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1 Introduction

In this paper, we consider the two-point boundary value problem

Dou(t) + g(t,u) = 0,t € (0,1),1 <5 <2
(1.1)
u(0) = a,u(l) = b,

where g : [0,1] x R — R, a,b € R, and D? is Caputo fractional derivative of order 1 < § < 2
defined by (see [1])

2-4," 1 ' 1-6,"
Dou(t) =1*%u (t) = m/o (t — )70 (s)ds,

1?79 is the Riemann-Liouville fractional integral of order 2 — 4, see [1].

Differential equations of fractional order occur more frequently in different research areas

and engineering, such as physics, chemistry, etc. Recently, many people pay attention to the
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existence of solution to boundary value problem for fractional differential equations, such as
[2] — [7], by means of some fixed point theorems. However, as far as we know, there are no pa-
pers dealing with the existence of solution to boundary value problem for fractional differential
equations, by means of the lower and upper solutions method. The lower and upper solutions
method plays very important role in investigating the existence of solutions to ordinary differ-

ential equation problems of integer orders, for example, [8] — [11].

In this paper, by generalizing the concept of lower and upper solutions to boundary value
problem for fractional differential equation (1.1), we shall present sufficient conditions for the

existence of at least one solution satisfying (1.1)
2 Extremum principle for the Caputo derivative

In order to apply the upper and lower solutions method to fractional differential equation

two-point boundary value problem (1.1), we need the following results about Caputo derivative.

Theorem 2.1 Let a function f € C?%(0,1) N C[0, 1], attain its maximum over the interval
[0,1] at the point to,to € (0,1]. Then the Caputo derivative of the function f is non-positive
at the point to for any a, D*f(tg) < 0,1 < a < 2.

Proof For given function f € C%(0,1) N CJ0, 1], Since f// € L1(0,tp), hence,
1 € 1"
V9 >0,3 0<e<ty suchthat |7/ (to — 8) 72 f (s)ds| < 6. (2.1)
re2e-a)

For & > obtained in (2.1), let us consider the following two cases: Case (i): f (¢) > 0; Case

(ii): f () < 0.
For case (i), we consider an auxiliary function

h(t) = f(to) = f(t),t € [0,1].

Because the function f attains its maximum over the interval [0, 1] at the point ¢, ¢y € (0, 1],
the Caputo derivative is a linear operator and D“c = 0(c being a constant), hence, function h

possesses the following properties:

h(t) > 0,t € [0,1];h(to) = 03 k' (to) = —f (to) = 0;
Deh(t) = —Df(t),t € (0,1].

Obviously, &' () = —f'(¢) < 0. Since

1

D h(to) = m/oo(t—s)l-ah”(s)ds
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— ﬁ /Oa(to — )R (s)ds + ﬁ /:0 (to — 5)'=R" (s)ds
= L+l
is valid for  in (2.1); since h € C2(0,1), h(to) = h'(to) = 0, there are
[h()] = |A(t) = hlto)| < B (B)|(to — t) = |h'(F) = h'(to)|(to — ) < ex(to — 1)°,
[ @O = [B(t) = B (to)| < ealto — 1), t € [e, to]
where ¢; > 0, co > 0 are positive constants, and ¢ € (¢,to). Hence, we have

1 fo -
IQ = m/a (to - S) h (S)dS

_ l—a " —ap (to =)' =N’ (e)
" mama ) e B

(1—a)(to—e)""h(e) a(l—a) [* —a—1
= - F(g m— “Te—a) /8 (to — s) h(s)ds
C(to—e)'mh/(g)
re-—a) '
which leads to the relation
I,b>0

that together with (2.1) complete the proof of the theorem.

We consider case (i¢) in the remaining part of the proof. Here, we consider the following
auxiliary function
h(t) = f(to) — f(t) +(t),t € [0,1],
where ¢(t) is infinitely differentiable function on R, defined by

kt?
2_.2

e o, t<to,

p(t) = A
0, t>tg
here, k is a constant satisfies

(t3 — t12)? + 122 (12 — 1) + 2113 (3 — 13)

0<k<
- 2t5

,t e [O,ﬁo),

and A is a positive constant satisfies

24etdk / < the st btained i
me o > —f (g), e is the positive constant obtained in (2.1).
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By calculation(applying the Law of L’Hospital), we easily obtain that

@(to) =0, 50/ (tO) =0, 90” (tO) =0

and that,

k2 2
" 2 o2k
o (1) = Al )

_ Akeﬂki% 18 4 2623 — 3t42 — 2%tk
(t —to)*

_ _2Ak€t;ig (t3 — tt3)? + 23 (13 — t2) + 2tt3(¢3 — t3) — 2t%t3k
(t —to)* ’

< (0= t1) e85 (8 —1%) 42015 (15— %)
= 2t
0

for ¢t € [0,tp). Since 0 < k , so, for t € [0,tp), there is

(td —12)? + 22 (15 — ) + 212 (5 — t3) — 267tk

> (5 — ttg)? + 2t (15 — t°) + 2tt5 (tg — t°) — 2t5k > 0.

Hence, the Riemann-Liouville fractional integral I2~%¢" (tg) < 0. And that, it follows from

_ke? , ,
24ctph (2= > —f (e) that h () <0.

(e2—t2)?
Since h e C2(0,1), h(to) = h'(to) = 0, there are
[h()] = |A(t) = hlto)| < B (B)|(to — t) = |h'(F) = h'(to)|(to — ) < ex(to — 1)°,

I (8)] = B (t) — k' (to)] < ealto — t),t € [¢, o),

where ¢; > 0, ca > 0 are positive constants, and € (¢, ). By the same arguments as case (i),
we can obtain that

D*h(to) = ﬁ /Oe(to — )17 (s)ds + ﬁ /8 0(to — )17 (s)ds

= I + I,
(I—a)(to—e)"“h(e) a1 (to —&)'=2h/(e)

— Oé) fo —a—1
2=~ NP TT2—a) /5 (to =)™ hls)ds = = — 5

which leads to the relation

I, >0

that together with (2.1) produce D*h(tg) > 0. Hence, we have

—D° f(to) + 17" (tg) > 0,
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which implies that
D f(to) < I>~%¢ (ty) < 0.

Thus, we complete this proof.

Theorem 2.2 Let a function f € C?(0,1) N C[0, 1], attain its minimum over the interval
[0, 1] at the point tg,to € (0,1]. Then the Caputo derivative of the function f is nonnegative at
the point tg for any «a, D*f(tp) > 0,1 < a < 2.

Proof For given function f € C2(0,1) N C[0,1], Since f* € L1(0, to), hence,
1 € 1 "
3 h th _ —s5) ¢ < 4. 2.
V9 >0,3 0<e<ty suchthat |F(27a)/a(t0 $)'TYf (s)ds| <4 (2.3)

For £ > obtained in (2.3), let us consider the following two cases: Case (i): f (¢) < 0; Case

(i1): f'(g) > 0.
For case (i), we consider an auxiliary function

h(t) = f(t) = f(to), t € [0,1].

Because the function f attains its minimum over the interval [0, 1] at the point to,to € (0, 1],
the Caputo derivative is a linear operator and D“c = 0(c being a constant), hence, function h

possesses the following properties:

h(t) > 0, € [0, 1] Alto) = 0;h'(to) = [ (to) = 0;
(2.4)

D*n(t) = Df(t),t € (0,1].

Obviously, k' () = f'(¢) < 0. Since h € C2(0,1), h(to) = k' (to) = 0, there are

[A()] = [h(t) = h(to)| < B (D)|(to — ) = |h'(F) — h'(to) (to — t) < calto — )7,

W (O] = |h'(t) = I (to)] < ealto — 1)t € [e, o],

where ¢; > 0, co > 0 are positive constants, and ¢ € (¢,to). And that

D h(to) = ﬁ/oo(t—s)mh”(s)ds

1 : 1—ayp” 1 o —s 1—ayp” s)ds
= m/o(to—s) h (3)d8+7r(27a)/€ (to —s) " "h (s)d

= L+l
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is valid for € in (2.3); On the other hand, we have

1 fo -
IQ = m/a (to - S) h (S)dS

_ l—a " —ap (to =)' =N’ (e)
" mama ) e B

(1—a)(to —&)""h(e) a(l—a) [* —a-1
- F(; ) “Te—a) /8 (to — 9) h(s)ds
(to—e)'~*h'(¢)
re—a)
which leads to the relation
I>>0

that together with (2.3) complete the proof of the theorem.

We consider case (i¢) in the remaining part of the proof. Here, we consider the following
auxiliary function
h(t) = f(t) — f(to) +(t),t € [0,1],
where ¢(t) is infinitely differentiable function on R, defined by

kt2
2.2

e o, t<to,

p(t) = A
0, t>tg
here, k is a constant satisfies
(t3 — t12)2 + 123 (13 — t2) + 2113 (t3 — %)

0<k<
Shs 2t8

,t €0,t0),

and A is a positive constant satisfies
2A€t2]€ e ’
(27;2)2652’% > f(e), e is the positive constant obtained in (2.3).
e~

By calculation(applying the Law of L’Hospital), we easily obtain that

o(to) = 0, (to) = 0,¢ (to) =0,

and that,

" 2 2k
)= —A t2—t 0
@ (t) (e 0(t2—t3)2)

2
_ 72Ake”2kitg ts + 2t2t) — 3t1E — 2t%t5h
(t —to)t

L gapeiE B 3)° + (1 — 17) + 251 — £°) — 2045k
(t —tg)* )

EJQTDE, 2009 No. 30, p. 6



3 252 2,2/,2 2 2/,3 3
for t € [0,tp). Since 0 < k < (to—tty) + to(‘;ot;t )2ttt ), so, for t € [0,tp), there is
0

(to — tt5)? + 23 (5 — t7) + 23 (t3 — t°) — 2%t 5k

> (t8 — t13)? + 2213 — 1) + 2tk (ty — t3) — 215k > 0.

Hence the Riemann-Liouville fractional integral I2=%¢" (t5) < 0. Since h € C2(0,1), h(to) =
R (to) = 0, there are

()] = |h(t) — h(to)| < |k @)|(to —t) = | (F) — B (to)|(to — t) < e1(to — t)?,
I (8)] = B (t) — k' (to)] < ealto — t),t € [¢, o),

where ¢; > 0,c2 > 0 are positive constants, and ¢ € (¢,¢p). Thus, by the same arguments as

case (i), we can obtain that

O / to — )10 (s)ds + e [ o= oen s)as
= I + I,
I, = - 1= CY)F(E; : Z))_ah(g) B ?8 : Z; /8 O(to — S)_a_lh(s)ds
(=) (o)
re—-a

which leads to the relation
I, >0

that together with (2.3) produce D*h(to) > 0. Hence, we have
D f(to) + I°=*¢" (to) > 0,

which implies that
Df(to) > -1~ (to) > 0.

Thus, we complete this proof.
3 Existence result

In this section, we shall apply the lower and upper solutions method to consider the exis-

tence of solution to problem (1.1).

Definition 3.1 we call a function a(t) a lower solution for problem (1.1), if « € C%([0,1], R)

and
Dla(t) 4+ g(t,a) > 0,t € (0,1),1 < < 2,
(3.1)
a(0) < a,a(l) <b.
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Similarly, we call a function 3(¢) an upper solution for problem (1.1), if 3 € C?([0, 1], R) and

DIB(t) + g(t,8) < 0,t € (0,1),1 <6 < 2,
(3.2)
B(0) > a, (1) > b.

The following theorem is our main result.

Theorem 3.1 Assume that ¢g : [0,1] x R — R is a continuous differential function re-
spect to all variables, and that g;(t, u) is continuous in ¢ for all u € R. Moreover, assume that
a(t), B(t) are lower solution and upper solution of problem (1.1), such that «(t) < 8(t),t € [0,1]
and g, (t,0) < 0,g,(t,8) < 0 for all t € [0,1]. Then problem (1.1) has at least one solution
u(t) € C0,1] such that a(t) < u(t) < B(¢),t € [0, 1].

Proof First of all, let us consider the the following modified boundary value problem
Dou(t) + g*(t,u(t)) =0,t € (0,1),1 < 6 < 2,

u(0) = a,u(l) = b,

where
M15in%g;(t7o‘) a—u eSin(cos(a71u+sTﬂ)) 24> :
g(t,a(t)) +e 1 ~ Mi(l+ud) + T+a? T 1ta?> it u< O‘(t)v
g*(tu) =9 g(tut), if aft) <u<pd),
Mzsinﬂ;ug/ (t,ﬁ) B—u esin(cos(u7f+3§)) 2+B2 .
g(tvﬂ(t)) —-¢€ Mz Ju - N2(1+u2) - 1_;’_52 + 1+B27 lf u > 6(t)
(3.4)
where My, Mz > 0, such that —m < 572 < 737“ and —7 < % < 737“ forallu—a < 0,8—u<
0; N1, N2 <0, such that —27 < 4% < f%’r and —27 < % <737’T fora—u>0,u—p3>0.

Obviously, from the continuity assumption to g, function g* is a continuous differential function

with respect to all variables on (¢, x) € [0,1] x R. In fact, we can obtain that

gt a(t) + My ot gipusa gt (1 a)if u < alt),

g, (t,u(t)), if at) <u<p),

~—
I

gr (t,u

’ sinB=u . —u .
gi(t, B(1)) — Mo 50 90 i Bou g (. 3), it uw> B(t).
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and

u?>—2aqu—1

’
My sin5r=g,, (t,0) u—a '
e My Ju CcOS I\/_Il gu(t7 O[) - N1(1+u2)2 +

a—u

sin(cos( 7 +377r)) a—u 3 . a—u 3 .
WCOS(COS(TI +55))sin(F +55)), i u<a(?),

gy (tu) = g, (t,ult)), if a(t) <u<pt),

MasinZ=2g' (t.8 —u ! 2_98u—1
eMasinSrta, ( )COSﬁMZugu(t’ﬁ) _ 17([2(1552)2_‘_

esin(cos(”*2ﬁ+37”))

N2 (1+32)

w

cos(cos(% + %))sin(u];f + ), if u>pB(t).

We claim that if u(t) € C[0,1] is any solution of (3.3), then «a(t) < u(t) < 5(t) for all
t € [0,1] and hence w is a solution of (1.1) which satisfies a(t) < u(t) < B(¢),t € [0,1].

In fact, from the assumptions of theorem, u' (t) = D2 0g*(t,u(t)) = I°~Y(g (t,u) +
g (t,u)u () € C[0,1](because u' (t) = co + I°"1g*(t,u) € C[0,1],¢o € R), that is, v €
C?[0,1]. Now, by a(0) < u(0),a(1) < u(1), we suppose by contradiction that there is to € (0, 1)
such that

w(to) = a(to) — u(te) = tgl[gﬁ](a(t) —u(t)) = nax w(t) > 0.

Then, by Theorem 2.1, there is
Dow(ty) < 0. (3.5)

Moreover, by the previous assumptions, we know that

u(to) — al(to) 3 7 alty) —u(ty) 3w
20 A0 2 8 20 R0) 4 2T
< My < 2’ 2 < Ny + 2 <5

hence,

to) — altg) to) — u(t 3
Mlsmwgu(to,a) > 0 Sm(cos(M +20y) > 0.
M, Ny 2

Thus, we have

Da’w(to) = Daa(to) - Dau(to)

My sin2t0)=ato) . oy afto) — u(to)
> —qg(t t t t M v =
> g(to, a(to)) + g(to, a(to)) +e ! Ni(1+u?)

esin(cos( a(to)};lu(to) +377r)) 9.4 a2
1+a2 C14a?
. 2
> 1_ a(to) ’u(to) 1 24+« >0,

Ni(1+u?) 1402 1+a?
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which is a contradiction with (3.5). The same argument, with obvious changes works in the
proof of a(t) < w(t) in [0,1], we can obtain that u(t) < G(¢) in [0,1]. Indeed, by B(0) >
u(0), B(1) > u(1), we suppose by contradiction that there is ty € (0,1) such that

to) = B(to) — u(tp) = mi t) —u(t)) = mi 4 .
wlto) = Bto) —ulto) = min (5(t) —u(t)) = min w(t) <0
Then, by Theorem 2.2, there is
Dow(to) > 0.

Moreover, by the previous assumptions, we know that

ﬁ(to) —u(to) < 73_7'('_ 7ﬁ < U(tO) _ﬁ(to) + 3_7T <0

TS T4 5 T3 Ny 2

hence,

Mgsinﬂ(tO)A}:(tO)g;(to,ﬂ) > 0; Sm(cos(u(to)&f(to) " 377T

Thus, we have

Da’w(to) = Daﬁ(to) — Dau(to)
MQSinMg/ (to,B) ﬁ(tO) - ’U,(to)
< —q(t t t t — M: R S T
< g(to, B(to)) + g(to, B(t0)) — € 2 No(1 + u2)
psin(cos(HH R0l 1 20 L 2+0
1 +52 1 +62

B(to) — u(to) 1 2+ 32

< —-1- —
- No(1+ u?) 1+032 1442

<0,
which produces a contradiction.

Then, the claim is proved and now it is sufficient to prove that problem (3.3) has at least

one solution.

From the standard argument, we can know that the solution of (3.3) has the form

1
u(t) = / G(t,$)g" (s,u(s))ds +a+ (b —a)t. (3.6)
0
where
t(1—s)* "t —(t—s)" 1
T 0< s <t <1
G(t,s) =

M,O <t<s<l.

[(a)
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In fact, we may consider the solution of the linear problem of (3.3)

Dou(t) + pl(t) = 0,t € (0,1),
(3.7)
u(0) = a,u(l) = b,

where p(t) € C[0,1]. Applying the fractional integral I° on both sides of equation in (3.7) and
Using the following relationship (Lemma 2.22[1]): I°D°f(t) = f(t) — ¢1 — cat,c; € Ryi = 1,2
for f(t) € AC([0,T] or f(t) € C([0,T]) and 1 < § < 2, we obtain

u(t) = 1 + cot — I°p(t),

for some constants ¢;,i = 1,2. By boundary value conditions of problem (3.7), we can calculate

out that ¢; = a, co = b —a + I°p(1), Consequently, the solution of problem (3.7) is

u(t)=  a+ (b—a)t+tIp(1) — I°p(t)

= a+ (b—a)t+ ﬁ /0 t(1 —5)°"1p(s)ds — ﬁ /0 (t —5)° 1 p(s)ds

t1 — g\ _ (4 — g)—1 1
- a+ (b—a)t —l—/o td =) F(é)(t ) p(s)ds + ﬁ /t t(1—s)°"1p(s)ds

= /01 G(t,s)p(s)ds +a+ (b—a)t.

Hence, the solution u of problem (3.7) is u(t) = fol G(t,s)p(s)ds+a+ (b—a)t, t €[0,1], which
means that the solution of (3.3) has the form of (3.6).

Now, consider the operator T : C[0,1] — C[0,1] by
1
Tu(t) = / G(t,$)g" (s,u(s))ds +a+ (b —a)t. (3.8)
0

From the definition of function ¢g*(¢,u) that T : C[0,1] — €0, 1] is well defined, continuous,
and T'(Q) is a bounded (here,  is a bounded subset of C|[0, 1]). It is well know that u € C[0, 1]
is a solution to (3.3) if and ouly if u is a fixed point of operator T'. Moreover, we can prove

that T'(2) is relatively compact. Indeed, we can obtain that

d
—T
STu(t)

1 ! —1 x 1 ! —2 %
= |ba+m/0 (175)5 g (s,u(s))dsm/o (tfs)a g% (s,u(s))ds|

M M
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where M = max;e(o,1],ucq |97 (t,u)| + 1. Hence, this is sufficient to ensure the the relatively

compact of T'(2) via the Ascoli-Arzela theorem.

We let
Q= {u € C0,1]; lul| < R},
where
R > {3]al,3lb - al, —= /1( +1)(1 - ) ds)
al,3|b—al, =— S —s s},
I'(6) Jo
here,
1 1
L= max lg(t,u(t))] + e —i—1r113@<{”a||Jr 511 + }+e+2.

tef0,1],a(t) <u(t)<A() RARERA

Ly = max{ max M|g, (t, )|, max Mal|g, (t,5)|}.
te(0,1] t€[0,1]

Then, for u € €, we have

L 1
Tu(t)| < al +1b—a +—/ s+ 1)(1 —s)°1ds
[ Tu(t)| la| + | | F(5)o( )(1—s)
R R R
< 4L _R
< 3+3+3 )

which implies that T'(2) C Q. Therefore, we see that, the existence of a fixed point for the

operator T follows from the Schauder fixed theorem.
Finally, we give an example.

Example. We consider the following boundary value problem

Diu—ud4+1=0, te(0,1),
(3.9)

Let g(t,u) = 1 — u3. Obviously, we can check that a(t) = 0 is a lower solution for problem
(3.9), and B(t) = 3 is an upper solution for problem (3.9). And that, gé(t,u) = g;;t(t,u) =0,
g;(t,u) = —3u?, g;(t, a) = 0,9;(15,5) = —27, hence, function ¢ satisfies the assumption condi-
tion of theorem 3.1. Then, the theorem 3.1 assures that problem (3.9) has at least one solution
u* € C[0,1] with 0 < w*(¢¥) < 3,t € [0,1].
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