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1 Introduction

In this paper, we discuss the following system of higher-order singular nonlinear fractional
differential equations with nonlocal boundary conditions:

Dy u(x) + i (x) fr(x, u(x),0(x) =0,
D§+v(x) + hp(x) fa(x,u(x),v(x)) =0,
u)y=0, oD0)=0, 0<i<n-2
Dy, u(1) = mDy,u(é1),  Dgyo(1) =n2Dg,0(32),

(1.1)
(1.2)

where x € (0,1), D§ ' Dg . are the standard Riemann-Liouville fractional derivatives of order

a,pe(n—1n], 1<puv<n—-3forn>3andn € N*t, &, € (0,1),0< mg’i‘*”*l <1,
0<nib ' <1, feC[01] x Rt x R, R*), h; € C((0,1), RT) (j = 1,2),R* = [0, +c0),
hi(x) is allowed to be singular at x = 0 and/or x = 1.

Fractional differential equations arise in many engineering and scientific disciplines as the
mathematical modelling of systems and processes in the fields of physics, chemistry, aerody-
namics, electrodynamics of complex medium, polymer rheology, Bode’s analysis of feedback
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amplifiers, capacitor theory, electrical circuits, electron-analytical chemistry, biology, control
theory, fitting of experimental data, and so forth. Recently, the existence and multiplicity of
positive solutions for the nonlinear fractional differential equations have been researched, see
[3,5,6,12,18,22,23,25,31] and the references therein. Such as, C. F. Li et al. [16] studied the
existence and multiplicity of positive solutions of the following boundary value problem for
nonlinear fractional differential equations:

{D8‘+u(t) + f(t,u(t)) =0, te(0,1),
u(0) =0, D, u(1) = aDf, u(¢),

where Df, is the standard Riemann-Liouville fractional derivative of order a € (1,2], B,a €
0,1, €€ (0,1), ag* P 1<1-B, a—B—1>0.

The existence and uniqueness of some systems for nonlinear fractional differential equa-
tions have been studied by using fixed point theory or coincidence degree theory, see
[1,10,21,24,25,34] and references therein. In [7,17,29,30], authors studied the existence and
multiplicity of positive solutions of two types of systems for nonlinear fractional differential
equations with boundary conditions:

Do u(t) +Af(t,u(t),o(t)) =0,
DS, o(t) + ug(t,u(t),v(t)) =0, te (0,1),
u(0) =u'(0) =--- =u"2(0) =0, u(1) = /01 v(t)dH(t),
(20 =2'(0) = = 22 (0) = 0, (1) = /01 u(t) dK(t),
and
Dgu(t) + Aar(t) f(u(t),v(t)) = 0,
Df, o(t) + pas(H)g(u(t), 0(t)) =0, te[0,1],
u(0) = 0@ (0) =0, 0<i<n-—2,
DJ u(1) = ¢1(u), D v(1) = ¢2(v), 1<y<n-2

where D, and Dg . are the standard Riemann-Liouville fractional derivatives, a,f €
(n—1,n] forn >3, A, u > 0. The sublinear or superlinear condition is used in [7,17,29,30,33].
Another example, the following extreme limits:

f5 =: limsup max fltuw,0) u,v), g5 =: lim sup max gt u,0) ,
uto—ss €01 U+ uto—ss €01 U+D

fg =:liminf min M, gf; =:liminf min M,
u+v—6 teff1-0) U+ u+v—6 te[91-6) U+ 0

are used in [9,10], where 6 € (0, %), J =07 or +oo. For the existence of positive solutions for
systems of Hammerstein integral equations, see [4,11,15,28] and their references.

Motivated by the above mentioned works and continuing the paper [27], in this paper,
we present some limit type conditions and discuss the existence and multiplicity of positive
solutions of the singular system (1.1)—(1.2) by using of fixed point index theory in cone. Our
conditions are applicable for more functions, and the results obtained here are different from
those in [7,9,10,17,24,29,30,33]. Some examples are also provided to illustrate our main
results.
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2 Preliminaries

Definition 2.1 ([19]). The Riemann-Liouville fractional integral of order « > 0 of a function
u: (0,400) — R is given by

ou(t) = r(la) /Ot(t o) Lu(s) ds,

provided the right side is pointwise defined on (0, 4o0). The Riemann-Liouville fractional
derivative of order & > 0 of a continuous function u: (0, +o) — R is given by

1 d"
Dg+u(t) = F(n —D()ﬁ

/t(t —5)e Ty (s) ds,
0

where n = [a] + 1, [¢] denotes the integer part of number &, provided the right side is point-
wise defined on (0, +0).
Lemma 2.2 ([13]). (i) If x € L'[0,1], p > ¢ > O, then
I IS, x(t) = 15 7x(t), D15, x(t) =I§,7x(t),  D§, IS, x(t) = x(¢).
(ii) If p > 0 > 0, then D3, t#~1 =T (p)t*~7"1/T(p — 7).
a—p—1

Lemma 2.3. Let & € (0,1), 11 #1,n—1<a<n,1<u<n-—3(n>3). Then for any
g € CI0,1], the unique solution of the following boundary value problem:

Dy, u(t) +g(t) =0, te(0,1), (2.1)
u(0)=0 (0<i<n-2),  Dfu(l)=mDj,u(&) (22)
is given by
1
u(t) = /0 Gi(t,s)g(s)ds, (2.3)

where dy =1 — & ",

toc—l 1_Sa—y—1_ 1 é’l_sa—y—l _dl t_szx—l .
(1-9) ”élr(“)) =m0 o s < minft, &),
a—1 _o\a—u—1 _ _ e)a—1
a S)dr(a)dl(t iy 0<&<s<t<l,
Giltrs) = (1 s)”‘*;*1 g (&g —s)H 24
— — 1(61 —
<t<s< 1
dlr((x) , O_t_S_Cl<,
pe=101 _ g)a—p-1
(dlr(tj) ) max{t,{1} <s<1
is the Green’s function of the integral equation (2.3).
Proof. The equation (2.1) is equivalent to an integral equation:
1 gt
)= —— [ (t—5)""1g(s)d i SRR S 2.5
u(t) T(Oé)/o( s)*g(s)ds+ 1 +c +-toy (2.5)
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By u(0) = 0, we have ¢, = 0. Then

-1

t
u(t) = gy [ (=9 s(e) ds ket et e (2.6)

Differentiating (2.6), we have

_ t
u'(t) = 11,(“1; / (t—s)*"2g(s)ds +cy(a — )" 24+ - cpq (@ —n 4 1), (2.7)
0
By (2.7) and u/(0) = 0, we have c,_1 = 0. Similarly, we can get thatc, =c3 =--- = ¢, = 0.
Thus
1 gt
u(t :—/ t—s)*Lo(s)ds + ct* L. 2.8
() =1 (=9 (o) ds @9

By D}, u(1) = ;1 D}y, u(&1) and Lemma 2.2,

F(al—y) [cll"(uc)t"‘_"_1 - /Ot(t — )" #lo(s) ds|,

Dg+u(t) =

we get

a= dlrl(“) /01(1 )" gls) ds - dlgl((x) /051(61 — )" g(s) ds.

Therefore, the unique solution of the problem (2.1)—(2.2) is

tﬂ(*l 1 & o
o) =g | [ =9 g0 ds = [ = g(e)as
diT(a) | Jo 0 (2.9)
—/t(t_s)a_l(s)ds—/lG(ts) (s) ds |
0 1—'(0() g - 0 1\5 g .
O
Similar to the proof of Lemma 2.3 in [20], we can get the following lemma.
Lemma 2.4. Let 0 < ;& "' < 1. The function Gy(t,s) defined by (2.4) satisfies
(i) Gi(t,s) > 0 is continuous for any t,s € [0,1].
(ii) max,eo1) Gi(t,s) = Gi(1,5), Gi(t,s) > t*71Gi(1,5) for t,s € [0,1], where
_ o\a—pu—1 _ _o)a—pu—1 _ _o\a—1
Gi(1,s) = 1 (2.10)
A= —h1=97 &H<s<l1
dlr(ﬂé) ’ 1>

(iii) There are 0 € (0,3) and v, € (0,1) such that minie, G1(t,s) > v.Gi(1,s) for s € [0,1],
where Jo = [0,1 — 0], 7, = 0L
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Let 62 € <OI 1); 0< 7’]26271/71 < 1, dz =1-—- 7]2(;(571/71’

(tF-1[(1—s)f~v1 - 77252:;(_5;)ﬁvw —do(t — S)ﬁil, 0 <s < min{t, 5},

G 11— s>ﬁd2r1(ﬁ—) da(t — )P 1 0<@H<s<t<l,
2(t,5) = 11— s)ﬁ—v—ldz—rt(f;‘)lnz(é‘z —s)f 0<t<s<&H<1,
tﬁl(;2;(2fV1’ max{t,{p} <s < 1.

From Lemma 2.4 we know that G;(t,s) and Gy(f,s) have the same properties, and there exists
7, = 0F~1 such that minyej, Go(t,5) > 7,Ga(1, ). Let v = min{ s, 7,4},

1-6 1 ‘
5’:/9 Gi(Ly)hj(y) dy, Vf:/o Gi(Ly)hi(y)dy  (j=1,2).

For convenience we list the following assumptions:
(H1) fj € C([0,1] x R* x R*,R") (j=1,2).

(H2) hj € C((0,1),R*), hj(x) # 0 on any subinterval of (0,1) and 0 < fol Gi(1,y)hi(y) dy
< +oo (j=1,2).

(H3) There exist a,b € C(R",R") such that

(1) a(-) is concave and strictly increasing on R™ with a(0) = 0;

(2) fio = liminf, o % >0, foo = liminf, o4 £ 2% )’v) > 0 uniformly with respect

to (x,u) € Jo x RT and (x,v) € Jy x R™, respectively (specifically, fig = fao = +00);

(3) limy,_o+ “(CZM = +oo for any constant C > 0.

(Hy) There exists t € (0, +00) such that

X, U, .
fi° = limsup Lt) < oo, f2° = limsup
v—+400 o u—r—+oo

u,v)

fa(x

/l -0
uniformly with respect to (x,u) € [0,1] x Rt and (x,v) € [0,1] x R, respectively
(specifically, f{° = f5° = 0).

(Hs) There exist p,q € C(R",R") such that

(1) p is concave and strictly increasing on R¥;

) fio = liminfy e fl(px(’;)’v) > 0, frw = liminf, e fz;’éf)’v)

respect to (x,u) € Jp x Rt and (x,v) € J, x RY, respectively (specifically, fieo =

f200 = +00);

p(Cq(u))
u

> 0 uniformly with

(3) limy 10 = +oo for any constant C > 0.
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(Hg) There exists s € (0, +o0) such that

falnuo)

) X,U,0 .
Y = limsup fl(z’)s') < +o0, £ = limsup
v—0+ u—0+ Us

uniformly with respect to (x,u) € [0,1] x R" and (x,v) € [0,1] x R*, respectively
(specifically, f) = 3 = 0).

(Hy7) There exists r > 0 such that

fl(xlulv) Z (751)_17" fz(x’ulv) Z (’)’(52)_17’, v X € ]9/ r)/r S u +U S r.

(Hg) fi(x,u,v) and fa(x,u,v) are increasing with respect to u and v, there exists R > r > 0
such that

4 fi(x, R, R) <R, 4ur fr(x,R,R) <R, vV xel0,1].

Let E = C[0,1], [Ju]| = max;e|oq) [u(t)], the product space E x E be equipped with norm
l(u,0)|| = ||u]| + ||v|| for (u,v) € E x E, and

p= {u €E:u(t) >0, te0,1], minu(t) > 'yHuH}.

7
tejy

Then E x E is a real Banach space and P x P is a positive cone of E x E. By (H;), (Hz), we can
define operators

Aj(u,v)(x) 2/01 Gi(x, Yhj(y) fi(y, u(y),o(y))dy  (j=12),

A(u,v) = (A1(u,v), Az(u,v)). Similar to the proof of Lemma 3.1 in [2], it follows from
(Hi),(Hz) that Aj: P x P — P is a completely continuous operator and A(P x P) C P x P.
Clearly (u,v) is a positive solution of the system (1.1) if and only if (1,v) € P x P\ {(0,0)} is
a fixed point of A (refer [9,27]).

Lemma 2.5 ([8]). Let E be a Banach space, P be a cone in E and () C E be a bounded open set. Assume
that A: QN P — P is a completely continuous operator. If there exists ug € P\ {0} such that

u # Au+ Auy, VA>0, uecoQnNPkh,
then the fixed point index i(A, QAN P,P) = 0.
Lemma 2.6 ([8,14]). Let E be a Banach space, P be a cone in E and Q) C E be a bounded open set with
0 € Q. Assume that A: QN P — P is a completely continuous operator.
(1) If u £ Au forall u € 9Q) N P, then the fixed point index i(A,QNP,P) = 1.
(2) Ifu 2 Au forall u € 9Q) N P, then the fixed point index i(A,QNP,P) = 0.

In the following, we adopt the convention that C;,C;,C3,... stand for different positive
constants. Let Oy, = {(u,v) € E X E : ||(u,v)]| < p} for p > 0.
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3 Existence of a positive solution

Theorem 3.1. Assume that the conditions (Hy), (Hy) are satisfied and that (Hz), (Ha) or (Hy), (Hg)
hold. Then the system (1.1)—(1.2) has at least one positive solution.

Proof. Case 1. The conditions (H3) and (H4) hold. By (Hs), there are §; > 0, 773 > 0 and a
sufficiently small p > 0 such that

fi(x,u,v) > ¢1a(v), V(x,u) € Jyx RT, 0 <0 <p,

3.1)
falx,u,0) > n1b(u), V(x,0) € [y xR, 0<u <p,
and K
a(Keb(u)) > ——L 4, Vuelop, 3.2
( 1 ( )) — 511715152,)/3 [ p] ( )

where K1 = max{717Gz2(1,y)h2(y) : y € Jo}. We claim that
(u,v) # A(u,v) + Ao, ), VA>0, (u,v) €00, N(PxP),

where ¢ € P\ {0}. If not, there are A > 0 and (u,v) € 90 N (P x P) such that (u,v) =
A(u,v) + AM¢, @), then u > A1(u,v),v > Ay(u,v). By using the monotonicity and concavity
of a(-), Jensen’s inequality and Lemma 2.4, we have by (3.1) and (3.2),

w02 [ Gy () oy, 1), 0(9) dy
> i [ G0 )alo(y)dy
>t | Gl wa( [ mGa,2)a(00(2)dz ) dy
> [ Gy [ alnyGaL (b)) dedy
> [ GG [ (K Gl 2)he(Kib () dzdy
> a0 [ GGG, 2 h)a(Kib(u(z) d=dy
> G2k, ! /919 Ga(1,2)ha(z)a(Kqb(u(z))) dz
2

1-6
> 7/ Go(1, 2)ha(2)u(z)dz > 2||ull,  x € Jo,
oy Jo

(3.3)

Consequently, ||u|| = 0. Next, (3.1) and (3.2) yield that

o(o(x)) = a(_ [ Galo,y)haly) oly u(v), o)) d )
> [ almrGa(Ly)iaty)btu(w)) dy
> kit [ Gy a(ya(Kib(uty) dy

2 1-60
> 2 [ Gt dy
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> 2 [T e i [ 6z m @)
> 2 [T et am@aeE) a2 ulpl,  veh G4
this means that a(||v||) = 0. It follows from strict monotonicity of a(v) and 4(0) = 0 that
|lv]| = 0. Hence ||(u,v)|| = 0, which is a contradiction. Lemma 2.5 implies that
i(A,Q,N (P x P),P x P) =0. (3.5)

On the other hand, by (Hy), there exist { > 0 and C; > 0,C;, > 0 such that

f(x,u,0) < o' +Cy, V (x,u,0) € [0,1] x Rt x RT,

(3.6)
fo(x,u,0) < equt +Ca, VY (x,u,0) € [0,1] x R x R,

where

& = min{ L T ! 7 }
H2(80p1)7 8ua(fp1)t

W ={(u,v) €PxP:(u,0)=AA(u,v), 0 <A <1}

We prove that W is bounded. Indeed, for any (u,v) € W, there exists A € [0,1] such that
u=AA1(u,v),v = AAz(u,v). Then (3.6) implies that

Let

u(x) < A1(1,0)(x) T [ GiLy)a()o' () dy + C,

=

o(x) < Ax(u,0)(x) < & [ GalLy)hay)ut () dy + Co

Consequently,

JNT

¥) < g/ol Gi(1,y)hi (y) dy <sz /01 Ga(1,2)ha(2)ut (2) dz + c4) 4G

1 ) t
< O <ez/0 Go(1, 2) o (2) | u]| dz+C4> 4Gy 3.7)
1 t
< §V1{<H(8Lg:l)u> +C4] + Cs,

v(x) < e /01 Ga(1,y)ha(y) dy <§ /01 Gi1(1,2)h1(2)v' (z) dz + C3) +Cy

SSz#z( / (1,2)h1(z)||0||* dz+C3) +Cy (3.8)

1(6#1\! u,0)|f +C3) + Cy.
Since
H ' 1
Cm[(sg‘;l) +C4] 1 (gylwt+c3>t

hm = ’ ll_m T =
o w 8w s

4

x| —
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there exists r; > r, when || (1, v)|| > r1, (3.7) and (3.8) yield that

u) < gl o)l +C o) < gl o)+ Ca

Hence || (u,v)|| <2(C3+ C4) and W is bounded.
Select G > sup W. We obtain from the homotopic invariant property of fixed point index
that
i(A,QcN(PxP),PxP)=i(,QcN(PxP),PxP)=1. (3.9)

(3.5) and (3.9) yield that
i(A, (Qc\Qp)N(PxP),PxP)
=i(A,QcN(PxP),PxP)—i(A,QyN(PxP),PxP)=1.
So A has at least one fixed point on (Q¢ \ Q) N (P x P). This means that the system (1.1)~(1.2)

has at least one positive solution.
Case 2. The conditions (Hy) and (Hg) hold. First, we prove that

i(A,Q,N (P xP),PxP)=0. (3.10)

We claim that
(u,v) 2 A(u,v), V (u,v) € 00, N (P x P).

If not, there is (1,v) € 00, N (P x P) such that (u,v) > A(u,v). Since yr < u(x) +ov(x) <r
for (u,v) € 90, N (P x P),x € [#,1 — 6], we know from (Hy) that

w02 [ Gy )i, ), o) dy

. (3.11)
= 51_17/9 G(Ly)(y)dy =r,  x€]p
1
0(x) > [ Galx,y)ha(v) faly,u(v), 0(y)) dy
0
» (3.12)
> 52_17’/6 G2 (1, y)ha(y)dy =, X € Jp.
Hence ||(#,v)|| > 2r, which is a contradiction. As a result (3.10) is true.
It remains to prove
i(A,Qr N (P x P),P x P) = 1. (3.13)
(Hs) implies that
R R
fl(xlulv) Sfl(x/R/R) S a7 fZ(x/u/U) SfZ(lelR) S Yol (3'14)
4“1/!1 4,”2

for any x € [0,1], (4,v) € Qg. We claim that
(u,v) £ A(u,v), V (u,v) € 0Qr N (P x P).

If not, there is (u,v) € 0Qr N (P x P) such that (u,v) < A(u,v), then we have by (3.14),

IN

w() < [ Gy () fily,u(y), o)) dy

o) < [ Gyl u(w), o) dy

IA
NN
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for x € [0,1]. Hence R = ||(u,0)|| = ||u|]| + |[v|| < &, which is a contradiction. As a result

(3.13) is true. We have by (3.10) and (3.13),

i(A, (Qr\ Q)N (P x P),P x P)
=i(A,QrN (P xP),PxP)—i(A,Q,N(PxP),PxP)=1.

So A has a fixed point on (Qg \ Q) N (P x P). This means that the system (1.1)—(1.2) has at
least one positive solution. O

Theorem 3.2. Assume that the conditions (Hy), (Hz), (Hs) and (Hg) are satisfied. Then the system
(1.1)—(1.2) has at least one positive solution.

Proof. By (Hs), there are ¢, > 0,172 > 0,Cs5 > 0,C¢ > 0 and C7 > 0 such that
filx,u,0) > &ap(v) — Cs5,  fa(x,u,0) > mag(u) —Cs,  (x,u,0) € Ja x RT x RY,
and

> Lu _
= Can201027°

where K, = max{127G2(1,y)h2(y) : y € Jo}. Then we have

p(Kag(u)) C;, u€RT, (3.15)

A D)(x) 28 [ Giluyh W) dy—Co  x< o
% (3.16)

Ax(u,0)(x) > 12 [ Ga(x,y)ha(y)g(u(y))dy —Co,  x € Jp.

S—

0

We affirm that the set
W= {(u,v) e PxP:(u0v)=A(uv)+A(¢p,¢), A >0}

is bounded, where ¢ € P\ {0}. Indeed, (u,v) € W implies that u > A;(u,v),v > Ax(u,v) for
some A > 0. We have by (3.16),

1
u®) 2 & [ Gilxym@pew)dy -G, xch, (617)

1
o(x) 2 12 [ Galryha()a(u(y))dy—Co,  x€Ja (18)
By the monotonicity and concavity of p(-) as well as Jensen'’s inequality, (3.18) implies that
1
po(x)+ Co) = p( [ mGale, ha(y)a(u(w) dy
1
> /0 p(m7Ga(L,y)ha(y)a(u(y))) dy (3.19)

> ks [ GO e () dy, ¥
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Since p(v(x)) > p(v(x) + Co) — p(Co), we have by (3.15), (3.17) and (3.19),

u() 2 &7 [ Gy [p(o() +Co) — ()] dy — G
>y [ Gy W)p(ely) +Co)dy — Co
> GG [ GyG) [ Gl 2)k()p(K(u(z) dedy — Co (320
> Gmy 6Ky ! /9 o G2(1,2)ha(z)p(Kaq(u(z))) dz — Cyo

1-60
> 2(527)*1/9 Go(1,2)ha(2)u(z) dz — Cy > 2||ul = Cui,  x € Jo.

Hence |Ju|| < Cq1.
Since p(v(x)) > yp(||v]]) for x € Jp,v € P, it follows from (3.19), (3.15) and (3.17) that

p(o(x)) = p(o(x) + Co) — p(Cs)
1-6
> 17Ky [ Gl y)ha(w)p(Keq (u(v)) dy = p(Co)

2 1-6
> [ Gt v G
2 1-6 .
> 5y GO (G2 Ep(E) =~ G

1-6
=25 [ GiL2m(@)p(lo]) dz - Cra
— (o) ~Cis xe
Hence p(]|v]|) < Ci3. By (1) and (3) of the condition (Hs), we know that lim,_, 1 p(v) = 400,

thus there exists C14 > 0 such that ||| < Cy4. This shows W is bounded. Then there exists a
sufficiently large Q > 0 such that

(u,v) # A(u,v) + Ao, @), V (u,v) € 9QoN (P xP), A >0.

Lemma 2.5 yields that
i(A,QoN (P x P),PxP)=0. (3.21)

On the other hand, by (Hg), there is a ¢ > 0 and sufficiently small p > 0 such that

IN

ov’, V (x,u) € [0,1] x RT, v € [0,p],
1 (3.22)
gius,  V(x,0)€[0,1] xR", ue|0,p]

f1(x,u,0)
fa(x,u,0)

IN

where
1
€1 = min { (20u1p3) s,,uz’l}.

We claim that
(u,v) £ A(u,v), V (u,v) € 00, N (P x P). (3.23)
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If not, there exists a (u,v) € 90, N (P x P) such that (u,v) < A(u,v), that is, u <
Aq(u,v),v < Az(u,v). Then (3.22) implies that

u() < [ Galo ) () fly, (o) o) dy
< a/ol G1(Ly)m(y)o°(y) dy

o [ Gy ( [ G2 (e u(2),0(2)) dz) dy

IN

< U/ol Gi1(Ly)m(y) dy</01 G2(1,2)h2(z) f2(z,u(z),v(z)) dz> (3.24)
= ‘TV1</01 Ga(1,2)h2(2) f2(z,u(z),v(z)) dz)

@ =

< o€l < /01 Ga(1,2)hy(z)us (z) dz)s
<omeiplel < sl xefo]
and .
o(x) < [ Galw,)ha(y)faly, u(y), o(y)dy
<er [ Gyt

1 1
< epialfulls < |luls,  x<[0,1].

(3.24) and (3.25) imply that ||(u,v)|| = 0, which contradicts ||(#,v)|| = p and the inequality
(3.23) holds. Lemma 2.6 yields that

i(A,QpN(PxP),PxP)=1 (3.26)
We have by (3.21) and (3.26),
i(A, (Qg\Qp) N (P x P),PxP)
=i(A,QoN(PxP),PxP)—i(A,QyN(PxP),PxP)=—1.

Hence A has a fixed point on (Qg \ Q) N (P x P). This means that the system (1.1)=(1.2) has
at least one positive solution. O

4 Existence of multiple positive solutions

Theorem 4.1. Assume that the conditions (Hy), (Hz), (Hz), (Hs) and (Hg) hold. Then the system
(1.1)—(1.2) has at least two positive solutions.

Proof. We may take Q > R > p such that both (3.5), (3.13) and (3.21) hold. Then we have
i(A,(Qg\Qr)N (P x P),PxP)
=i(A,QoN(PxP),PxP)—i(A,QrN(PxP),PxP)=-1,
i(A, (Qr\Qp) N (P x P),P xP)
=i(A,QrN (P xP),PxP)—i(A,Q,N(PxP),PxP)=1.
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Hence A has a fixed point on (Qg \ Qr) N (P x P) and (Qr \ Q) N (P x P), respectively. This
means the system (1.1)—(1.2) has at least two positive solutions. O

Theorem 4.2. Assume that the conditions (H1), (Hz), (Ha), (He) and (Hy) hold. Then the system
(1.1)—(1.2) has at least two positive solutions.

Proof. We may take G > r > p such that both (3.9), (3.10) and (3.26) hold. Then we have

i(A, (Qc\ Q)N (P x P),P x P)
i(A,QcN(PxP),PxP)—i(A,Q,N(PxP),PxP)=1,

i(A, (% \Qy) N (P xP),PxP)

i(A, N (PxP),PxP)—i(A,Q,N(PxP),PxP)= -1

Hence A has a fixed point on (Qg \ Q) N (P x P) and (Q, \ Q) N (P x P), respectively. This
means the system (1.1)—(1.2) has at least two positive solutions. O
5 The nonexistence of positive solutions
Theorem 5.1. Assume that the conditions (Hy) and (Hy) hold, and

filx,u,0) > (v?6) 1o,  falx,u,0) > (v%62) tu, Vxe[0,1], u>0, v>0.
Then the system (1.1)—(1.2) has no positive solution.

Proof. Assume that (u,v) is a positive solution of the system (1.1)-(1.2), then (u,v) € P x P,
u(x) > 0,0(x) >0 forx € (0,1), and for x € Jy,

u(0) = [ Gy () oy, 1), 0(9) dy
> 30 [ G WA, o) dy
>80 [ Gy w)e) dy

1-0
2 72(7251)_1/9 Gi1(Ly)h(y) dylo] = o]

Hence ||u|| > ||v||. Similarly, ||v|| > ||u||, which is a contradiction. O

Similarly, we can obtain the following result.

Theorem 5.2. Assume that (Hy), (Ha) hold, and fi(x,u,v) < u;'v, fo(x,u,0) < py'u for any
x €[0,1], u >0, v > 0, then the system (1.1)—(1.2) has no positive solution.

Remark 5.3. If hj € C([0,1,R*) (j = 1,2) and 1 < p,v < n—2 (n > 3) in the system
(1.1)—(1.2), all our results are still true.
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6 Examples

In the following examples 6.1-6.4, we select a = € (n—1,n], py =v € [1,n—3| forn > 3
and 11 = 172, &1 = &a, d1 = 1 — ;& "1 in the system (1.1)~(1.2).

Example 6.1. Let 11y (x) = hp(x) = diT(a)/(1—x)**1 x € (0,1), fi(x,u,v) = e* (14~ #F?)),
fr(x,u,0) =1—e ¥, x €10,1], u,v € R, a(v) = 2, b(u) = uzi, t =1/2. Clearly,

1
0< [ Gy <1,

but fol h]-(y) dy = +oco (j = 1,2). The results of [7,9,10,17,24,29,30] are not suitable for the
problem. It is easy to verify that the conditions (Hj)—(Has) hold, hence Theorem 3.1 implies
that the system (1.1)—(1.2) has at least one positive solution. Here f;(x,u,v) and f»(x,u,v) are
sublinear on u and v at 0 and +oo.

Example 6.2. Let /;(x) be as in the Example 6.1, fi(x,u,0) = ¢*(1+e %)), f(x,u,0) =
uz, a(v) = vs, b(u) = u?, t = 1/2. Itis easy to verify that the conditions (Hj)-(Hs) hold,
Theorem 3.1 implies that the system (1.1)=(1.2) has at least one positive solution. Here
f1(x,u,v) is sublinear on u and v at 0 and +oo, whereas f,(x,u,v) is superlinear on u at 0
and +-oco.

Example 6.3. Let hj(x) be as in the Example 6.1, fi(x,u,0) = (1+e")0?, fo(x,u,v) = u’,
p(v) = 02, g(u) = u3, s = 3. It is easy to verify that the conditions (Hy), (H>), (Hs) and (Hs)
hold. Theorem 3.2 yields that the system (1.1)—(1.2) has at least one positive solution. Here
f1(x,u,v) is superlinear on v at 0 and +oo, f»(x,u,v) is superlinear on u at 0 and +oco.

Example 6.4. Let hj(x) be as in the Example 6.1, fi(x,u,v) = (1+ e )03, fo(x,u,0) =
(14+e)u’, p(v) = v3, g(u) = u*, s = 1/3. Itis easy to see that the conditions (H; ), (Hy), (Hs)
and (Hg) hold. Theorem 3.2 yields that the system (1.1)—(1.2) has at least one positive solution.
Here f1(x, u,v) is sublinear on v at 0 and +co, whereas f»(x,u,v) is superlinear on u at 0 and
—+o00.

Remark 6.5. From the Examples 6.1-6.4 we know that the conditions (H3)-(Hjs) are applicable
for more general function and it is not included among the known differential system. Hence
our results are different from those in [7,9,10,17,24,29,30, 33].
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