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Abstract. We estimate the distance between adjacent zeros of all solutions of the first
order differential equation

¥ (1) + /h;) x(s)dsR(t,s) = 0.

This form makes it possible to study equations with both discrete and continuous dis-
tributions of the delays. The obtained results are new and improve several known
estimations. Some illustrative examples are given to show the advantages of our results
over the known ones.
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1 Introduction

In this work, we focus on an important topic of oscillation theory, namely the estimation of
the distance between adjacent zeros of all solutions of a first order differential equation of the

form
t

x'(t) + " x(s)dsR(t,s) =0, t > to, (1.1)
where h(t) is an increasing continuous function on [tg, o0) such that i(t) < t, lim; ;e h(t) = oo,
and the function R(t,s) is continuous with respect to t and nondecreasing with respect to
s € [h(t), t] for all £ > t.
By a solution of Eq. (1.1), we mean a continuous function x(t) on [h(t), oo) that satisfies
(1.1) for all t > tg. A solution is called oscillatory if it has arbitrarily large zeros; otherwise it
is called nonoscillatory. Equation (1.1) is called oscillatory if all its solutions are oscillatory.
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Equation (1.1) can be reduced to many forms. For example, it becomes

FX O]+ [ pls)e)is=0, 121, 12
k=1 h(t)
when . .
R(,3) = Y [P(Oxonm e )] + [ ot 0z,
k=1 0

where the kernel ¢(t,s) is a nonnegative continuous function on [fy, o) x [h(tg), 00), pi(t) €
C ([to, ©0), [0, )), k=1,2,...,mand {h(t)}}", is a family of continuous functions on [t, c0)
such that iy = hand h(t) < h(t) < tfort >ty k=2,3,...,m

The oscillatory properties of several particular cases of Eq. (1.1) have attracted a great
deal of attention during the last decades, see [1,9-11]. Most efforts were directed to study
the existence or nonexistence of arbitrarily large zeros. However, only a few authors were
interested in investigating the location of zeros of Eq. (1.1) or any of its prototypes. For
example, [2—4,8,16,18,21] obtained many interesting results for the equation

() +pt)x(t—1) =0, T>0,t>t, (1.3)

where p(t) € C([tg, ), [0, 00)).
In [17,19,20], the authors estimated the distance between adjacent zeros of all solutions of
the variable delay equation

x'(t) + p(t)x(h(t)) =0, t > to. (1.4)

The distribution of zeros of equations with distributed delays appeared in McCalla [13]
for the first order initial value problem

N c
=Y A x(t+9k)+/ A(6) x(t—0)d, t>0,
k=0 0

x(t) = ¢(t), —c <t <0,

where Ay, 6 are constants, ¢ >0, —c =0y < -+ <01 <6y =0,¢ € L"(—¢,0) forr > 1, and
A € L1(—c,0) where g = 5.
Barr [2] obtamed the lowest upper bound estimate for Eq. (1.3) which equals 37 when
ft . p(s)ds > 1 for all t > to+ 7. This estimate was further improved by [8, Corol-
lary 3.2]. Also, estimates less than 37 can be derived from [13,18] but with different restrictions
on the coefficient p(t).

In this work, by improving and extending certain techniques from [2,8,20] to Eq. (1.1), we
obtain new results which improve the 37-estimate when P (t) > 1 forall t > ty + 7. Also, we
relax the restriction liminf; e |, ht ) p(s)ds > 1 which is commonly used in the literature, see
[15-21]. Moreover, some examples are given to illustrate the importance of our results.

2 Main results

In the sequel, we assume the existence of an increasing function g(t) such that h(t) <
for all t+ > t; and some t; > t5. Also, we define a function n € C([t1, o), [0, c0
sequence of functions {«, }, respectively, by 1(t) = R(t,g(t)) — R(t, h(t)) and

g(t) <
)

) anda

ap(t) =t and a,(t) =g "(t), foralln=1,2,....
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Lemma 2.1. Assume that Ty > t1. If x(t) is a positive solution of Eq. (1.1) on [Ty, T2], then
X () +y(t)x(g(t) <0, forallt € [h*(Th), To], Ta > h*(Th). 2.1)

Proof. Since x(t) > 0 on [Ty, T], then Eq. (1.1) implies that x'(¢) < 0 for all t € [h~(Ty), T2).
Thus

t (t)
Jy ¥R ) 2 [ ()R ) 2 p(E)x(g(0),

for all t € [h=2(Ty), T»]. Combining this inequality with Eq. (1.1), we obtain (2.1). O

For convenience, we define a sequence {g, () },>0 as follows:

qo(t) = n(t), t>t,

G () = g1 (£)eso 1) S @r1(9)ds,  t>an(t), n=1,2....

(2.2)

Lemma 2.2. Let x(t) be a positive solution of Eq. (1.1) on [Ty, To] where Ty > t1, T > a1 (h2(Ty))
and n € N. Then

/g ;) qu(s)ds <1, forall t € [wpsr (h2(T1)), Tal. 2.3)
Proof. Since x(t) > 0 on [T}, Ty], then Lemma 2.1 yields
X(t)+q0(t)x(g(t) <0,  te[h*(Ty), Tal. (2.4)
From Eq. (1.1), we have x/(t) < 0 on [h=1(Ty), Ta). So x(g(t)) > x(t) on [h~2(T}), T»] and
X' (1) +qo(t)x(t) <0,  te[h?(Ty), To]. (2.5)

Integrating (2.4) from g(t) to ¢,

t

x(t) — x(g(t)) + /g(t) 90(s)x(g(s))ds <0, t € [aa(h™*(Th)), Tol.

Multiplying both sides of this inequality by go(t) and using (2.4), we obtain
t
Y(0) + 9000 + o) [ wx(s()ds <0, re @A), L @6
8

ot
The substitution y; (t) = ejfl qo(s)dsx(t), t > t1, yields, y1(t) > 0 on [T3, T»] and reduces (2.6) to
the form

t

O +eh P [ go(s)x(g)ds <0t fma(h(T), T

which, due to the nonincreasing nature of x(t) on [h~1(Ty), T], implies that
t t
R+ R0y (g0)o(0) [ mleds <0, te ln(rA(Ty), T
8
That is,
)+ tn(g() <0, t€ [ (h(Th)), Tal. (2.7)

Since y(t) = ef’tl To(s)ds [x'(t) + qo(t)x(t)] < 0 on [h~2(Ty)), To] by (2.5), then y;(t) is nonin-
creasing on [h7%(Ty)), T»).



4 H. A. El-Morshedy and E. R. Attia

t
Now, consider that y, () = el 100 "% 5 () ¢ > a, (1) for n € {2,3,...} where
y1(t) is defined as before. Then a simple induction leads to

Yu(t) + 0u(Byn(8(1)) <0, t € [an(h7*(T1)), T2,

where v/, (t) < 0and y,(t) > 0, for all t € [a,_1(h~2(Ty)), T2]. Integrating this inequality from
g(t) tot,

t

yn(t) —yn(g(t)) + /g(t) Gn(s)yn(g(s))ds <0,  t€ [ap(h?(Th)), To],

which implies that

i)+ | [ 4 =1 5u(g) <0 € fapia(2(T1), T
This proves the validity of (2.3). O
Next, we make use of a sequence {b,(t) },>0 defined as follows:
bo(t) =n(t),  t=h,
ba() = b (1) [ t

g(t)

" 2.8
bn,1(s)ejg<s) b”’l(”)d”ds, t>agn(t), n=1,2,.... 28)

Lemma 2.3. If x(t) is a positive solution of Eq. (1.1) on [Ty, Tp] where Ty > t1, Ty > aoy11(h2(Th))
and n € N, then

t fg(t) g1 (u)du ) .
/( ba(s)el MONas <1, forallt € fas(k (), T ifn=1,
g(t

2.9)
t
/( : bu(s)ds <1, forallt € [woyy1(h2(Ty)), To] ifn>1,
g(t
where g1 (t) is defined by (2.2).
Proof. Since x(t) > 0 on [Ty, T], Lemma 2.1 implies
Xt +bo(t)x(g(t) <0,  te[h(Ty), Tl. (2.10)

It is convenient (due to (2.9)) to complete the proof for the cases n = 1 and n > 1 separately.
First, when n = 1, we have x'(t) < 0 for all t € [k~ }(Ty), Tz]. Therefore, (2.10) yields

X'(t) +bo(t)x(t) <0,  te[h?(Ty), Ta].

So, using similar reasoning as in the proof of Lemma 2.2, it is easy to obtain

t

40 +hol®) [

>%@m@@w&ﬂmmwsa te [a(h2(Th)), Tol,
gt

t
where z;(t) = el Pole)ds
the inequalities

(t), t > t;. Since z;(t) is nonincreasing on [h~2(Ty), T2}, we obtain

2 () +bhi(Hzi(g(H) <0, te[m(h *(T)), T, (2.11)

and
2y (t) +bi()z1(t) <0, te [a(h*(Th)), Tol. (2.12)
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Inequality (2.11) leads to

z1(t) —z1(g(t)) + /th) by(s)z1(g(s))ds <0, t € [az(h2(TY)), To]. (2.13)

Note that z1(t) is the same as y; () of the proof of Lemma 2.2. Therefore, z; is a solution of
(2.7) and hence,

z) (1) z1(g(u)) _
1(u) > g1 (u) 121(14) . ue (b 3(T)), T (2.14)
t

for t € [a3(h=2(Ty)), T»] and integrate (2.14) from g(s) to g(t), we

-
Assume that g(t) < s <
obtain

g(t) z1(8(w))
21(3(s)) > z(g())ee 50 MM e 0y (12(Ty)), Ta).

Since z; (t) is nonincreasing on [h~2(Ty), T,], the above inequality yields

21(8(5)) > 21 (g(H)ee "Mt ¢ [ay(h2(Ty)), Ty] and s € [g(8), £].

Substituting into (2.13) and rearranging,
t f&’(’) ¢ (u)du L
2 (t) + /( Du(s)e s 1] 21 (g(0) <0, e as(h(T)), Tl
gt

Thus (2.9) holds when 1 = 1 due to the positivity of z1(t) and z1(g(t)) on [a3(h~2(T1)), T2].
For the case when n > 1, multiplying (2.13) by b; (t) and using (2.11), we obtain

t

40 +h() [

>h@n@@k%ﬁwwmga te las(h2(Th)), Tal,
gt

where z5(t) = ef;z<t1>b1(s)dsz1(t), t > ap(t;). But (2.12) leads to z5(t) < 0 on [ax(h™%(Th)), Ta).
Hence,
(1) +ba(H)z(g(t) <0, t€ [ay(h*(Th)), Ta.

So, using induction, we can show
2,(£) +bu(8)2a(g(1)) <0, t€ aau(h2(Th)), T, (2.15)
where z, (£) = elor2m %2 (1) > w5, 5(1) and 2,(F) < 0, on (w22 (H2(T1)), o).

Now, integrating (2.15) from g(t) to t and using the nonincreasing nature of z,(t) on
[22,-2(h~2(T1)), T2], it follows that

zn(t) + |:/th) by (s)ds — 1} zn(g(t)) <0, t € [apn(h2(Th)), To).

This completes the proof since z,(t) and z,(g(t)) are positive on [a,1(h~%(T1)), T2]- O

Following [15,19], we define a sequence {v,(p)}, for 0 < p < 1, as follows:

_ _ 1 _ vn-2(p) _
we) =1 wle) =g wlo)= 2 i1 ey M= 216)

The following result is an extension of [19, Lemma 2.1] to Eq. (1.1).
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Lemma 2.4. Assume that

t
/(t) n(s)ds > p, forallt> ai(ty), (2.17)
8

where 0 < p < 1. If x(t) is a positive solution of Eq. (1.1) on [Ty, To] where Ty > t;, Ty >
wy(h=2(T1)), and n is a nonnegative integer, then there exists a sequence {v,(p)} defined by (2.16)
such that

*(8()) > v,(p) >0, forallte [n,(h"2(Th)), Ta). (2.18)

Proof. Since x(t) is a positive solution of Eq. (1.1) on [Ty, T»], x'(t) < 0 for all t € [h~1(T}), T2]
which means that

>1=w(p), tem(h(Th)), T C [h3(Th), Tal. (2.19)

Also, Lemma 2.1 leads to
X (1) +n(t)x(gt) <0, te[h 3 (T), Tl (2.20)

Integrating (2.20) from g(t) to ¢,

) = x(s(0)+ [ pOx(EE)As <0, re fa2(r), T (221)

The nondecreasing nature of x(t) on [k~1(Ty), T»] implies that

x(g(t)) = x(t) + /gzt) 1(s)x(g(s))ds > x(t) + px(g(t)),  t€ [ (h™*(T)), Tal.

Therefore

X(xg(<tt))) 27 1p =01(p) >0, tea(h?(Th)), To.

On the other hand, dividing (2.20) by x(t) and integrating from g(s) to g(t) where g(t) <s <,

we find
5 () 5O x(g(w)
/g<s> x(u) dug_/g(s) 100wy
hence
x(gls) o SO x(g(u)) e
M) = o 1 e 1T T
That is,

x(8(s)) o eole) [31) n(updu (2.22)
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where g(t) <s <tandt € [ax(h2(Ty)), T]. Combining (2.22) with (2.21),

K(3(0) = x(0) 2 x(3(0)) [ no) 1 s

g(t)

' ®
> x(g(t))/ n(s)evo(p)fgis) n(u)du g
8(t)
t

= x(g(t))/ 7(s)e™ (S nCwdu—Jy n(wydu) 4

vo(p)
x(g(t)) (er® —1)
vo(p) '
for all t € [aa(h~2(Ty)), T2]. Thus
W) w50, te [mtd(T)), Tl

x(t)

Repeating this argument n times, we obtain

UO(P) +1 — ePvolp)

X(g(t)) > Un(p) > 0, t e [an(hiz(Tl))/ TZ]

The proof is complete. O

In the sequel, we employ a sequence {c,(s)},>1 defined as follows:

c1(s) = 7(s),

cn(s) = c1(8"71(s))vn_2(s) /g(t) cp—1(u)du, t>ay(t1), n=2,3...,

where ¢(t) < s <t for t > t;, ¢' stands for the ith composition of ¢ and 7, (s) = [T\, ¢'(¢'(s))
forn=0,1,....

Lemma 2.5. If x(t) is a positive solution of Eq. (1.1) on [Ty, Ta], where Ty > t1, Ty > ay(h=2(Ty))
and n € N, then there exists a sequence {v,(p)} defined by (2.16) such that

n

Zﬁvn_(i_l)(p) /20 c;(s)ds <1, forall t€ [a,(h2(Th)), Tal, (2.23)
8

r=1i=2

where [T\, Uy—(i—1)(p) = 1, p is defined by (2.17) and g(t) is continuously differentiable on [t;, co)
when n > 1.

Proof. As in the proof of Lemma 2.3, we distinguish between two cases: n =1 and n > 1.
First, we assume that n = 1. A direct application of Lemma 2.1 yields

X () +a()x(gt) <0,  te[h (T, T (2.24)
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Integrating the above inequality from g(t) to t, we get
) + / Nds <0,  te[m(h3(Th)), T, (2.25)
which gives

x(t) + [/g;) c1(s)ds — l} x(g(t)) <0, t € [ag(h2(TY)), To].

Due to the positivity of x(t) and x(g(t)) on [a1(h~2(Ty)), T2], we obtain f 1(s)ds < 1.
Hence, the proof of this case is complete.
Now, assume that n > 1. Using integration by parts and (2.24), we have

/g;) c1(s)x(g(s))ds = /gt(t) x(g(s))d (/git) Cl(u)du>
S </g<t) Cl(s)ds) *(8(£)) +/g(t)x(gZ(S))Cl(g(S))g’(s) /g(t) c1(u)du ds
= ([ as) disn s [ cox@enis e mirm), T

Again, applying integration by parts to the integral |, ;(t) c2(s)x(g%(s))ds, making use of (2.24)
and substituting into the above inequality, we arrive at the inequality

a)re)ds > ([ ae)ds) xge) + ([ eas)ds ) x(gin)
8(t) g(t) g(8)

S

+/tﬂf@mﬂ§SMﬂﬂ®M%[/cde%

g(t)

< ci(s ds) x(g < )cz(s)ds) x(g%(t))
(t
/ '
for all t € [a3(h~2(Ty)), T2]. Repeating this process, it follows that

aerge)ds > ([ es)s) xge) + ([ eas)ds) 1)
g(t) g(t) g(t)

([ s ) @O+ o+ [ enlo)xl ()

(2.26)

for all t € [a,(h~2(Ty)), T»). From Eq. (1.1), we infer that x/(t)
Assume that s € [g(t),t] for all t € [a,(h™%(Ty)), T»], then
[h~}(Ty), Tp] and hence x(g"(s)) > x(g"(t)). Thus

t

[ enls)x("(s)ds > x("(1) [ eals)ds, € [an(h(T1)), Tol
8(t) g(t)

Combining this inequality with (2.26), it follows that

<Oforallt e [h YTy), Ta).
8"(s) €

[g(h2(Th)), To] <

tcsxssn tcssxr a,(h™2 . .
[, @iz ([ a@as) w0),  remt )L @)
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It is clear, for t € [a,(h~2(Ty)), T»], that x(t) > 0 and
§Ht) € [anir1(h3(Th)), T}, i=23,...,n
Therefore, (2.18) implies that

Consequently, (2.27) leads to,

[, x> 3 ( lezvnm)(m) [, e )x(s(e),
forall t € [, (h™%(T1)), T2]. So (2.25) yields

Zn: lLI Up—(i—1) (o) /

r=1i=2 g(t)

x(t) + t

c,(s)ds — 1] x(g(t)) <0,

for all t € [a,(h~2(Ty)), T2]. This inequality leads to (2.23) due to the positivity of x(t) on
[Th, Tl O

Now, we come into our main results. They are the contrapositive of the previous lemmas
and hence will be given without proofs. Next, D, stands for the upper bound between adjacent
zeros of all solutions of Eq. (1.1) on [4, c0).

Theorem 2.6. If there exists n € N such that
t
/( : gu(s)ds > 1, forallt >, 1(h2(t)), (2.28)
g(t
then Eq. (1.1) is oscillatory and Dy, < sup{a,1(h72(t)) —t: t > t}.
Theorem 2.7. If there exists n € N such that

* S8 a1 0y o ‘
/ by(s)e’s® ds>1, forallt>az(h™“(t1)), ifn=1,
st t (2.29)
/( : bu(s)ds > 1, forallt > ao, i 1(h2(t1)), ifn>1,
g(t

where q1(t) is defined by (2.2), then Eq. (1.1) is oscillatory and Dy, <sup{ag, 1(h=2(t)) —t: t > t1}.

Remark 2.8. There are major differences between Theorems 2.6 and 2.7. Indeed, (2.29) is
stronger than (2.28), while Theorem 2.6 provides smaller estimates than Theorem 2.7.

Theorem 2.9. If there exists n € N such that vi(p) > 0 foralli=1,2,...,n —1and

t

i ﬁvn(il)(p)/ c(s)ds > 1, forallt > a,(h (1)), (2.30)
r=1

i=2 g(t)

where [T}, Uy—(i—1)(p) = 1, p is defined by (2.17) and g(t) is continuously differentiable on [t1, co)
when n > 1, then Eq.(1.1) is oscillatory and Dy, < sup{a,(h=2(t)) —t: t >t }.
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Generally, v,(p) could be negative or undefined for some values of p and n. For example
v2(p) < 0 for p > In2, while it is undefined at p = In 2. For such values of p and #n, Lemma 2.4
implies that x(t) cannot be positive on [Ty, T»], Ty > t1, To > a,(h=2(Ty)). So, taking the
linearity of Eq. (1.1) into consideration, we conclude that x(t) has at least one zero on [Ty, Tx].
This leads to the following result.

Theorem 2.10. If there exists n € N such that

n= mm{z vi(p) < 0o0r vi(p) is undefined},

i>1
where p is defined by (2.17), then Eq. (1.1) is oscillatory and Dy, < sup{a,(h™2(t)) —t: t > t1}.

Example 2.11. Consider the first order integro-differential equation

x'(t) + t x(s)d(k*s) =0, t>0,

t—T

where 1.532 < kt < %. This equation has the form of Eq. (1.1) with R(t,s) = k*s and
h(t)=t—1. Let g(t) =t — 07,6 = 0.48. Then 7(t) = R(t,g(t)) — R(t, h(t)) = k*>t(1 — J) and

t
/ S 1(s)ds = K*125(1 — 8) = p.
t—0T

Calculating (2.30) when n = 2, it follows that

2

2 r t
YT Torn(e) [ erlshds =p+5s > 1

r—1i=2 —oT —p)

Therefore, Theorem 2.9 implies that Dy < 27 + 201 = 2.967. It is worth noting that all results
in [2,4,8,15-21] cannot be applied in this case. The only known result for us that can be used
to estimate Dy is [13, Theorem 1] which gives the estimation Dy < 37.

Notice that, the form of Eq. (1.1) produces Eq. (1.4) when R(f, 5) = p(t)X(n(1),00)(8)- In
this case, if we assume that 1 = g then #(¢) = 0 and hence our preceding results fail to apply.
Fortunately, the techniques used to prove all above results can be applied verbatim to Eq. (1.2).
The following result corresponds to Lemma 2.1.

Lemma 2.12. Assume that Ty > t; and h(t) < g(t), t > t1, k = 2,3,...,m. If Eq. (1.2) has a
positive solution x(t) on [Ty, To], To > h=2(Ty), then x(t) is also a solution of the inequality

X' (1) 4+ Q(t)x(g(t)) <0, forallt € [h*(Ty), Tn],

where Q(t) = Ly [pi(8)] + [},

Now using Lemma 2.12 instead of Lemma 2.1 in the proofs of Theorems 2.6, 2.7 and 2.9,
we obtain the next theorems for Eq. (1.2).

Theorem 2.13. Assume that hi(t) < g(t), t > #, k = 2,3,...,m. If there exists n € N such
that condition (2.28) is satisfied, with qo(t) = Y1' 1 [pe(t)] + fh @(t,s)ds, t > ty, then Eq. (1.2) is
oscillatory and Dy, < sup{a,1(h™2(t)) —t: t >t }.

Corollary 2.14. If there exists n € N such that condition (2.28) is satisfied, with qo(t) = p(t), for
t > ty, then Eq. (1.4) is oscillatory and Dy, < sup{a, 1(h=2(t)) —t: t > t1}.
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Corollary 2.15. Assume, in (2.2), that qo(t) = p(t) and g(t) =t — 6T on [t1, 00), for some § € (0,1].
If there exists n € N such that

t .5 S
/ qn_l(s)ejsf&- qnfl(“)du/ qn_l(u)du ds > 1,
t—ot 5—0T

forallt >t + ((n+1)é + 2)71, then Eq. (1.3) is oscillatory and Dy, < ((n+1)6 +2)7.

Remark 2.16. It can be seen that Corollary 2.15 gives an estimate less than 37, when n =1
and 6 < % We refer that all estimates in [2,16,20,21] are integer multiples of T greater than or
equal 3.

Theorem 2.17. Assume that hi(t) < g(t), t > #, k =2, 3 ,m. If there exists n € N such that
condition (2.29) is satisfied with bo(t) = Y 3.4 [pk(t)] + fh @(t,s)ds, t > ty and q is defined by
(2.2) with qo = by, then Eq. (1.2) is oscillatory and Dt1 < sup{oc2n+1( 2(H)) —t: t >t}

Corollary 2.18. If there exists n € N such that condition (2.29) is satisfied, with by(t) = p( )t
and qy is defined by (2.2) with qo = by, then Eq. (1.4) is oscillatory and Dy, < sup{az,1(h~2(t))
t >t}

>t
—t:

The following corollary improves [8, Theorem 2.3].

Corollary 2.19. Assume that by(t) = qo(t) = p(t), g(t) = t — 6T on [t1, o), for some 6 € (0,1]
and qy is defined by (2.2). If there exists n € N such that

t s
/ by (s)ejstf;r nwdugs > 1 forallt >t 4+ (24 30)t, ifn=1,
t—01
t
/ by(s)ds > 1, forallt>t;+ (24 2n+1)0)T, ifn>1,
t—o0T

then Eq. (1.3) is oscillatory and Dy, < ((2n+1)6 +2)T.
Corollary 2.20. Assume that p(t) > p, t > t1. If there exists § € (0, 1] such that pté = p and

;(eﬁ S (P 1) > 1,

then Eq. (1.3) is oscillatory and Dy, < (36 +2)T.

Proof. Since

t ot t s
/ bl (S)efst—;'r ql(”)d”ds 2 / epﬂeﬁ(tfs)p/ N pe(S*M+(5T)Pdu ds
t—oT t—ot1 s—0T
% _ By [ ppbePlt-s)
= (e —e)/ti&e p ds
- L (e —eP) (eﬁz‘fﬁ —1)

pef

. [13(6/5 D 1) > 1

Then Corollary 2.19 implies that Dy, < (30 +2)7. O

The proof of the following corollary is the same as [8, Corollary 2.4].
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Corollary 2.21. Assume that fttfﬁ”[ be(s)ds > A >0,t >t + (2+ (2k+1)d) 7, where 6 € (0,1], k
is a nonnegative integer and by (t) is defined by (2.8) with by(t) = p(t) and g(t) =t — 6T on [t1, o).
Assume, further, that the sequence {\, },>0 is defined by

Ap = Ap_q (@M1 —eM1), n > 1, and Ag = A. (2.31)

If there exists a positive integer ng such that A,, > 1, then Eq. (1.3) oscillates and

Dy, < ((2(no+k) +1)0+2)7.

Corollary 2.21 is reduced to [8, Corollary 2.4], when k = 0 and § = 1. It is shown, in
1+f

[8], that the recurrence relation defined by (2.31) diverges to infinity when A > In and

converges to zero when A < In ”Tf Therefore, in the latter case, [8, Corollary 2.4] Cannot be
applied. The following example shows that the conditions of Corollary 2.21 can be satisfied,
even if A is so small that many other approaches fail to apply.

Example 2.22. Consider the first order delay differential equation

x' () + (1 +beos(t) — ;sin(t)) x(t — g) =0, t>0,

which has the form (1.3) with p(t) = 1+ bcos(t) — 4 sin(t) and T = Z such that b = 0.735.
Thus , ,
/ pls)ds = 7+ b(cos(t) + sin(t)) + 5(cos(t) — sin(t)).
=3
Then,

t 42 41 1
min/ p(s)ds = 2 — 221 03136 < -
>7 Ji—z 2 82 +2 e

This means that [8, Corollary 2.4], [15, Theorem 2], [17, Theorem 2.1], [19, Theorem 2.1],
[20, Theorems 1-2] and all results in [16,18,21] fail to apply. However,

t t s s
[ mas= [ ps) [ plupe " auas
t—% t—7 s—7

2 2

t S S
> e/ p(s) / p(u)/ p(v)dv du ds > 0.23e ~ 0.62521.
t—7 s—Z u—7

2 2
Thus Ap ~ 0.62521, and (2.31) implies that A; ~ 1.0148. Now, applying Corollary 2.21 with
6 =k =ng =1, it follows that Dy < 77.

Theorem 2.23. Assume that hy(t) < g(t) <t t > t1,k =2,3,...,m. If there exists n € N such that
vi(p) >0 foralli=1,2,..,n—1and

nor ¢
Envn_(i_l)(p)/ cr(s)ds > 1, forallt > a,(h™%(t)),
r=1i=2 8(t)

where c1(t) = YL [pe(t)] + fh @(t,s)ds, t > ty, g(t) is continuously differentiable on [t;, o)
when n > 1, [T, vn_(l_l)(p) =1 and o is defined by (2.17) with y(t) is replaced by c1(t), then
Egq. (1.2) is oscillatory and Dy, < sup{a,(h=2(t)) —t: t > t1}.

The following two particular cases of Theorem 2.23 improve [8, Theorem 2.5] and
[20, Theorem 1], respectively.
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Corollary 2.24. Assume that ¢1(t) = p(t) and g(t) =t — 71, 6 € (0, 1], t > t1. If there exists
n € N such that vi(p) >0 foralli=1,2,...,n—1and

-

Y TTon—-1)(p) / cr(s)ds > 1, forallt >t + (né+2)7,
r=1i=2 t=ot

where TTi_p v, (i—1)(p) = 1 and p satisfies (2.17) with 3(t) is replaced by c1(t), then Eq. (1.3) is
oscillatory and Dy, < (né + 2)T.

Corollary 2.25. If there exists n € N such that vi(p) > 0 foralli=1,2,...,n —1and

n r

t
VI Town(e) [ erls)ds =1, forallt > a(h2(n))
2 8t

r=1i=

where c1(t) = p(t), t > t, g(t) is continuously differentiable function on [t;, co) when n > 1,
T2 vn—(i-1)(p) = 1 and p is defined by (2.17) with y(t) is replaced by c1(t), then Eq. (1.4) is
oscillatory and Dy, < sup{a,(h=2(t)) —t: t > t1 }.

Remark 2.26.

1- There are many alternatives to the sequence {v,(p)},>0 (see [7,8]). We employed

{vn(p) }n>0 since it gives a good lower bound of the quotient x(:((:))). Theorems 2.9 and

2.23 can be improved if one uses a better sequence than {v,(p)},>0. A possible choice
of such sequence can be found in [12,14].

2- Also, it is very interesting if one could adapt the approaches of [5,6,13] to study the
distribution of zeros of all solutions of Eq. (1.1), particularly if R(t,s) is not increasing
ins.
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