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Abstract. In this paper, we give the exact asymptotic behavior of the unique positive
solution to the following singular boundary value problem

—x(Au) = p(x)g(u), x€(0,1),
u>0, in(0,1),
lim, o+ (Au')(x) =0, u(1l)=0,

where A is a continuous function on [0, 1), positive and differentiable on (0, 1) such that
1 is integrable in a neighborhood of 1, g € C((0, ), (0, )) is nonincreasing on (0, %)
with lim;_,0 ¢'(t) fot ﬁ ds = —C¢ < 0 and p is a nonnegative continuous function in
(0,1) satisfying

0<p= limilnf p(x) < limsup p(x)
X

B Ty Bt A G Bl

where h(t) = ct~*exp( Z(S—s) ds), A <2,c¢ > 0and z is continuous on [0, #] for some
# > 1 such that z(0) = 0.
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1 Introduction

In this paper, we give the exact asymptotic behavior near the boundary of the unique positive
solution to the following singular problem

_%(Au/)/ = p(x)g(u), x e (0/1)/ (1.1)
u>0, in(0,1),
subject to the boundary conditions
lim (Au')(x) =0, u(1) =0. (1.2)

x—0t

The functions A, p and g satisfy the following assumptions.

(H,) A is a continuous function on [0,1), positive and differentiable on (0,1) such that + is

integrable in a neighborhood of 1 and lim,_,; %ﬁ;m =a <l

(H,) p is a nonnegative continuous function in (0, 1) satisfying

p(x) p(x)
0<p1—hrr;1nfh(1_ )_hr?_s;?ph(l—x)

where h(t) = t~*L(t), A < 2 such that [ s!"*L(s) ds < oo for some 77 > 1 and L belongs
to the class of Karamata functions K (see Definition 1.1).

= p2 < 0,

(H;) The function g: (0,00) — (0,0) is nonincreasing, continuously differentiable such that

Eoq
lim ¢’ (¢ / =~ ds=—C, withC, > 0.
SO fy g 770 G

t—0
(Hy)) A+(2—A)Cq—a—1>0.

Observe that Cq € [0,1]. Indeed, since the function g is nonincreasing, we obtain for t > 0

0<g(t)/0tg(ls)ds§t.

This implies that lim;_, g(¢ fo G ds = 0. Now, since for t > 0

/Otg’(s)/osg(lr)drzg(t)/otg(ls)ds—t,

8(>/1 _1_
11_r}1‘(}t og(s)ds_l C,.

we get

Hence C, € [0,1].
The functions +'In(1+14), In(In(e+ 1)), +¥In (1+ 1), exp{(In(1+1))"}, v € (0,1)
satisfy the assumption (H3), as well as the function

e, f0<t< >
12, ift> 1
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When A = 1, problems of type (1.1) with various boundary conditions arise in the study
of boundary layer equations for the class of pseudoplastic fluids and have been studied for
both bounded and unbounded intervals of R (see [4,5,23,27] and the references therein).

When A(t) = t""! (n > 2), the operator u — +(Au’)’ appears as the radial part of
the Laplace operator A (see [24]). Our setting includes the scalar curvature equation and
the relativistic pendulum equation, which correspond to A(f) = (1 + tz)_Tl, resp. A(t) =
(1—12) 2 . For various existence, uniqueness and asymptotic behavior results of such problem,
we refer the reader to [8-11,14,21,25,26] and the references therein. However, we emphasize
that in problem (1.1) the function A could be singular at t = 1.

On the other hand, the singular nonlinear problem

{_i@%ﬂ’:f@ML x€(0,1), (1.3)

u>0, in(0,1),

subject to different boundary conditions has been considered by many authors, where A is a
continuous function on [0, 1), positive and differentiable on (0, 1) satisfying some appropriate
conditions (see for example [1,2,13,16,17,19]). In [15, Theorem 5], Maagli and Masmoudi
investigated equation (1.3) with boundary value conditions u'(0) = u(1) = 0. They supposed
that f is a nonnegative continuous function on (0,1) x (0, 0) and nonincreasing with respect
to the second variable. Under some appropriate conditions on the function A, they proved the
existence of a unique positive solution u in C([0,1]) N C?((0,1)) to (1.3) and gave estimates on
such a solution. In particular they extended some results of [1,2] and [19]. Our aim in this
paper is to establish the exact boundary behavior of the unique solution to problem (1.1)—(1.2).
To state our results, we need some notations.

Definition 1.1. The class K is the set of all Karamata functions L defined on (0, 7] by

L(t) :==cexp </t’7 Z(Ss)ds> ,

for some 7 > 1 and where ¢ > 0 and z € C([0,7]) such that z(0) = 0.

Note that functions belonging to the class K are in particular slowly varying functions.
The theory of such functions was initiated by Karamata in a fundamental paper [12].

We also point out that the first use of the Karamata theory in the study of the growth rate
of solutions near the boundary is done in the paper of Cirstea and Radulescu [7].

Remark 1.2. A function L is in K if and only if L is a positive function in C'((0,7]), for some
n > 1, such that lim;_,+ % =0.
Typical examples of functions belonging to the class K (see [3,18,22]) are:
m

o= 1 s (%))

k=1

L(t) =2+ sin <log2 <e~|— 1)) /
L(t) = exp {ﬁ <logk (f))vj(} /

k=1
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where log, x = logologo---ologx (k times), ¢k € R, v, € (0,1) and w is a sufficiently large
positive real number such that L is defined and positive on (0, 7].
Throughout this paper, we denote by 1, the unique solution determined by

l/’g(t) 1
——ds =, t €1]0,00), (1.4)
b 0.2°)
and we mention that
?fol tg' (1 (1)) = —Cs. (1.5)

Our first result is the following.

Theorem 1.3. Assume that hypotheses (Hy)—(Ha) are fulfilled. Then problem (1.1)—(1.2) has a unique
positive solution u € C([0,1]) N C2((0,1)) satisfying

(i) if A <2, then

a \"w_ u(x)
(2—1)\> < B =% LA =)

< limsup u(x)

T\
o1 Pe((1—x)>AL(1 - x)) : <2—)\> '

(ii) if A =2, then

1-Cq
7

)=

1-Co . u(x) : u(x)
&, ¢ <liminf T < limsup -
oy ( 0 dt) =1 (fo Lt

_ P _ p2
where ¢y = A+ (2-A)Ce—a—1 and Gy = AF(2-A)C—a—1"

An immediate consequence of Theorem 1.3 is the following.

Corollary 1.4. Let u be the unique solution of problem (1.1)—(1.2). Then, we have the following exact
boundary behavior.

(a) When Cy = 1, then we have

. . l[(x) _ . .
(i) limy_yq S AT = 1ifA<2;

.. . u(x) o . o
(1) limy_y o T — 1ifA=2.

b) When C, < 1 and p1 = pp = po, then we have
8 Pr=p2=p

(i) tim = ( d ) “ira<a
=y (=2 L1-x) 22 (A+@2-21)Cg—a-1) ¢

PN (x) _ 1-Cq .ry
(i1) limy_q m — (11%) SifA =2

Example 1.5. Let g be the function defined by

tZe%, ifo<t<l
g(t) = { 2

12, ift>1,
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and p be a nonnegative continuous function in (0, 1) satisfying

lim 7;7(3()
x—1 h(l x)

where h(t) = t‘AL( ), A <2and L € K such that [/s'"*L(s)ds < co. Then, we have C; = 1
and §,(¢) = 10g for & € (0,e72). Let u be the unique solution of (1.1)=(1.2). Then, we have
the following exact behavior.

In order to estabhsh our second result, we consider the special case where g(t) = 7 with
v>0and A = (¢ +1) 4 (a« —1)7. Note that in this case C; = -Jg3 and A+ (2 - A)Cg —a —1 =
0. We assume the following hypotheses.

- PO S (0/ OO),

):1&A:z

(Hs) Ais a continuous function on [0, 1), positive and differentiable on (0, 1) such that A(x) =
(1 —x)"B(x) with « < 1 and % is bounded in a neighborhood of 1 for some
g€ (0,1).

(Hg) p is a nonnegative continuous function in (0, 1) satisfying

o p(x)
O < pl = hirl}l{lf (1 o x)'yflfﬂt(l‘l"V)L(l - x)
p(x)

< i
< 1r}r:}1p (1 — x)7 12+ L(1 — x)

:P2<°°/

where’y>0andL€le1thf S 5) ds = co.

Our second result is the following.

Theorem 1.6. Assume that hypotheses (Hs) and (Hg) are fulfilled. Then the problem

—(Au') = p(x)u=, x € (0,1),
u>0, in(0,1), (1.6)
lim, o+ (Au')(x) =0, u(1) =0,

has a unique positive solution u € C([0,1]) N C?((0,1)) satisfying

(bl)ﬁ < 1jmilnf u(x) — < limsup u(x) — < (bp) 71
. v (S ) e (A )
1—x ¢ 1-x t

where by = (A’+ ) L and by Wfilim.
In partzculur zf p1 = p2 = po, then

lim

x%l 1 11—«

e (R )T
1-x

The content of this paper is organized as follows. In Section 2, we present some funda-
mental properties of Karamata regular variation theory. In Section 3, exploiting the results
of the previous section, we prove Theorems 1.3 and 1.6 by constructing a convenient pair of
subsolution and supersolution.

u(x) _ <(’Y+1)Po>ll'
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2 On the Karamata class /C

In this section, we collect some properties of Karamata functions.
Proposition 2.1 ([18,22]).
(i) Let L1,Ly € K and g € R. Then the functions
L1+ Ly, LiL, and L? belong to the class K.

(ii) Let L be a function in K and € > 0.

Then we have
lim t°L(t) = 0.

t—0t

Lemma 2.2 ([18,22]). Let u € R and L be a function in K defined on (0, y]. Then the following hold.

(i) If u < —1, then [ sVL(s)ds diverges and [ s*L(s)ds 3 —ﬂl;lfl(t).

(ii) If p > —1, then [[s*L(s)ds converges and [ s*L(s)ds s Hl:fl(t).

The proof of the next lemma can be found in [6].

Lemma 2.3. Let L be a function in IC defined on (0, 7). Then we have

lim L)
t—>0+ f L:
If further fo - $) ds converges, then we have
lim _Lly = 0.

B
Remark 2.4. Let L be a function in I defined on (0, 7], then using Remark 1.2 and Lemma 2.3,

we deduce that !
7
. / (SS) ds € K.
t

Definition 2.5. A positive measurable function f is called normalized regularly varying at
zero with index p € R and we write f € NRVZ, if f(s) = s’L(s) for s € (0,17) with L € K.

Using the definition of Karamata class and the previous lemmas, we obtain the following.
Lemma 2.6 ([25]).

(i) If f € NRVZ,, then 11mt_>01} = ¢, uniformly for ¢ € [c1, 2] C (0,00).

(ii) A positive measurable function f belongs to NRVZ,, if and only if lim; o tj{/(—g';) =p.

(iii) Let L € K and A < 2 such that [! s'=*L(s)ds < co. Then the function 6(t ft 1=AL(s
belongs to NRVZ,_,.

(iv) The function Yy € NRVZ(;_c,).

(v) The function g 06 € NRVZ5_»)1-c,)-

vi) Let f € NRVZ, and mq, my be two positive functions on (0, c0) such that
P p

. . my (t) .
1 £ =1 H=0 and =1, then lim 2\™\Y)
Jim () = lim ma(t) N () oIS Fma ()
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3 Proofs of Theorems 1.3 and 1.6

In the sequel, we denote by

Lot
X) = '/x mdt, for x € (0,1),

and we let Lau := L(Au')’ = u” + 44/ Note that since the function A satisfies (Hj), the
function vy (x) is well defined and we have Lavp = —%.
The following result will play a crucial role in the proof of our main result.

Lemma 3.1. Assume (Hy), then there exists Ly € K such that

(1—x)t-=

W) N A=) 31)
Proof. 1t is clear that
x%l / A ) (3'2)
On the other hand, by (H;), we have lim,_,; (- zf)/( x) = lim;_yg %715) = —a > —1.

So by Lemma 2.6, we deduce that the function f(t) := A(1 — t) belongs to NRVZ,. There-
fore, there exists Ly € K such that

f(t):=A(1—t)=t"Lo(t), forte (0,9).

Hence by using this fact, Proposition 2.1 (i) and Lemma 2.2 (ii), we deduce that

1 1 B 1—x 1 B 1—x a 1 (1_x)1 o
/xmdt—/o A(l—t)dt_/o SR P Rty s M

Combining (3.2) and (3.3), we obtain the required result. This completes the proof. O

Proof of Theorem 1.3. Let e € (0,5') and put &; = # fori=1,2, 4 =& — s% and
=+ egz Clearly, we have % <T<n< 2(32.

Let O(¢ ft s!=*L(s) ds and define

v;i(x) = g <Ti /le s1TAL(s) ds> = 1pe(ti0(1 —x)), forxc (0,1)and i€ {1,2}.

By a simple calculus, we obtain for i € {1,2},

Lavi(x) + pg(0i(r)) = o () + 5 Swi () + pn)g(1()
— 5(0(x))(1 - X)L~ ¥)
x |7 (11— )27 L(1 = 0)g (2i(x)) + (2= )Gy )

+Ti((x—1)A’(x) N (1—x)L’(1—x)>

A(x) “ L(1—x)
—T(A+2-N)C—a—1)+pi

* <<1 —x)li&xg(l —%) ‘Pi)] '
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So, for the fixed ¢ > 0, there exists J; € (0,1) such that for x € (;,1) and i € {1,2}, we have

o (= DA x) (1—x)L'(1—x)
(e )

Axy ° L(1-x)

3 (x—1)A'(x) (1—x)L'(1—x) €
< (|% -+ ) <%
I3 p(x) €

PRS- ST 2

and

% (01— X)L - 0 (0:(0) + (2 - NG )|

< géz (1 —x)>""L(1 — x)g' (v;(x)) + (2 — A)Cg’ < 2

Indeed, the last inequality follows from (1.5) and the fact that from Lemmas 2.2 and 2.3,

QL) _ o ) This implies that for each x € (J;,1), we have

we have lim,_,q =)

Lavi(x) + p(x)g(v1(x))
> ¢(v1(x))(1—x)"L(1 — x) [—e+p1—n(A+(2-A)Ce—a—1)] =0

and

Lava(x) + p(x)g(v2(x))
<g((x)1—x)"L(1—x)[e+pp— 1 (A+(2—A)Cg—a—1)] =0.

Let u € C([0,1]) N C?((0,1)) be the unique solution of (1.1)~(1.2) (see [15, Theorem 5]). Then,
there exists M > 0 such that

01(0¢) — Mog(0e) < u(de) < v2(d¢) + Mog(9e). (3.4)
We claim that
v1(x) — Mop(x) < u(x) < wva(x) + Moo(x) for each x € (5, 1). (3.5)

Assume for instance that the left inequality of (3.5) is not true. Then, there exists xo € (¢, 1)
such that
v1(x0) — Moo (xo) — u(xo) > 0.

By (3.4), the continuity of the functions vy, vp and u on [f;, 1) and that lim,_,; v1(x) =
lim,_,1 vo(x) = lim,_,; u(x) = 0, we deduce that there exists x1 € (d, 1) such that

0 < v1(x1) — Mug(x1) —u(x1) = x?[?xl] (v1(x) — Mog(x) —u(x)).

This implies that v} (x1) — Mug(x1) —u'(x1) = 0 and

La(vy — Mog —u)(x1) = (v1 — Mg —u)"(x1) <0.
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On the other hand, using the fact that p is nonnegative and the monotonicity of g, we
obtain

La(o1 — Moo —u)(x1) = La(v1)(x1) + A?/le) — Lau(x)
> plon) [g(u()) — (01 (1)) +
> p(x1) [g(u(x1) + Mog(x1)) — g(v1(x1))] + A?ﬁl)

> 0.

This yields to a contradiction. In the same way, we prove the right inequality of (3.5).
Now, since 9 00 € NRVZ(;_»)(1_c,), there exists L € K such that ¢ (6(t)) = t2=MA=CIT(¢)
for t € (0,77). Moreover, since A + (2 —A)Cg —a — 1 > 0, it follows by Proposition 2.1 that

lim; ¢ Wg)m = 0. This implies that

lim = lim = lim =0

=0 (7 f SI=AL(s)ds) =0 Pe(Ti(t))  t=0 1Pg(Tl 0(t) o (6(1))

Hl-a ' Hl-u ( (t)) -«
t

uniformly in 7; € [$, %2] C (0, 0).
This together with (3.1) and Proposition 2.1 implies that

lim L = lim w =0
ol P (B(1— %)) xo1 P(m0(1—x))

So, we get by (3.5)

) u(x)
lim su < .
e P va(x) — =1 01(x)

Using this fact and assertions (iv), (i) and (vi) of Lemma 2.6, we deduce that

u(x) ulx)  wn(x)

0(1— _
lim inf > hmmf > liminf lpg(Tl ( x)) — .

I (01— ) T T 01 () (01— x)) T el (61— )

By letting ¢ to zero, we obtain that (;‘1 % < lim infy_ %

Similarly, we obtain that limsup, ., 11)(7 (:2

This proves in particular assertion (ii) of Theorem 1.3. Now, for A < 2 we have by
Lemma 2.2 R
(1—x)2"*L(1 —x)
0(1— ~ .
( .X‘) x—1 2—A

Hence it follows by assertions (iv), (i) and (vi) of Lemma 2.6 that for A < 2, we have

L wB0-x) L g6-%) (2= 101 - x))
NP (T— 22 L(1—x))  xo1e((2— A)O(1 —x)) g (1 — x)2 AL(1 — 1))
1
BRCEDVIEC:
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Proofof Theorem 1.6. We recall that g(t) =t 7" withy > 0and A = a+ 14 (« —1)7. In this case

CS - "/+
Put

1-x
k(t) = /;7 L(s) ds and v;(x) = <(1 —i—'y)Ti/ 57“(1+7)k(s)ds>
t 0
Then we have

Laoi(x) + p(x)g(oi(x)) )+ plg (o)
g(0i(x)) (1 — %) *FIIL(1 — x)

k(1—x)
X[Eu1—m

k(1—x)
R

1/(v+1)

= o () + 4

(w1 =27 DR = 2)g! (03(x)) + (1~ w))
(x — 1) A’

( A(x) “")

(=

(
_ x)’r—a(lﬂ)—lL(l —x)

—T+pit

p(x)
(1 —x)72(+1-1L(1 — x)

_ )“rfw(lﬂ)*lL(l —x)

A
s
p(x

Sy + a1 Pt <(1 — x)r—2(+1-1L(1 —

Tz+pz

)

g (2i(x)) + 71— )

x>"”f>]'

Since g(t) = t77, then, by integration by parts, we obtain
T(l—x x)g'(vi(x)) + (1 —a)
= — (1 = 2 (L — ) 03(x) 047 + (1 a)
1—x)7=oE M)+ (1 — x
N (P i T
(T47) [y s7*0+0k(s) ds

)'y—a(1+'y)+1k(1 N

)'yfoc(1+’y)+1k(1 B

x)’yfoc(l+’r)+1k(1 _ x)

—7and A+ (2—A)Cy —a —1 =0. Let L € K be the function given in hypothesis (Hs).

forie {1,2}.

_7>
¥+1

((1—a)(1+7)f1 ¥ 5104 k(s) ds — (1 —

= ’)/ P
(1+7) J, 1 sr—a(14+1)k(s) ds
— fol_x sTa(++1K (5) ds
_= ’)/ —
(1+7) Jy~*s1=2(+1k(s) ds

oy fol_XSV_“(lJFV)L(s)ds
S+l Jy sk (s) ds

)
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On the other hand, by Remark 2.4, we have k in K. This together with Lemma 2.2, implies
that

K= %) (1 = st (o, )
lim 3 (501 K1 =g (@) + (1= 0)) = g =
Now since ! B)(éli/( %) is bounded in a neighborhood of 1 and by Proposition 2.1, we have
% € K and lim,_,; % = 0, we deduce that
_ _ / _ +\1-¢ _ EPAYS 7}
lim k(1—x) /(1 —x)B'(x) ~ tim (1—x)""°k(1—x) ((1—x)"B'(x) _
-1 L(1—x) B(x) x—1 L(1—x) B(x)

Lete € (0,5) and put p = (v +1)(p1 —¢) and & = (7 +1)(p2 +¢).
So, for the fixed € > 0, there exists J; € (0,1) such that for x € (J, 1), we have

Laoi(x) + p(x)g(o1(x))
zgmw»u—xwwﬁﬂ*%a—xﬂ—e—s— 1 +m—]=o

and

Lava(x) + p(x)g(v2(x))

< g(02(x))(1 — x)7*0+D=1L(1 — ) [; ; . + 1

-0

This implies that v; and v, are respectively a subsolution and a supersolution of the equa-
tion —Lau+ p(x)u~7 =01in (5, 1).

Let u € C([0,1]) N C%((0,1) be the unique solution of (1.1)~(1.2) (see [15, Theorem 5]). As
in the proof of Theorem 1.3, we choose M > 0 such that

— Moy <u<vy+ Moy in (b, 1).

Moreover, thanks to assumption (Hg), we have lim;_,o k(#) = co. So, using Lemma 2.2, we
obtain for i € {1,2}
DAY B3 _ a\1-a
lim (1-x) = lim (1-x)

=0.
4 1
Ty fy etk ds) T T ()t (k1 - x) 7

(1-x)"~

This together with the fact that vo(x) ~ T(f) gives that
X

1 (1=
w(®) v
x—10v1(x) =1 0p(x)"

So we have limsup, Uz(( )) <1 < liminf,_y; (( )) This implies that

u(x) > 5,

1

() fysratenk(s)as) ™

Since 71 = (7 +1)(p1 — €), then by letting ¢ tends to zero, we get

lim inf
x—1

lim inf u(x) > (r+D)py)

() fy s k(s) ds ) T

_1
+1,
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Similarly, we obtain that
u(x)
(1) fy 7 sr k(s ds) ™

On the other hand, since

lim inf < (v +1)pa) 7.

1
x—1 o §

1-x 1 — x) (1 (-a) (1—x)3+0A=0) 1 L(¢)
7-a(1+7) o | o= [HD
(1+ 7)/0 s kis)ds ~ gy k(1 =) - =P,
we deduce that
(bl)i1 < lim 1lnf u(x) —— < limsup u(x) - < (bz)ﬁ,
x— (fl ) t ) 7+ x—1 (1 B x)l—”‘ < 117_x %t)dt) 7+
where b; = (7+ ) L and b, (7;136’7 =
In partlcular if p1 = p2 = po, then
1
. u(x) (y+1)po\ ™
alclzﬂ A < 1 —ocp
(fl x dt)
This completes the proof. O
4 Application
We consider the following singular problem
—x(A) + & (W) = plx)g(u), x € (0,1),
u>0, in (0,1), (4.1)
lim, o+ (Au')(x) = u(l) =0,
where f < 1and lim,_,; % = powith A < 2and L € K such that fon s!=*L(s) ds < oo.

We assume (H;) and that g satisfies the following hypotheses.

(A,) The function t — ¢ Pg(t) is nonincreasing, continuously differentiable form (0, ) into
(0,00).

: t .
(A,) lim;_,0 g'(¢) fo ﬁ ds = —Cq with max(0, %) <C <L

() 1—a— (2—A)(1—B)(1—Cy) >0.

Note that for ¥ > 0 and —y < B < 1, the function g(f) = t~"Ly(t), where Ly € K, satisfies
assumptions (Al) and (Ay).

Putu = 01 . Then v satisfies

—L(AY) = (1- B)p(x)g(0™F)o™F, x € (0,1),
v >0, in(0,1), (4.2)

lim, o+ (A0’ )(x) =0, (1) =0,
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—p
The function f(t) = (1 —B) g(tﬁ)tﬁ is nonincreasing on (0,c0) and a simple computa-

tion shows that ¢, = (l[Jf)ﬁ and

t—0

lim (¢ /A—f% —B)(1-Cy)—1=:—C; with0<Cy<1.

Applying Corollary 1.4 to problem (4.2), we deduce that there exists a unique solution v
to (4.2) such that

(a) if Cf =1, then

- o(x) . )
(i) limy_yq (e x)2f/\L( )= 1if A < 2;

.. . U(x) o . .
(ll) llmx‘)’l m =1ifA = 2,

(b) if Cf < 1, then

1—
- p
(i) limy P22 TA-x)) ((z_A)(AJr(z—OA)Cf—a—l))

()T if A =2.

C
T <2

This implies that

(a) If Cg =1, then

u(x) 1 )
(i) limy_yq G ) = 1if A < 2;
(ii) limy_yq <1(X) =1lifA=2.

0 )

(b) If Cy < 1, then

N () _ p =G .
(i) Timy Pe((I—x)2 " L(A—x)) ((24)(17%(27&)(175)(17@))) ifA <2

(1) limy_yq M = (1;%)1—% ifA=2

0
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