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1 Introduction and preliminaries

As is well-known, Halanay-type differential inequalities have been very useful in the stability
analysis of time-delay systems and these have led to some interesting new stability conditions.
In [5], Halanay proved the following result.

Basic Halanay lemma. If

f'(t) < —af(t)+B sup f(s), fort>t

=
and o« > B > 0, then there exist y > 0 and K > 0 such that
f(t) < Ke ") for t > i,
In 2000, S. Mohamad and K. Gopalsamy established the following result.

Lemma 1.1 ([8]). Let x(-) be a nonnegative differentiable function satisfying

x'(t) < —a(t)x(t) +b(t) sup x(s), t > to, (1.1)
se[t—T(t)4]
x(s) = |@(s)| fors € [to — 7" to), (1.2)
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where ¢(s) is defined for s € [ty — T, to| and is continuous and bounded. We assume further
that T(t), a(t), b(t) are defined for t € R and are nonnegative, continuous bounded functions; and
sup,.g T(f) = 7. Suppose

a(t) —b(t) > o >0, (1.3)

where 0* = infycr (a(t) — b(t)) > 0. Then there exists a positive number i such that

x(t) < < sup x(s)> e Hlt=to) t > to. (1.4)
s€|

to—T* ko]

In many of the results, the condition a(t) — b(t) > 6, 6 > 0 for all ¢ is assumed to hold.
In [7], the authors replace this point-wise inequality by an inequality of integral type of the
form ft?;(;“ﬁ[a(t) — bt (t)]dt > 6 > 0. Obviously this inequality is more general since the
inequality a(t) — b(t) > 6, 4 > 0 only needs to hold “on average”, or in the mean sense.

In 2012, Bo Liu proved the following lemma (in what follows, for any function u = u(t)

we use the notation u™ (t) = max{0,u(t)}).

Lemma 1.2 ([7]). Let x(-) be a nonnegative function satisfying

(Hi) x'(t) < —a(t)x(t) + b(t) sup x(t—s), t >0, (1.5)
0<s<T
x(s) = ¢(s), s €[-7,0], (1.6)

where T > 0 is a constant and ¢(s) is a nonnegative continuous function defined for s € [—7,0].
(Hy) a(-), b(-) are defined in R and are continuous bounded functions and we define M,; M, > 0, by

max{|a(t)|} = M, and max{|b(t)|} = M,.
(H3) 3t >0,T >0andé >0, Vvn € N

to+(n+1)T
/ [a(t) — b+ (£)]dt > 6 > 0. (1.7)
to+nT

Then for each T < - In(1+ M‘i ), where M} = SUP; ¢[00y U1 (t); it follows that x(t) is ex-
a b s
ponentially stable, i.e., there exists C > 0 (which may depend on the initial value) and « > 0 such

that

x(t) < Ce™, te]0,00). (1.8)

As a consequence of Lemma 1.2, we note that the condition (1.7) can be viewed as a
relaxation of the condition (1.3). This means that for asymptotic stability of the system, we do
not need the inequality (1.3) to hold at every time ¢, but only require it to hold in an average
sense. Often, it is easier to investigate the time average system, so this lemma provides an
average system-based approach for the study of delayed dynamical systems.

To study such problems more generally in the time-scale setting, the authors in [1] intro-
duced the notion of shift operators, 6_(s,t),d+ (s, t) and obtained the following lemma.
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Lemma 1.3 ([1]). If
w?(t) < f(tLw(t), g(w(b-(h, 1), w(b_ (I, 1)), ..., w(5(hy,1))))

for t € [so,0+(a,s0))T and y(t;so, w) is a solution of the equation

y2 (1) = f(Ly (1), g (y(0-(h, 1), y(6-(h2, 1)), ..., y(6-(hy, 1)),

which coincides with w in [6_(hy,s0),s0]T, then, supposing that this solution is defined in
[s0, 0+ (a,50))T, it follows that w(t) < y(t;so,w) for t € [so, 0+ (,50))T-

For completeness, we recall the following concepts related to the notion of time scales. We
refer to [3] and [4] for additional details concerning the calculus on time scales.

Definition 1.4. Let T be a time scale (i.e., a closed nonempty subset of R) with supT = co.
The forward jump operator is defined by

o(t) :=inf{s € T:s > t}, (1.9)
and the backward jump operator is defined by
p(t) :==sup{s € T:s < t}, (1.10)

where sup @ := inf T, where @ denotes the empty set. If o(t) > t, we say t is right-scattered,
while if p(t) < t we say t is left-scattered. If o(t) = t, we say that t is right-dense, while
if p(t) = t and t # InfT we say t is left-dense. Given a time scale interval [c,d]T :=
{t e T:c <t <d}inT the notation [c,d]}. denotes the interval [c,d| in case p(d) = d
and denotes the interval [c,d)T in case p(d) < d. The graininess function y for a time scale
T is defined by u(t) := o(t) — t, and for any function f: T — R the notation f?(t) denotes
f(o(t)). We also recall that the notation C,; denotes the set of all functions which are contin-
uous at all right-dense points and have finite left-sided limits at left-dense points. We say that
x: T — R is differentiable at t € T provided

X (1) = lim S =X

sot  t—s (L11)

exists when o (t) = t (here by s — t it is understood that s approaches t in the time scale) and
when x is continuous at t and o(t) > ¢

<A (1) = FOB) = x(H) (1.12)

Note that if T = R, then the delta derivative is just the standard derivative, and when
T = Z the delta derivative is just the forward difference operator. Hence our results contain
the discrete and continuous cases as special cases and generalize these results to time scales
with bounded graininess.

Definition 1.5. A function h: T — R is said to be regressive provided 1+ u(t)h(t) # 0 for all
t € T, where u(t) = o(t) — t. The set of all regressive rd-continuous functions ¢ : T — R is
denoted by R while the set RT is givenby R™ = {9 €R: 1+ pu(t)p(t) > 0forallt € T} . Let
¢ € R. The exponential function on T is defined by e,(t,s) = exp ( f: i (@(r))Ar).

Here ¢, is the cylinder transformation given by

Eun(o(r)) := ﬁLOg (1 +P‘(r)§0(r)>, u(r) >0,
p(r) : .

@(r), p(r)
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It is well known that (see [3, Theorem 2.48]) if p € R, then ep(t,s) > 0forall t € T. Also,
the exponential function y(t) = ep(t,s) is the unique solution to the initial value problem
y® = p(t)y, y(s) = 1. Other properties of the exponential function are given in the following
lemma.

Lemma 1.6 ([1, 3]). Let p,q € R. Then

(i) eo(s,t) =1 and ey(tt) =1,

(if) ep(e(t),s) = (1+u(O)p(H) )ep(t

(iif) L = e@p(t,s) where © p(t) = — p(t)

ep(ts) 1+ pu(B)p(8)’
_ (1.13)
(ZZ)) eP(t/S) - ep(sl t) - e@P(S/ t)/
(v) ep(t,s)ep(s,r) =ep(t, 1),
: L S ()
(vi) (ep(-,s)) T e(s)
Lemma 1.7 ([1]). For a nonnegative function ¢ with —¢ € R*, we have the inequalities
t t
1 —/ p(u) <e_y(ts) <exp {—/ <p(u)} forallt > s. (1.14)
If ¢ is rd-continuous and nonnegative, then
t
1 —|—/ ) < ep(t,s) <exp {/ (p(u)} forall t > s. (1.15)
Remark 1.8. If p € R" and p(r) > 0 for all r € [s, t|t, then
ep(t,r) <ep(ts), ep(a,b) <1 and e ,(b,a) <1 fors<a<b<t (1.16)

In this paper, in the time scale setting, we establish a new Halanay-type inequality, using
differential and integral inequality comparison methods and obtain thereby an improvement
of the results in [7] and several other references.

2 Main theorem

Theorem 2.1. Let x(-) be a nonnegative function satisfying:

xB(t) < —a(t)x(t) +b(t) sup x(t—s)+c(t) /Ooo K(t,s)x(t —s)As;, t>t,

0<s<t(t)

2.1)
x(s) = ¢(s); s € (—oo,tplr.

where T(t) denotes a nonnegative, continuous and bounded function defined for t € T and T :=
sup, o T(£); ¢(s) is a nonnegative continuous function defined for s € (—oo, to]y. We suppose further
that 1 —a(t)u(t) > 0, and that a(t), b(t); c(t); % are continuous and bounded functions for
t € [to, +00)T.

We also assume sup, {|a(t)|, |b(t)], |c(t)], T} =: A and that the delay kernel K(t,s)
is nonnegative and continuous for (t,s) € T x [0, 00) and satisfies the following properties:
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D
/ K(t,s)ea(t,t —s)As is uniformly bounded for t € T; (2.2)
0

(I1) There exists t > tg, T > 0and & > 0 such that for each n € IN, we have

F+(n+1)T o
[ [a(t) —bt(t) — c+(t)/ K(t,s) As] At > 6. (2.3)
t+nT 0
Then for each T < L In(1 — B+ &) where sup, ¢ Jo K(t,s) (ea(t,t —s) —1)As =: B < L x(t)
is exponentially stable, i.e., there exists M > 0 (which may depend on the initial value), and « > 0
such that

x(t) < Mecy(t, to), t € [tp, 00)T. (2.4)

Proof. From condition (2.3) and 0 < K(t,s) < K(t,s)ea(t,t —s); A >0; s > 0, it follows that

/K(tsA and / ) (ea(t,t—s)—1)As
0

are uniformly bounded for ¢t € T.
That is, there exist real numbers B, C > 0 with

sup | K(t,s)(ea(t,t—s)—1)As=B, and sup | K(ts)As=:C.
teT /0 teT Y0

From (2.1), we have

x2(t) < —a(t)x(t) +bT(t) sup x(t—s)+ct(t) /Ooo K(t,s)x(t —s)As; t>ty,

0<s<T (2.5)
x(s) =¢(s); s € (—oo,foT.
Suppose now that y(t) is a nonnegative function satisfying the autonomous system:
yA (1) = —a(y(t) +b" (1) sup y(t—s)+c* (1) [ Kbyt —s)ds; t> 1t
0<s<T 0 (2.6)
y(s) = ¢(s); s € (—oo, tolr.
We first note that the following inequality holds:
x(t) <y(t);  t€[to, o). (2.7)

To see this, we can directly apply the results in Lemma 1.3, which gives x(t) < y(t) for all
t € [to, 00).
We next will prove the following inequality:

y(t) < Mecu(t, to), t € [to, ). (2.8)
To establish (2.8), we prove the following preliminary inequality:
for all t1,t: £ > t1 >ty we have y(tl) < y(tz)eA(tz, tl). (2.9)

Since Vt > to, y(t) > 0, b (t)supy_,;y(t —s) > 0and c*(t) [;° K(t,s)y(t —s) As > 0,
we have

yo(t) = —a(t)y(t) + 0" (1) sup y(t—s)+c* (1) /Ooo K(t,s)y(t —s) As > —a(t)y(t)

0<s<T
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and

< y(t) )A:yA(t)+ﬂ(f)y(f)>0
) e_q(o(t),t

e_q(t, t1 alo(t), ) T

Since ej E;)h) is a monotonically increasing function for t > t;, we see that

y(t) > y(t)e—a(t, t1) fort >ty;

and so

Vit ty >t > b, y(h) S y(ta)es—a (2 t1) < y(ta)ealta, tr);

where S(—a(t)) N |©(—a(t))| < A, which implies that (2.9) holds.

= T-u(Ba(h)
Therefore we have

sup y(t —s) < sup y(t)ea(t,t —s) <y(t)ea(t,t —7T);
0<s<7T 0<s<7T

/Ooo K(t,s)y(t —s)As < y(t) /0 K(t,s)ea(t, t —s)As.

We put (2.13) into (2.6), and so we obtain

yA(E) < —a(Oy(B) + B (y(Dealtt =)+ (Oy(0) [ Kt s)eatt,t—5) s

= <—a(t) + bt (t)ea(t,t —T) +c(t) /000 K(t,s)ea(t,t —s) As) y(t).

Let
p(t) = —a(t) + b (t)ea(t,t —T) +c" () /Ooo K(t,s)ea(t,t —s) As.

From (2.14), (2.15), we have
Vi’l, th:th) > 1 > to, y(tz) < y(tl)ep(tz, i’]).

By the assumptions (2.3), (2.15), we have

t+nT t+nT

F+(n+1)T o0
=/ [—a(t) + bt (t) +c+(t)/ K(t,s)As} At
t+nT 0
t4+(n+1)T
+ [ b (t) (ea(t,t —T) — 1) At
t4+nT
F+(n+1)T 0
+ [ c+(t)/ K(t,s) [ealt t —s) — 1] As At
t+nT 0

< — 0+ AT(exp(AT)+ B —1).

Since T < L1In(1— B+ %), we have that —6 + AT (exp(AT) + B —1) < 0.

Denote
. 5 — AT (exp(AT)+B—1)

T > 0.

(2.10)

2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

/mnﬂﬁp(t) At = /MHH)T [_a(t) F b (Dea(t t—T) +ct (1) /Ooo K(t,s)ea(t, t —s)As| At

(2.17)

(2.18)
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By (2.16), (2.18), then for each n € N

y(f+nT) <y(t+ (n—1)T)e,(f+nT,t+ (n—1)T)

<y(f+(n—1)T)exp (/:(::)T p(t) dt) <y(f+ (n—1)T)exp(—aT)
< y(t) exp(—anT). (2.19)
Therefore, for t >f>t, Ine€ N=te (f+nT, f+ (n+1)T], and
t—(F+nT) <t+m+1)T—(t+nT) =T,
p(t) = —a(t) + b* (Dea(t,t —T) +c* (¢ )/Ooo K(t,s)ealt, t —s)As (2.20)
<A+ Aexp(AT) + A(B+C) = Alexp(AT) + B+ C+1] := 0.
By (2.19), (2.20) and (1.16)
y(tea(t,to) < y(E+nT)ep(t, +nT)ea(t, to)
< y(t+nT)eg(t,t+nT) -exp (/ttocdu)
0
< y(F) exp [9 (t—T—nT) —zan—I—at—ato}
< y(F) ex [ (04 a)( t—t—nT)—i—zxt—zxto}
yt)exp[9+a T—l—txt—to)} (2.21)

when to <t <,
y(t)ex(t, to) < sup (y(s)e,x(s, to)). (2.22)

sg?
Let

M = max {sup (y(s)e,x(s, t0)>, y(f) exp [(9 +a)T + a(f — to)} } , (2.23)

sg?
where 0 = Alexp(AT)+ B+ C+1].
By (2.21), (2.22), (2.23) and (2.7), we have

x(t) <y(t) < Meca(t, to),  t€ [to,o)T. (2.24)
This completes the proof. O

When c(t) = 0, we can obtain the following corollary, which can be regarded as an exten-
sion of Theorem 1 of [7].

Corollary 2.2. Let x(-) be a nonnegative function satisfying

x2(t) < —a(t)x(t) +b(t) sup x(t—s); t > to; (2.25)
0<s<t(t)
x(s) =¢(s); s € (—oo,to]T. (2.26)

where T(t) denotes a nonnegative, continuous and bounded function defined for t € T and T =
sup,.p T(t); ¢(s) is a nonnegative continuous function defined for s € (—oo,to]r. We also assume
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a(t), b(t), 17:((&(” are continuous bounded functions fort € T with 1 —a(t)u(t) > 0 and define
|a(t)]

A>0by
A= s O PO = -

Suppose also that there exist t > to, T > 0 and & > 0 such that for each n € N.

/ et [a(t) — b ()] At > 6. (2.27)
t+nT

Then for each T < LIn(1+ -2), x(t) is exponentially stable, i.e., there exists M > 0 (which may
depend on the initial value), and « > 0 such that

x(t) < M€@a(t, to), t e [to,oo)"[r. (2.28)

3 Examples

Suppose x(-) is a nonnegative function satisfying the following delay dynamic equation:
xXBA(t) = —a(t)x7(t) + b(t)x(t — T) + c(t) / K(t,s)x(t —s) As, t € [to, +o0)T (3.1)
0

where x(s) = ¢(s), for s € (—oo,tp]T, and where ¢ is rd-continuous, nonnegative and

bounded, and 7 is a constant. Let a(t), b(t); c(t); % denote rd-continuous and bounded

functions for t € [ty, +o0); 1 —a(t)u(t) > 0. Namely

la(t)| _ 4
3420, VT, stosup {|a(t)\, b(£)], |c(£)], 1_}{(%} = A (3.2)

Assume further that the delay kernel K(t,s) is nonnegative and continuous for (t,s) €
T X [to, 00)T and satisfies the following properties.

/ K(t,s)ea(t,t —s) As is uniformly bounded for t € T; (3.3)
0

3f > to, T > 0 and 6 > 0 such that for each n € N

t+nT

/ FrT [a(t) bt () — et () /O TK(s) As} AE> 6. (3.4)

From (3.1), we have

t

ge

e_q(t,0(s)) {b(s)x(s —T)+c(s) /0

() = x(to)e—a(t,to) + [

to

K(s,v)x(s — v) Av] As. (3.5)

Let the function y(t) be defined as follows: y(f) = x(t), for t € (—oo, tp]T and

y(t) = x(to)e—a(t, to)

+ [ e_a(t,0(s)) [b(s) sup x(s—0)+c(s) /Ooo K(s,v)x(s —v) Av] As

Jio 0<6<T

(3.6)

for t > ty. Then we have x(t) < y(t), for all t € (—o0, +00)r.
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By [3, Theorem 5.37], we get that

yA(t) = —a(t){x(to)e—a(t,to)

t

+ [ e_a(t,0(s)) [b(s) sup x(s—0)+c(s) /Ooo K(s,v)x(s —v) Av] As}

to 0<6<t

+b(t) sup y(t—0)+c(t) /Ooo K(t,0)y(t —v) Av

0<o<t

< —a(t)y(t) +b(t) sup y(t—0)+c(t) /Om K(t,0)y(t —v) Av (3.7)

0<6<t

for all t € [tg, ).

Therefore, it follows from the main theorem that for each T < LIn(1 — B+ &) with
sup,er Jo K(t,s) (ea(t,t —s) — 1) As = B; x(t) is exponentially stable, i.e., there exists M > 0
(which may depend on the initial value), « > 0 such that

X(t) < y(t) < Me@tx(tr tO)/ te [tU/OO)T- (38)

In the following, we let T = Z and will choose some explicit functions for a(t), b(t), c(t),
K(t,s).

Let x(-) be a nonnegative function satisfying (here we have u(t) = 1)

[ole]

Ax(n) < —a(n)x(n) +b(n) sup x(n—j)+c(n) ) K(n,j)x(n—j), n>1
O<]<T j=0
where
11 1 5
a(4n) = T a(dn+1) = ~g a(dn+2) = Y
3 1 dn + 3
(47’1 —"_3) 1’ b(n) - E’ ( ) 4n +4’
1
] >
K(n,j) 16(4n +4) Vn>1;
and

Vn =1, K(n,j ==Y ——————(1+A)es(n—jn—j);
n> Jg (n,j)ea(n,n —J) Z16(4n+4)]( +A)ea(n—j,n—j)

-5l

) 3n+3 3

i . L n+1
) A(n_]/n_]) = 167’1 ’

B= supZK(n,])(eA(n,n —j)—1) = ilglg Ton(@n 1 3) ~ 56

nzljzo
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where es(n—j,n—j) =1 Thus

a(n) — b (n) —c*(n) }_K(n,j) = a(n) - 5
=0 °
If n = 4k, then a(4k) _ b+(4k) _ C+<4k) ZK(4k,]) = 19—6 > 0.
j=0

0 =4k +1, thena(4k+1) _b+(4k+1) _C+(4k+l) ZK(4k+11]) = —% < 0.
j=0

Ifn = dk+2, thena(4k+2) _b+(4k+2) _C+(4k_|_2) 2K(4k+2/]) = % >0
j=0

Ifn=4k+3, then a(4k +3) —b" (4k +3) — " (4k +3) }_K(4k+3,j) = g -0

-
I
=}

This shows that the point-wise Halanay inequality does not apply to this example. However,
since we have that there exists T =4 and § = % such that

(n4+1)T-1 o 4(n+1)-1
y <a(k) C bt () — () ZK(k,j)) -y <a(k) _ ;) _ % > g —5 (39)

k=nT k=4n

j=0

Therefore, it follows that if T < In(1—-B+ &) = 1In82 ~ 00204, and & = B <
% = %, then x(t) is exponentially stable, i.e., there exists M > 0 (which may depend on the

initial value), and

00— AT(exp(AT) +B—1) % —12(e003 4 5% —1)

“ T = 1 ~0.0979  (letT=001), (3.10)
such that
x(t) < Mecopoz9(n, 1), n>1.
Acknowledgements

The second author was supported by The National Natural Science Foundation of China
(N0.11271380).

References

[1] M. Ap1var, E. A. BoBNER, Halanay type inequalities on time scales with applications,
Nonlinear Anal. 74(2011), 7519-7531. MR2833732

[2] R. P. AGARwAL, Difference equations and inequalities. Theory, methods and applications, Marcel
Dekker Inc., New York, 1992. MR1155840

[3] M. BoHNER, A. PETERSON, Dynamic equations on time scales. An introduction with applica-
tions, Birkhduser Boston Inc., Boston, MA, 2001. MR1843232

[4] M. BOoHNER, A. PETERSON, (Eds.), Advances in dynamic equations on time scales, Birkhduser
Boston Inc., Boston, MA, 2003. MR1962542; url


http://www.ams.org/mathscinet-getitem?mr=2833732
http://www.ams.org/mathscinet-getitem?mr=1155840
http://www.ams.org/mathscinet-getitem?mr=1843232
http://www.ams.org/mathscinet-getitem?mr=1962542
http://dx.doi.org/10.1007/978-0-8176-8230-

An extended Halanay inequality 11

[5] A. HALANAY, Differential equations: Stability, oscillations, time lags, Academic Press, New
York, NY USA, 1966. MR0216103

[6] B. G. Jia, L. ErBE, R. MERT, A Halanay-type inequality on time scales in higher dimen-
sional spaces, Math. Inequal. Appl. 17(2014), 813-821. MR3224836

[7] B. Ltu, W. L. Ly, T. P. CHEN, Stability analysis of some delay differential inequalities with
small time delays and its applications, Neural Netw. 33(2012) 1-6. url

[8] S. Monamap, K. GoraLsamy, Continuous and discrete Halanay-type inequalities, Bull.
Aust. Math. Soc. 61(2000), 371-385. MR1762635


http://www.ams.org/mathscinet-getitem?mr=0216103
http://www.ams.org/mathscinet-getitem?mr=3224836
http://dx.doi.org/10.1016/j.neunet.2012.03.009
http://www.ams.org/mathscinet-getitem?mr=1762635

	Introduction and preliminaries
	Main theorem
	Examples

