be a weak solution of problem (3.1). Then, for
N >2andr > 1, one has

Vue L1(Q) forany ¢,1 < qg< N' =

N -1
and I
* q
LT () wh Y= —

u € (Q) where q N g

Proof. Let q € [1, N'[, where N’ = -2~. We note that N €]1, N[.
We chose m such that 0 < m < my = (N — )ﬁ and we use

Holder’s inequality to obtain
(3.4)

2—q

/Q\Vu|qda:§ (/QWU\QW&T)Z (L(1+|u|)m&dx>2.

Moreover m < my is equivalent to mz%q < ¢*, thus we get for any
€ > 0, that

(3.5) (1 + |u))™ =7 < €elu|? + c(e).
From (3.3) and (3.4), we obtain

(3.6) / |Vu|ldr < ¢ (/ |ul? d:l:) + co.
Since ¢ < N , then from Sobolev’s inequality, we have
v =l ) < [V ]|La),

where

U = mes(Q)~! /Q u(z) dz.

1/q* 1/q
) < </ |Vu\qda;>
Q
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From lemma 3.1, we have for r > 1 that

1
iy < 5 [ folde <
€2 Ja
Using (3.6) and (3.7), we deduce that

2—gq

lullor ( / ofras) e

Now, since N > 2, 22q <& = N , we obtain

HU|ILq <

Lemma 3.3. For a weak solution of (3.1).The following estimates

(3.8) / |Vul?dz < c/ |f G (u)
(lul>k] Q
and
(3.9) / ‘Vuk|2d37 < C/ | f ug,
Q Q
hold for all k > 0.

Proof. We define the following functions
Prp (s) = Gr (T (s)),

Taking ¢ 5, (u) as a test function in (3.1), we obtain

/ﬁ(uk)¢k,h(u)vuvuk+/GV(U’C)VUVUWM(U)
0 Q
Vu)
/Q (,u, Vu)iyp(u /fwkh

/ﬁ(uk)@bk,h(u)VUVUk‘F/ e“/(“’“)VuVukcpk h( )+/ a(x u)|u|r_1@/)kh(u)
Q Q

</Q(uVuwkh /fwkh
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(3.10)
/Qﬁ(uk)wk,h(u)VuVuk—l—/ )T uN g (u )+/ a(x)u|u|" "y p(u)

/ﬁ )Vl (u /f@m
We note that

/Qﬁ(uk)z/}hh(u)VuVuk: B(u )e“/( (U )| Vul?

[u<k]

Applying monotone convergence theorem, we have

lim / Bu)pron (1) ViV, — / B(w)e ™ G () [V,

h—-+o00

hm /ﬁ )Vl (u /ﬁ ) [ Vul2e" ™ Gy ().

Lettmg h tend to infinity in (3.10) and applying Lebesgue’s domi-
nated convergence theorem, we obtain

/ﬁ(u)\VuFe'Y(“)Gk(u)jL/ VUV G (u)+ / a(z)ulu| "t WG (u)
0 0
/ﬁ )| Vul?e"™ Gy (u /fe”)Gk

/ UCAVNAVENN! / f Gilu
Q

Therefore, we have

/ VGi(w) Pz < ¢ / £ G w)).
[lul>k] Q

which implies that (3.8) is satisfied.
To prove the second assertion, let us take

Then, we obtain

G = € “Huy,

as a test function in (3.1), we obtain

/ﬁ(uk)¢k7h(u)vuvuk+/GV(W)VUVU/&
0 Q

:/B(SUUVU¢kh /f¢kh
Q
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/ﬁ(uk)qbk’h(u)VuVukjL/e'Y(“’“)VuVuk+/a(:c,u)|u|r1¢k7h(u)
0

Qg/g B(w) [Veul (1 /fcbkh

e’Y(“k)vuVuk+/a<l’)U|u|r1¢k,h<u>

/ﬁ )Vl /febkh

The monotone Convergence Theorem yields

lim /ﬁ(uk)@’h(u)VuVuk:/ﬁ(u)ew(“)ugVU\Q,

(3.11)
/Q Blu)bpn(w)VuT g + /

Q

h—-+00

lim /g Ve (1 /g Va2 @y,

h—-+4o00
Now, applying Lebesgue’s dominated convergence theorem in (3.11),
we obtain

/ﬁ(u)e“’(“)|Vu|2Tk(u)+/e“’(”)VuVuk+/a(x)u|u|rle“’(“)uk
0 Q Q

§/ﬁ(u)|Vu|26V(“)uk+/fe“/(“)uk
Q Q

After simplifications we have

/eV(U)VuVuk S/feﬂu)uk.
Q Q

Therefore, we get

/ W Vul?dr < c/ | f ugl.
[lul<k] Q

Finally, by Fatou’s lemma, we deduce that
/ V) Pde < c/ | f .
Q Q

Lemma 3.4. There exists a constant ¢ such that the solution of problem

(8.1) satisfies
/ |b(u, Vu)| < c.
(lu|>k]
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Proof. Let us consider
w(s) =7 (Gi(s) + k sign(s)) — v (k sign(s)) ,
Vrn(s) = @r(Th(s))-

Taking e?(“n)ey, ,(u) as test function in (3.1), we obtain
/ Bun)e” ™ iy (u) VuVuy, + / "N uV iy (1)
Q
< / Bz, u, Vu)e "y (u / £ ™ g (u
0

/ﬁ(uh)eV(Wwk,h(u)vuvuwr/ e”(“h)VuV%,h(U)vL/ a(z,u)|u| " te
@ Q

/5 )| Vul ev(Uh)¢kh /fev(Uh)¢kh( ).

(3.12)

/ﬁ<uh)67(uh)wk,h(u)vuvuk—i-/ eW”“VuVIPk,h(U)ﬂL/ a(z)u|u| " te
Q Q o
< [ et + [ fom )

We note that
/ﬂ Blun) e () VuVug = [ B g () [Tl

[u<h]
From Monotone Convergence Theorem, we have

lim /ﬁ up )" N uN ugaby p (u /ﬁ )| Vaul?e" ™y (u).

h—-+00

Letting h tend to infinity in (3.12) and applying Lebesgue’s domi-

nated convergence theorem, we obtain

/ﬁ(u)eV(“)Wu\?@k(u)—l—/ e““’VuV@k(u)jL/ a(z)ulu|" e W gy (u)
0 Q Q
< [ s@Ivape@a + [ 1@,

Then, we have

[evuvat < [ 1e@aw +e
Q Q
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which yields

/ o (u)|Vul|* < c/ f or(u) for all k > 0.
[Jul<h] Q

Therefore from Fatou’s lemma, we obtain

/ o) (u)|[Vul* < c/ [ or(u) for all k > 0,
Q Q
and then we have
[ Bnsal Ve < c
Finally, this implies that

(3.13) / 1b(u, Vu)| < c.
(lu|=k]
U

3.2. Estimates on the approximating solutions. This section is
devoted to study the limiting process of the approximating problem.
We consider the following sequence of problems which we denote by

(Pn) :
(3.14) —Au,, = By (z, Uy, Vu,) + fr, (z) in Q,
under the assumption

Unlon = 0.

Where B,,(x, U, Vi,) = by(tn, V,) — ap(x, u,)|u,|"", a, and b,
are two sequences of functions defined by

an(7,5) = a(@)Tu(s), fo=Tu(f) and ba(s, &) = Tu(B(s))IE]>

From standard result by Leray and Lions (see e.g. [19]) there exist
weak solutions, for problem(3.14), which we denote by u, € H}(2) N
L>=(Q) satisfying for all v € H}(Q) N L>(Q)

/Vuan:/Bn(x,un,Vun)v+/fnv.
Q Q Q
It yields that,

(3.15) /Vuan+/an(:p,un)|un|r_lv:/bn(un,Vun)er/fnv.
. . EJOTDE, 2009 No. 10! p. 11



Hence the previous result of the precedent section can be applied.
Using lemma (3.3) we deduce that there exist a constant ¢ such that

/|VG’k un\dx<c/\ka

Applying Holder’s inequality, we obtain

19wz < ellf lsnie (/ G (1) |m’) "
“ Q

Using Sobolev’s imbedding theorem, we obtain for N = % that

2 1

(/Q|6Gk(un)|N)N SCHfHLm(Q) (/Q|Gk (Un)|ml) " .

Denoting Ay = {|u| > k}, we get

( / |Gk<un>|fV); < clAg[7F ( / G () W)é

1

( / |Gk<un>|fV) Y <Al
Q

In this stage by using Stampacchia’s L*-regularity procedure (see
[24]) we obtain that w,, is bounded uniformly in L*°(£2). That is

Thus

||tn|| L) < ¢,

where ¢ > 0 is a constant that only depends on the parameters of the
problem.

Using lemma 3.3 we obtain
(3.16) / |Vu,|*dr < ¢,
Q

that is u,, is bounded in HJ ().
Afterwards we consider A > max{|3(s)[;|s| < k}. Then

/ bty V)| = / bty V)| + / bty V)|
Q QN [|un|<K] QN [Jun|>k]

< /\VTk ()2 + / by (11, V).
un|>k
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From (3.16) and lemma (3.4) we obtain
(3.17) / |6y, (U, Vuy,)|dz < ¢,
Q

that is b, (u,, Vu,) equi-integrable.

Lemma 3.5. Let u,, a sequence of functions satisfying (3.15 ). Then

(3.18) lim / |V, — Vu,|de = 0.
Q

n,m—-+o0o

Proof. We consider AT™" = {|u, — up,| < €} N

We apply the weak formulation (3.15) successively to u,, and u,, and
substitute v by the function defined by £ = inf(u,, — wp, €) if u, > u,,
and & = —inf(up, — up, €) if up < Uy

After substraction, we obtain

/Amn Vi, — Vg, |2dr < e(/Q | fu + Bn(x, up, Vu,)|dx
+/Q | frn + B (T, U, Vuy,)|dx).
The equi-integrability of f,, and B, (x,u,, Vu,) gives
(3.19) /Amn |Vu, — Vu,|*dr < ec.

Let us now observe that by Holder’s inequality, we have

(3.20)

/ |Vu,—Vuy,|de < c (/ |\Vu, — Vum\Qd:c) —l—/_m \Vu,—Vuy,|dz;
Q A "

€ €

where A:M = {|un — um| > e} N

Since lim  [3mn [Vu, — Vuy,|d = 0 (the measure of A:m tends
n,m—-+oo €

to 0 for n,m tending to +00), then from (3.19) and (3.20), we have
n,m—-+o0o

lim / |V, — Vi,|de = 0.
Q

0
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4. EXISTENCE AND REGULARITY RESULTS

Let u, be the solution of the approximating problem. Then for all
e Hy ()N L™ (), we have

/vunw / (2, 1, Vi w+/fn
/Q Vu, Vb + /Q (2, 1)t~ = /Q by (1, Vi )16 + /Q fut

From the construction of f,, we have
fo— f in LY(Q) for n tending to + oo.

From lemma (3.2) the solution w, is bounded independently on n in
Wha(Q), for any ¢, 1 < g < qo. Then, up to a subsequence ,that we
denote again by u,, there exist u € W (Q), for any ¢, 1 < ¢ < qo,
such that u, converge to u weakly in W7 (Q), for any ¢, 1 < q < qo.
From Rellich-Kondrachov’s theorem we have the almost every where
convergence in 2. That is

u, — u weakly in W (Q) for any ¢,1 < q < qo.

(4.1) u, — u almost every where in € .

an(x,u,) — a(x,u) almost every where in (.

Taking into account the equi-integrability of w,, in L" (€2), it follows
that of a,(z, u,)|u,|""' in L' () . Hence, we have

(4.2) (2, ) |t |" ™t — a(z,u)|ul""in L' ().

From lemma 3.5 we have up to a subsequence u,,, that
(4.3) Vu,, — Vu almost every where in €2 .

Since Vu,, is bounded in L7 () for any ¢,1 < g < N’, we have

Vu, — Vuin LT (Q) for any ¢,1 < g < N,
and then we conclude that
Au, — Auin L' (Q).
Now, we have from (4.1) and (4.3) that
Bo(t)|[Vu,|* — B(w)|Vul? almost every where in Q.

bn (Un, Vuy,) — b(u, Vu) almost every where in €.

B (z,up, Vu,) — B (x,u, Vu) almost every where in €.
EJQTDE, 2009 No. 10, p. 14



From (3.17) we obtain that

b (U, V) — B(u)|Vul* in L' (Q),

and from (4.2), that

B (z, Uy, Vu,) — B (z,u, Vu) in L' (Q).

Which conclude to the desired convergence result.
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