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Abstract

In this paper we study the generalized Fucik type eigenvalue for the boundary
value problem of one dimensional p—Laplace type differential equations

(o)) = v(w), ~T<w<T; .
u(=T)=0, w(T)=0

where ¢(s) = ast™t — 8?71 p(s) = )\5{)[1 — us” ' p > 1. We obtain a ex-

plicit characterization of Fucik spectrum («, 3, A, ), i.e., for which the (*) has a
nontrivial solution.

(1991) AMS Subject Classification: 35J65, 34B15, 49K20.

1 Introduction

In the study of nonhomogeneous semilinear boundary problem

—Au = f(u) + g(z), in )
u =0, on 0f)

it has been discovered in [3, 7] that the solvability of another boundary value problem

—Au = \uy — pu_, in 2
u =0, on 052
where u; = max{u,0}, wu_ = max{—u,0} plays an important role. Since then there

are many works devoted to this subject [5, 13, 14, references therein], and the study
has also been extended to the p-Laplacian

—Ayu =Ml — in
u =0, on 02
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where A, =: div{|Vu[P"2Vu},p > 1[2, 4, 6, 10, 12] and even associated trigonometrical
p—sine and cosine functions have been studied [9]. In this paper, we are interested in
generalization of such Fucik spectrum and will consider one dimensional boundary
value problem
—(a(u)E =B = T — T, T <a<T 11
uw(-T)=0, u(T)=0 (1)

where «, 3, A\, u > 0 are parameters, and call («, 3, A, i) the generalized Fucik spectrum,
if (1.1) has a non-trivial solution. The problem is motivated by the study of two-point
boundary value problem

—(p())) = (r,u), -T<z<T
{ Z?—T) =0, w(T)=0 (1.2)

and to our knowledge it is always assumed in the literature that ¢ is an odd function.
Thus a natural question arises: what would happen, if the function ¢ is merely a
homeomorphism, not necessarily odd function on R ? Here we shall first investigate
the autonomous eigenvalue type problem and in the forthcoming treat non-resonance
problem.

By a solution of (1.2) we mean that u(x) is of C* such that o(u/(z)) is differentiable
and the equation (1.2) is satisfied pointwise almost everywhere. The main results of
this paper are complete characterization of Fucik type eigenvalues, their associated
eigenfunctions and observations of changes of frequency, amplitude of solutions, when
they pass the mini- and maximum points respective change their signs (see the figures

below and (3.8) in details). Let m, = m, then we have

Theorem 1 (a, 3, A, pt) belongs to the generalized Fucik spectrum of (1.1), if and only
if for some integer k > 0

1) (Ya+ ¥B)((k+D)VA 1+ k/u")m, = 2T and corresponding eigenfunction u is
wniatially positive and has precisely 2k nodes.

2) (Ya+ VB) (kYA + (k+ 1)/ u)m, = 2T and the corresponding eigenfunction u
18 initially negative and has also 2k nodes

3) (k+1)(Va+/B) (VA +/u)m, = 2T and the corresponding eigenfunction uy, us
has exact 2k + 1 nodes and uy is initially positive and us is negative.

Moreover, the eigenfunctions are piecewise p—sine functions (see part 2 for definitions).

Fucik positive eigenfunction,a=1,3=4,A=9 Nodal eigenfunctiona=1,B=4, A =81, u=81/4
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Fucik spectrum associated with positive eigenfunction,p=2,p=0 The first branch of Fucik spectrum with p =2 and fixed a =1

2 Review on 1D p—Laplacian

We shall review some basic results about eigenvalues and associated eigenfunctions
for one dimensional p—Laplacian. Eigenfunctions are also called p—sine and -cosine
functions, sin,(z), cos,(z), which have been discussed in details in [9, 11], but for our

purpose we adopt the version in [1]. Let m, = —2%~, the p—sine, p—cosine functions
P

psin =

sin, (), cos,(x) are defined via

sing () dt
0 VAT

and extended to [m,/2, 7] by sin,(m,/2+x) = sin,(7,/2—x) and to [—mp, 0] by sin,(x) =
— sin, (—z) then finally extended to a 27, periodic function on the whole real line; Then

p—cosine function is defined as cos, z = %(sinp x) and they have the properties:

r = 0<z<m,/2 (2.1)

sin, 0 = 0,sin, m,/2 = 1;  cos, 0 =1, cos, m,/2 = 0.

They share several remarkable relations as ordinary trigonometric functions, for in-
stance
1 p yZ—
| sin, x|? + | cos, x|’ = 1.

But

—(cos, z) = —|tan, z|P~*sin, ¥ # —sin, ¥,  where tan,x = sin, z/ cos, .

dx

The eigenvalues of one dimensional p-Laplace operator

—(lW(2) P~ (2)) = Au(@)[P2u(z), 0<z<m,

(2.2)

u(0) =0, wu(m,) =0

are 17,27 3P ... and the corresponding eigenfunctions are precisely
sin,(z), sin,(2z), sin,(3z),---

and therefore we have another relation between p—cosine and sine functions

—(| cos, (k) [P~ cos,(kx)) = k|sin,(kx)|P~?sin, (kz), k=1,2,--
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Here we note that function sin,(x) is a solution to the following problem

{ —(ju/ (@) (2))" = |u(x
w(0) =0, w(m/2) =

and any solution is of form C'sin,(z) for some constant C.
If the p—Laplacian is associated to another interval [a, b], different from [0, 7], then
by change of variables we see that eigenvalues and the associated eigenfunctions are

())| u(z), 0<z<m/2 (2.3)

k —
(%)p, sinp(/{:Hﬂp), k=1,2,3-. (2.4)

3 Proof of Theorem 1

To understand the generalized Fucik spectrum of (1.1), we need to examine the follow-
ing Dirichlet-Neumann boundary value problem

<a(u'){; —5( NN =Ml — T, a<x<b
{ u(@) =0, w(b) =0 g (3.1)

We shall focus only on the constant sign solutions of (3.1) and note that there exist
essentially only 'two’ solutions, one positive and another negative, due to the positive
homogeneity of (3.1).

If u(x) is a positive solution of (3.1), then u must be increasing on [a, b), because
the equation (3.1) says that the function g(z) =: ¢(u/(x)) is decreasing on (a,b] and
satisfies g(b) = 0, thus g(x) is positive for all € [a, b) and thus u'(x) has to be positive,
due to strict monotonicity of function ¢(s) and ¢(0) = 0. It follows that u satisfies

—(Ju/ (@) (2)) = Flu(@)lPPu(z), a<z<b
{ u(a) =0, u'(b)=0 (3.2)

It follows from (2.3) that u(x) = C'sin,(*5* (/g) and o, A satisfy m,{/a/\ = b — a.
Likely if u is negative solution to (3.1), then

{ —(|u' ()P~ ()" =
u(a) =0, u'(b)=

lu(x)[P2u(z), a<x<b (3.3)

u(w) = ~C'sin, (552 ¢/8) and B, o satisfy m,¢/B/u = b —a.
In analogy we see that for the following boundary value problem

—(a(u)5 = BT = BT = T, a<a<b
{ u'(a) =0, u(d)=0 g (3.4)

the positive and negative solutions are u(z) = Dsin,(2=£72) respectively u(z) =

—Dsin, (=272 and «, 3, A, p satisfy m,¢/B/A=b—a or m/a/u=>b—a.
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It follows from the above analysis that if w is a positive solution to (1.1) and
u(zg) = maxu(x) := C, then x, is determined by

a/my, =x0+T

and «, 3, A, u satisfy
Lt = /a/N+ {/B/\)m, = 2T.

Furthermore the solution u(z) is given by

Csing(55L4/2),  ~T<u<-T+m,9/%
u(z) = o' 3 (3.5)
C'sin,( 2”3{/%), T—ﬂp</;§x§T

and for the negative solution u of (1.1), then it holds

L~ = (Yfafu+ §/Bluym, = 2T

: 4T B8
— D sin,, (%% £, T<a<-T+m/, 35)
—Dsin,(T52 /T, T—w/ggng

It is clear from (3.5) that u(x) changes its frequency, when it passes its maximum point
and is not symmetric anymore, which is in contrast to the symmetry principle of Gidas,
Ni and Nirenberg [8].

For an initially positive nodal solution u to (1.1) with only one node at T, we get
that 11, «, 0, A, v satisty

u(z) =

(Sa/ N+ /B N)m, =T+ T.
(Va+ /BY VA + 3/ m, = 2T (3.6)
If C' = max e u(z), —D = max,eipq |u(z)], then in view of identity

— (/' (x)) 4+ = (u'(2))} + é(u(w))ﬁ + H(u'(x))’i = constant, Vo € [-T,T] (3.7)

we deduce
ACP =pDP, C=y/ut, D= YA, for some t > 0.

Using the positive homogeneity of (1.1) we derive that the solution u(x) is given in by

( ty/msin, (L ¢/ 2), —T<zx<-TH+my/S
t\I/ﬁsinp(Tlgm %), T1—7Tp</§§:L‘ST

1
—t¥/Xsing (250 0/8),  Ti <o ST+ mpq/2
—t¥/ \sin, (L52 ¢/E), T—mpg/s <a<T

\ 2 a
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It follows from (3.8) that the differences between o and [ are reflected by change of
amplitudes between positive and negative waves at the switch between plus and minus.
For the switch from negative wave to positive wave, it holds

( —\’/Xsinp(%ﬁ), TI'<z<-T+m, %
_\’/Xsinp(¥ g), T1—7Tp</%§x§T1
u(z) = (3.8)
Ysing (50 /2, <o <T+m¢/S
| s (P 5), T—wp(/égng

where Ty = =T+ ({/a/p+ {/B/p)mp. In view of (3.8) and (3.8”) we see that v'(=T") =
w'(T') and therefore can extend u(z) to a 2T-periodic function on the whole real line
R.

For any given integer k > 1. If u is a solution of (1.1) with (2k + 1) nodes, then it
must have equal number of positive and negative (k+1) waves.

Let T} < Ty < -+ < Ty,yq be the nodal points of u, it follows from (3.7) that all
positive waves of u have same height and so are the same for negative waves. Moreover
similarly as deriving (3.6) we get

(Va+ /B VAN T+ 3/ Ny =Tpo—T;, i=1,--- 2k —1.
Thereby «, 3, A\, pu satisty
(k4 1) (Yo + /BY VA + /= Vm, = 2T (3.6))

and the nodes are Ty p; = —T'+(1+4) L +iL™, Ty = =T+i(L*+L7),i = 0,1,2,- - k.
Furthermore let Ty = —T,T5.4o = T then the initially positive solution wu(z) on
[Ty, Toiyo],i = 0,1,2,-- -k, is given by

(

Ey/ising (555 2), T <x<T+mi/s
. Tii1—x /) 8
T B e 1 L mif3 e <Tin (3.9)
—t\’/Xsinp(”C_ZTl %)7 Tiyn <o <Tiy+ 7Tp</g
|t Asing (B5E/T), T = mpgf <0 < T
and the initially negative solution u by
(—thsin, (5L ¢f5),  T<o<Titmgf2
. Tiv1—x a
B —t/Asin, (F5=23/E), T —mpp/t <a<Tip -
u(z) = e (39)
t\'/l_lsmp(TZH a)a Tiyn <oz <Tiy+ Wpf/%
. Tiro—x
\ t g/ sing (~H5— %), Tiyo —m, § <z <T

where T1+2i =-T+ (1 + Z)L_ + Z'L+,T2i =-T+ Z<L+ + L_),’i = 0, 17 2, cee ,k.
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If u has 2k nodes, then there are two possibilities 1) (k + 1) positive waves and
k negative waves, 2) k positive waves and (k + 1) negative waves. In 1) the solution
should be initially positive and be initially negative in 2). It follows then

1)
(Vo + /B)((k + D)VYN 4 k/p)m, = 2T (3.10)

and the solution w on [-T,T — L] is (2T — L_)/k-periodic and is given by (3.9) on
[T;, Tiyo],i=0,1,---,2k — 2, and on [To, T, u(zx) is given by

P 2 L e e 2 I
tising(552¢f3). T-mifi<a<T

2) For an initially negative solution with 2k nodes, then

(Va4 /B kYA + (k+ 1)/ p)m, = 2T (3.12)
and on [T}, T;yo] the solution w is given by (3.97) for i« = 0,1,---,2k — 2, and on
[Tor, T, u(z) is given by
_thinp(% (/%)7 T2k; S x S T2k; + Wp(/%
—t¥/ A sin, (552 ¢/E), T — 7rp</% <x<T.

«

u(z) = (3.11")

So the proof is complete.

4 A final remark

In the study of nontrivial solutions to one dimensional nonlinear differential equation

—(p(z, )" = f(x,u) (4.1)

one usually adopt the notation of solution by (4.1) being satisfied pointwise, which in
turn ensures per definition only C' smoothness of solution. Of course, one expects
higher order smoothness of the solutions. Here we shall examine this question for a
very special case, namely o(r,s) = a(z)s? " — B(x)s™ ", p,q¢ > 1 e.g,

—(a(@) (W) = Bla) (W) = flz,u) (4.2)

If we assume that the equation (4.2) is satisfied pointwise and moreover a, 3 > 0
are also C'!, then any solution u is obviously C? for any point x where /(z) # 0. So in
order to get differentiability of u we need a closer examination at those points where
u'(x) = 0.

Let z be a critical point of u(x),uy = u(x), if p = ¢ = 2, then we easily deduce
from the equation (4.2) that for small 6 > 0

u'(zg — 6) = f(wo, uo)/a(x0)(0 + 0(0));  —u'(wo + 0) = f(x0, u0)/B(x0)(d + 0(3))
EJQTDE, 2009 No. 18, p. 7



thereafter u”(x) has a jump at x( since a # 3 and thus u € C*!, but not C?.
In general, for any critical point x = xy of u(z), we have the following asymptotic

as 0 — 0
u'(xg —6) = C6YP (14 0(1))
u' (g +0) = —CyV (1 +0(1))

where C; = *7/f(xg,up)/a(xo), Co = “/f(xo,u0)/B(x0). In view of the above
estimates, we deduce that

1. Ifl<p,g<?2 then u e C?

2. Ifmax{p,q} =2 then wue(CH

3. If2<p,q then weCle e= min{lﬁ, q%l}
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