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Abstract. In this present paper, we introduce a new measure of noncompactness on
the space consisting of all real functions which are n times bounded and continuously
differentiable on Ry. As an application, we investigate the problem of the existence of
solutions for some classes of the functional integral-differential equations which enables
us to study the existence of solutions of nonlinear integro-differential equations. In our
considerations we apply the technique of measures of noncompactness in conjunction
with Darbo’s fixed point theorem. Finally, we give some illustrative examples to verify
the effectiveness and applicability of our results.
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1 Introduction

Integro-differential equation (IDE) have a great deal of application in different branches of
sciences and engineering. It arises naturally in a variety of models from biological science,
applied mathematics, physics, and other disciplines, such as the theory of elasticity, biome-
chanics, electromagnetic, electrodynamics, fluid dynamics, heat and mass transfer, oscillating
magnetic field, etc, see [14,18,21,23].

Many papers have been devoted to the study of (IDE) and its versions by using different
techniques, for example, some of the existing numerical methods can be found in [6,7,12,13,
19,22,27,30-32] and the references therein. The tools utilized in these papers are: the tau
method, direct methods, collocation methods, Runge-Kutta methods, wavelet methods and
spline approximation.

On the other hand, measures of noncompactness are very useful tools in the theory of
operator equations in Banach spaces. They are frequently used in the theory of functional
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equations, including ordinary differential equations, equations with partial derivatives, in-
tegral and integro-differential equations, optimal control theory, etc. In particular, the fixed
point theorems derived from them have many applications. There exists an enormous amount
of considerable literature devoted to this subject (see for example [1,8-11,15,16,20,21,28,29]).
The first measure of noncompactness was introduced by Kuratowski [24] in the following way.

n
a(S) := inf{<5 >0 ‘ S = U S; for some S; with diam(S;) <dfor1 <i<n < oo}.
i=1
Here diam(T) denotes the diameter of a set T C X, namely diam(T) := sup{d(x,y) |x,y € T}.
Another important measure is the so-called Hausdorff (or ball) measure of noncompactness
is defined as follows
x(X) = inf{e : X has a finite e-net in E}. (1.1)

These measures share several useful properties [5,9]. These measures seem to be nice, but
they are rather rarely applied in practice. Hence, in order to resolve this problem, Bana$ pre-
sented some measures of noncompactness being the most frequently utilized in applications
(see [10,11]).

The principal application of measures of noncompactness in the fixed point theory is con-
tained in Darbo’s fixed point theorem [9]. The technique of measures of noncompactness in
conjunction with it turned into a tool to investigate the existence and behavior of solutions
of many classes of integral equations such as Volterra, Fredholm and Urysohn type integral
equations (see [2—4,9,11,16,17,25]).

Now, in this paper, as a more effective approach, similar to the measures of noncompact-
ness considered in [10,11], in the first place we introduce a new measure of noncompactness
on the space consisting of all real functions which are n times bounded and continuously
differentiable on IR ;. Then we study the problem of existence of solutions of the functional
integral-differential equation

x(t) = p(t) +q(t)x(t) + /Otg(tfsfx(f?(s)),x’(‘?(s))f-~~,x(”)(§(5)),TX(S))dS (1.2)

on this space.
As a special case of (1.2) we can refer to the integro-differential equation

() = fi (t,x@(t)),x'(a(t)),-..,x<"1><a:<t>),

N (1.3)
/0 k(t,s)fz(s,x(s),x’(s),...,x("_l)(s)ds>,
x(0) = xg, ¥'(0) = x1,..., x"D(0) = x,_1,
and the integro-differential equation
" (t) = f <fIX(C(f)), 2 (&), x"IE),
(1.4)

/Ot k(t,s)fa(s, x(s), x'(s),...,x""D(s) ds>,

x(0) = xg, ' (0) = x1,..., x"V(0) = x,_1,

which will be investigated in this paper. In our considerations, we apply Darbo’s fixed point
theorem associated with this new measure of noncompactness. Finally, some examples are
presented to verify the effectiveness and applicability of our results.
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2 Preliminaries

In this section, we recall some basic facts concerning measures of noncompactness, which
are defined axiomatically in terms of some natural conditions. Denote by R the set of real
numbers and put R = [0, + o). Let (E,| - ||) be a real Banach space with zero element 0.
Let B(x,r) denote the closed ball centered at x with radius r. The symbol B, stands for the
ball B(0,7). For X, a nonempty subset of E, we denote by X and Conv X the closure and the
closed convex hull of X, respectively. Moreover, let us denote by g the family of nonempty
bounded subsets of E and by M its subfamily consisting of all relatively compact subsets of E.

Definition 2.1 ([9]). A mapping u: Mg — Ry is said to be a measure of noncompactness in
E if it satisfies the following conditions:

1° the family ker y = {X € Mg : u(X) = 0} is nonempty and ker pt C INg;
2° X CY = u(X) <u(Y);

3° p(X) = pu(X);

4° u(Conv X) = u(X);

5° u(AX +(1—=2A)Y) < Au(X) + (1 —A)u(Y) for A € [0,1];

6° if {X,} is a sequence of closed sets from 9 such that X,,11 C X,, forn =1,2,..., and if
limy, 0 (X)) = 0, then Xoo = N1 X, # .

In what follows, we recall the well known fixed point theorem of Darbo type [9].

Theorem 2.2. Let ) be a nonempty, bounded, closed and convex subset of a space E and let
F: QO — Q) be a continuous mapping such that there exists a constant k € [0,1) with the property

H(FX) < ku(X) 1)
for any nonempty subset X of (). Then F has a fixed point in the set ().

Here BC(IR ;) is the Banach space of all bounded and continuous function on R equipped
with the standard norm

x|, = sup {[x(t)] : t=>0}.
For any nonempty bounded subset X of BC(R+), x € X, T > 0and ¢ > 0 let

)

wl(X,e) = sup {wT(x,s) tx € X},
) = liir(}a]T(X,S), wO(X) = %E}I;Owg(x)z
)

= {x(t) : x € X},

and
11 (X) = wo(X) + lim sup diam X ().
t—ro0
It was demonstrated in [9] that the function y is a measure of noncompactness in the space
BC(Ry) .
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3 Main results

In this section, we introduce a measure of noncompactness on BC"(R.).
Let BC"(R.) = {f € C*"(Ry) : e~|f)(t)| is bounded for all t > 0, i = 1,2,...,n}, where
O = f. Tt is easy to see that BC"(RR, ) is a Banach space with norm

I fllcr(r,) = max 11O,

0<k<n
where h(t) = e ' forall t € R..

Theorem 3.1. Suppose 1 < n < co and X be a bounded subset of BC" (IR). Then p: Mpen(r, ) —
R4 given by
u(X) = max pp (X)) (3.1)

0<k<n

defines a measure of noncompactness on BC"(R.), where X¥) = {hx® : x € X}.
The proof relies on the following useful observations.

Lemma 3.2 ([5]). Suppose pi,42,..., un are measures of noncompactness in Banach spaces
Ei, Ey, ..., Ey, respectively. Moreover assume that the function F: R"} — Ry is convex and
F(x1,...,xn) =0ifand only if x; =0 fori =1,2,...,n. Then

u(X) = F(u(X1), m2(X2), ..., wn(Xn)),

defines a measure of noncompactness in E; x Ey X - - - x E,, where X; denotes the natural projection of
Xinto E;, fori=1,2,...,n.

Lemma 3.3 ([26]). Let (E;, || - ||;), for i = 1,2 be Banach spaces and let L: E; —> Ej be a one-to-one,
continuous linear operator of E1 onto Ep. If uy is a measure of noncompactness on E,, define, for
X e ﬁREV

#a(X) := pa(LX).

Then iy is a measure of noncompactness on Ej.

Proof of Theorem 3.1. First, consider E = (BC(R;))"*! equipped with the norm

1o x| = | max i

Also, F(x1,...,Xy41) = maxXj<j<p41 X; for any (xq,...,x,41) € ]R’}FH, therefore all the condi-
tions of Lemma 3.2 are satisfied. Then

2(X) := max wui(X;),

1<i<n+1

defines a measure of noncompactness in the space E where X; denotes the natural projection
of X, fori=1,2,...,n+4 1. Now, we define the operator L: BC"(R4) — E by the formula

L(x) = (hx,hx',hx", hx®, ... hx ().

Obviously, L is a one-to-one and continuous linear operator. We show that L(BC"(R)) is
closed in E. To do this, let us choose {x,} C BC"(R) such that L(x,) is a Cauchy sequence
in E. Thus, for any € > 0 there exists N € IN such that for any k,m > N we have

IL(xx — xm)|| <e.
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So, we deduce

(i) _ @)
nax [[n(x{” — 1))

= (o = ), B — 2y, (2 — )|
— |IL(x — xm) |
< €.

|2, — xm||BCn(1R+) =0

Therefore, {x,} is a Cauchy sequence of BC"(IR; ), and there exists x € BC"(Ry) such
that x, — x. Since L is continuous, so we have L(x,) — L(x). This implies that Y =
L(BC"(R4)) is closed. Thus, the operator L: BC"(Ry) — Y be a one-to-one and continuous
linear operator of BC"(R) onto Y. Since Y is a closed subspace of X, so y; is a measure of
noncompactness on Y. Hence, for X € Mpcn(R, ),

i2(X) = p2(LX) = max p1(XY) = u(X).

0<k<n

Now using Lemma 3.3, the proof is complete. O
Corollary 3.4. Let F be a bounded set in BC"(Ry) with 1 < n < oo. Also, assume that for every
¢ > 0and T > 0, there exist § > 0 such that for all 0 < k < n, t,s € [0, T| with |t —s| < ¢ and
fer

FO) = FPs) <,

and
. —t ¢(k) _ ,—t, (k) —_
thm e fY(t) —e "¢ ()] =0 (3.2)

uniformly with respect to f,g € F, for all 0 < k < n. Then F will be a totally bounded subset of
BC"(Ry).

Proof. It is enough to show that y(F) = 0. Take an arbitrary ¢ > 0 and T > 0, there exists
5 > 0 such that forall 0 <k <, t,s € [0, T] with |t —s| < § and f € F, we have

FO) = FB(s)] <.
Thus, we obtain

max w” (hf®,5) = max sup {e_t\f(k)(t) — f® () t,s€[0,T],|t—s| < 5} <e

0<k<n 0<k<n
for all f € F, and we deduce
max w! (F®,5) <e.
0<k<n

Therefore, we obtain wy” (F*)) = 0 for all 0 < k < n, and finally

max wo(F®) = 0. (3.3)

0<k<n

On the other hand, take € > 0, by 3.2, there exists T > 0 such that
e[ fB () —gM(1)] <e
forallt > T and f,g € F. Thus, we have

max diam F® (t) < max sup {e’t]f(k)(t) — W) f, g€ }"} <e

0<k<n 0<k<n
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for all t > T, so we deduce

max lim sup diam F® (¢) = 0. (34)

0<k<n t—o

Further, combining (3.3) and (3.4), we get

— K)y — (k) i ' (k) —
u(F) Jmax jiy (FY) Dax (wo (FY) + 11rtrL Solo,lp diam F (t)) 0, (3.5)
and consequently F will be a totally bounded subset of BC" (R} ). O

4 Existence of solutions for some classes of integro-differential
equations

In this section we study the existence of solutions for (1.2)—(1.4). Further, we present some
illustrative examples to verify the effectiveness and applicability of our results.
We will consider the Equation (1.2) under the following assumptions:

(i) ¢: Ry — Ry is a continuous function;

(ii) p,g € BC"(R4) and

i=k
A = sup {Z (’f) gD, 0 <k < n} <1 4.1)

i=0

(iii) ¢: Ry x Ry x R"2 — R is continuous and has a continuous derivative of order n
with respect to the first argument such that

g(tt,x0,x1,...,x541) =0 fort € Ry, x0,%1,..., %41 €R, 4.2)

and there exists a nondecreasing and continuous function ¢: R, — IR such that

sup {et

HMMSnlﬁkSn}§¢UL

t gk
/0 35(t,s,xo(C(S)),m(g(s)),...,xn+1(5)) ds

:t€R+,

sup {e!| [ 50,550, (€SN vo xra () ] 1 € Ro, il < 7f < ()
4.3)
forany r € Ry.
Moreover, forany r € Ry and 1 <k <n
t
fim e | [ [(t,5,%0((5)), - %01(5)) = (25, 0(E (), s ()] | =0,
t ak ak
tli_)rge—t /o [af(t,s,xo(g‘(s)),. X (s)) — atf(t,s,yo(é(s)),...,ynH(s))} ds' =0
(4.4)

uniformly with respect to x;,y; € B,;



Existence of solutions for some classes of integro-differential equations 7

(iv) T: BC"(Ry+) — BCY(IR;) is a continuous operator such that for any x € BC"(R..) we
have

IT(x)[IBcor,) < llxllBen(r, ) (4.5)
(v) there exists a positive solution rg to the inequality

Ipllenr,y + AT +(r) <7

Theorem 4.1. Under assumptions (i)—(v), the equation (1.2) has at least a solution in the space
BC"(Ry).

Proof. First of all we define the operator F: BC"(R;) — BC"(Ry) by

Fx(t) = p(t) +q(t)x(t) +/Ot8(#5/96(5(5))136'(5(5))1~~~,x(")(f§(5))/Tx(S))ds' (4.6)

First, notice that the continuity of Fx(t) for any x € BC"(R} ) is obvious. Also, for any t € Ry,
1 <k < n and by (4.2), we have

d*(Fx)

i=k
Atk (t) = p(k)(t) + E <k> x(i)(t)q(k—i)(t)
[ 8 152060, ¥ (@0, 2 (E06)), T(e) s,

and Fx has continuous derivative of order k (1 < k < n). Using conditions (i)—(iv), for
arbitrarily fixed t € R4, we have

e ! |Fx(t)] < e”'|p(t)| + e q(t)]]x(t)]
; g(t,s,x(8(5)), x'(§(s)), -, 2" (&(5)), Tx(s)) dbs

< lIpllserryy + Nallullxlserr, ) + Il Ben v, ),

+et

and similarly

et [P0 < eyl + (e O 01l
ot 128 (15,1206, ¥ (@6)) . X @), Tx(s)) ds
< I () 1Ml + 1t )
Hence

|Fx|[perry) < IPllBenr,y + MxlBerr,) + $ Il Bor(r.))- (4.7)

Due to Inequality (4.7) and using (v), the function F maps B,, into B,,. We also show that the
map F is continuous. For this, take x € BC"(IR}.), ¢ > 0 arbitrarily and consider y € BC"(RR.)
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with [|x — y|[gcn(r,) < & then we obtain
e ![Fx(t) — Fy(t)] < e '|q(t)||x(t) — y(t)]

et /Otg(t,s,x(g(s)),...,x(”)(é(s)),Tx(s))ds

— [ 4ty @ ),y @), Ty(s)) ds

(4.8)
< gllullx = yllscrw, )
t
e [ et s, x(@(s)),- 50 (6(6)), Tx(9))
=~ &(t5,Y(E()), - ¥ (E(s)), Ty(s)) | s,
and similarly
dk dk =k sk .
| Tt o - S| < T (7)1 sl

k

—I—et/ot le;g(t,s,x(é‘(s)),...,x(”)((j(s)),Tx(s)) 4.9)

k
- SR (s, Y@y (E(5)), Ty(s)) | ds
Furthermore, considering condition (iii), there exists T > 0 such that for t > T, we have
e |Fx(t) — Fy(t)| < llqllullx —yllu +e
and similarly

d*(Fx d*(F =5k »
=S50 < T ()1 = ylac e

Also, if t € [0, T], then from (4.8) and (4.9), it follows that
e”![Fx(t) — Fy(t)| < llqllullx — yllu + TOr(e),

e—t

and similarly

eft

i=0

i=k k .
() U <t>]§<z(i)uq<k l>r|> I~ Ylacrw,) + TOr (),

where

Or(e) = sup {e‘t‘g(t,s, X0, X1 Xpg1) — 8(6S, Y0, Y1, Yns1)| s 15 € [0, T,

xi/yi € [_b/b]/‘xi _yl| S 8},

k dk

d
—g(t,s,xo,xl...,an) —

dtk g(t/S/yO/yll---/yn—‘rl) it,s € [O/ T]/

dtk

or(e) = sup {e”

xilyi S [_b/b]/|xi _yl| S 8}/

b= eT(||x|| +¢).
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By using the continuity of ¢ and ‘%’ on [0, T] x [0, T] x [~b,b]"*2, we have 6r(¢) — 0 and
dr(e) —> 0 as ¢ — 0.Thus F is a continuous operator on BC" (R} ) into BC"(R). Now, let
X be a nonempty and bounded subset of B,,, and assume that T > 0 and ¢ > 0 are arbitrary

constants. Let t1,t € [0, T], with |t; — t;| < e and x € X. We obtain
e !|Fx(t;) — Fx(tp)|
t
P(f1)+Q(t1)X(t1)+/O g(t1,5,x(8(s)),x'(&(s)),...,x" ((s)))ds

—= e_t

~ (P + at)xt) + [ sleas x(@ D, X ED, o 1 G )|
< e p(t) — p(t2) + e la(t) — a(t2)lx(in)| + ()l Ix() — x(t2)

[ (015, 5@ ), FE ), 5 (E(6)) s

+et

(4.10)

- /Otzg(fzfs,X(C(S)),X'(C(S))I---,x(”)(é‘(S)))dS
<e'Ip(t) — p(t)| +e'la(t) — q(t2) |x(t1)] +e"|q(t2) x(t1) — x(t2)]

IR O COIRTCE RIS

et [ [at 5366, o AW E()) — gltas 3@, 2 (@) s

< wT(p,e) + rowT(q, €) + )\wT(hx, €) + Uy e + ng(; (g,€),

and similarly

d*(Fx)
Atk () = Atk

—t

where

U,, = sup {et\g(t,s,xo,xl ce Xpg1)| 2t s €0, T, x| < ro},

A4k
7g(t/ S, X0,X1 ... /xn+l)

= t,5€[0,T],1<k<n,|x Sro},

Wiy, = sup {e_t
aJrTO(g,e) = sup {e‘t\g(h,s,xo,xl e Xng1) — g2, 8, %0, X1+ ., Xpy1)| 1S, B, 12 €10, T),

|xi| <o, |t —t2] < S},

dk dk
th(tllsle,X1 .. .,xn+1) — W(tQ,S,xo,xl .. .,Xn+1)

s, €00, T], 1 <k <mn,l|xi| <ry|th —ta] < 8}-

Since x was arbitrary element of X in (4.10) and (4.11), we obtain

wT([P(X)](O),e) < wT(p,e) + rowT(q,s) + AwT(X(O),e) + Uy, e + TerO(g,e),
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and similarly

, k
wT([F(X)]®,e) < wT(p®, e) + row’ (g™, &) + A(%’E?L)%(WT(X(Z)’#S) + Wy e+ Tw,TO <Zt§,£>

for all 1 < k < n. Thus, by the uniform continuity of p(i) and q(i) on the compact set [0, T|] for

all0 <i<m,andg, ngf on the compact sets [0, T] x [0, T] x [—b, b]"2, we have w(p(i), e) — 0,
E)kg

W,s) —— 0 as ¢ — 0. Therefore, we obtain

w(g,e) — 0, w(g,e) — 0 and w(

w ([F(X)]¥) < A max wf (X)),

0<i<k
for any 0 < k < n, and finally
k)y < (k)
[max wo([F(X)I™V) < A max wo(X™). (4.12)

On the other hand, for all x,y € X and t € R we get
e Fx(t) - Fy(t)|
< e 'la(t)[]x(t) — y(1)]

[ 800550515 (9, 30(6) = 865,954/ (5) -y (5)) s

< [lqll. diam(X'V) + Zo(#),

+et

and similarly

k .
rraOh ? flfky ) (t)} < A max diam (X)) + Z(t),

0<i<k

where

Co(t) =sup {ef /Ot [g(t,s,x0(5), ..., Xu41(5)) — g(t,5,y0(S), - .., Ynta (s))]ds| :

Xi, Yi c BC(]R+)},

¢ gk L
/0 {Zi(t,s,xo(s),...,xn+1(5))—i;,%(t,s,yo(s),...,yn+1(s))]ds .

Ck(t) =sup {et

Xi, Yi € BC(]R+),1 <k< 1’1}.

Thus
diam([FX]®) < A max diam (X)) 4 Zi(¢). (4.13)

0<i<k

Taking t — co in the inequality (4.13), then using (iii) we arrive at

max lim sup diam([FX]*)) < A max lim sup diam(X*)). (4.14)

0<k<n t—o0 0<k<n t—c0

Further, combining (4.12) and (4.14) we get
(k) 1 1 (k)
Orélkzz)(n {wo([F(X)] )+ htm sup diam([FX] )}

< A max {wo(X(k)) + limsup diam(X(k))},

0<k<n t—>o0

(4.15)
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or, equivalently
u(FX) < Au(X),

where A € [0,1). From Theorem 2.2 we obtain that the operator F has a fixed point x in B,, and
thus the functional integral-differential equation (1.2) has at least a solution in BC"(R,.). O

Corollary 4.2. Assume that the following conditions are satisfied:

(i) k: Ry x Ry — Rand ¢: Ry — Ry are continuous functions such that

sup {e‘t / k(t,s)e*ds|:t € ]R+} <1
0
and
lim ¢! / k(t,s)e’ds| = 0.
t—o0 0

Moreover, xg,x1,...,X,—1 € R4.

(i) f1: Ry x R*™ — R is continuous and there exist continuous functions a,b: Ry — Ry
such that

[f1(t x0,x1,...,%,)| < a(t)b(max |x;]). (4.16)

0<i<n

Moreover, there exists a positive constant D such that
—t
sup {e

lim sup{e’
t—>o0

(iii) f» : Ry x R" — R is continuous such that

/ta(s)(t —s)kds
0

:tER%nggn—l}gD,

and

/t a(s)(t —s)*ds
0

:nggn—l}zo.

|f2(t, x0, %1, .., Xp—1)] <0<m<ax |x;|. 4.17)

(iv) There exists a positive solution rg to the inequality

Db(r) <r.

Then the functional integro-differential equation (1.3) has at least a solution in the space BC" (Ry.).

Proof. It is easy to see that Eq. (1.3) has at least one solution in the space BC" (IR ) if and only
if equation

Xn—
x(E) = xo+ Xt 4 o

(-1
[ O (s x (@), Y ) V) 19

/OOO k(s,v) fo(v,x(v),x'(v),...,x"1 (v))dv) ds
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has at least a solution in the space BC" (R ). Eq. (4.18) is a special case of Eq. (1.2) where

(t,8,%0,x1,% x)—Mf(sxxx Xn)
g rOs A0 AL A2, ooy An) — (n—].)' 1\5, A0, AL/ A2/« - oy AN )y
Tx(t) = /oo k(t,s) fals, x(s),x'(s),...,x" "V (s)) ds.
0
p(t) = xo+ a1t + ...+ —nL_pn1

m-—1)1 7
q(t) =0
From the definitions of p, g and ¢, hypotheses (i) and (ii) of Theorem 4.1 obviously are

satisfied with A = 0. Also we have

t—p)n!
sup{|g(t,t,x0,...,xn)| : t € Ry, x; € R} :sup{’((n_)l)'fl(t,xo,...,xn)

=0,

:t€R+,Xi€R}

and similarly

ak
sup{ a—ﬁ(t,t,xo,xb...,xn)

teRy, xiE]R,lgkgn}:O.

Now, assume that r > 0 is an arbitrary constant. Let x; € Ry with ||x;|, <7, (r) = Db(r),
we obtain

—t

e < et

/Ot (En_—S)ln)_!la(s)b< max{\xi((j(s))|}) ds

0<i<n
D

o) < 9,

/Otg(t,s, x0(E(8)), ..., xu(E(s))) ds

<

and similarly

D

< mb(r) < (r).

—t

t 0k
[ 28 155060 ()

Thus, we conclude that the function g satisfies condition (4.3). Moreover, for any » € R4

lim e~
t—o0

[ (50000 20 5(5)) — (85, 30(E ) yn(E5)) s

0

< Jime ! [ (1865 (@), E6))| + 805 10(E6)), a5 [

sggaﬁ[ﬁ;ﬁ&Veﬂwﬁggm@@mn+wﬁ%gﬂw@@nnhw
E(t—s)"!

- —t
< tlgglOZb(r)e /0 a(s)ds

(n—1)!
=0,

and similarly

lim e~
t— o0

t Tk k
/0 [gt‘f(t,s,x()(c::'(s)),...,xn(é<s>>) - 3f,f<t,s,yo<t5<s>),--~ryn<é"<5>>>] ds
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uniformly with respect to x;,y; € B,. Hence, g satisfies the condition (4.4) and hypothesis
(iii) of Theorem 4.1. Next, hypothesis (iv) implies that condition (v) of Theorem 4.1 holds.

To finish the proof we only need to verify that T is continuous. For this, take x € BC"(IRy)
and e > 0 arbitrarily, and consider y € BC"(R) with [|x —y|lgcn(r,) < & Then, considering
condition (i), there exists T > 0 such that for t > T we obtain

e!|Tx(t) - Ty(t)
<ot [ RS falsx(6), 2 (6), o, 2V($) = ol y(3), Y (6), oy (s)) | ds

<e ! /00° k(t,s) [|f2(s,x(5),xl(5)r~ -2 D(s))]

(4.19)
R )y ()] d
< 2(xllacrr,) + et [ k(e s)etds
< 2([lxllper-1(r.) +€)e
Also if t € [0, T], then the first inequality in (4.19) follows that
e”!|Tx(t) — Ty(t)] < 9(e), (4.20)

where

19(8) = {|f2(t/x01 X1, .- -/xnfl) _fZ(t/yOIyL-”/ynfl” it e [0/ T]/
Xi,Yi € [=qx, qx], [xi — yi] < 8},

with gy = el(||x|| +¢). By using the continuity of ¢ on the compact set [0, T] x [—qx, qx]",
we have ¢(¢) — 0 as e — 0. Thus from (4.20) we infer that T is a continuous function.
Moreover by hypothesis (i) we easily obtain that

ITC) Iscom.y < llxllBenm. ),
and complete the proof. O

Corollary 4.3. Assume that the following conditions are satisfied:

(i) k: Ry x Ry — Ry and ¢: Ry — Ry are continuous functions such that

t
sup {et / k(t,s)e*ds|:t € ]R+} <1;
0
and
lim ¢! / k(t,s)e’ds| = 0.
t—>o00 0

Moreover, xg,x1,...,Xn—1 € R4

(i) fi: Ry x R"! — R is continuous and there exist continuous functions a,b: R — R
such that

fr(t 0,21, xn)| < a(t)b( max |x1\>

0<i<n
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Moreover, there exists a positive constant D such that
—t
sup {e

lim {ef
t—>o0

(iii) fo: Ry x R" — R is continuous such that

t
/a(s)(t—s)kds :teH{+,0§k§n—l}§D
0

and

/Ota(s)(t —s)kds

:nggn—l}zo.

’f2(t1x01x1/- . -/-xn—l)’ < Oglfngé}f(_l \xi].

(iv) There exists a positive solution ry to the inequality

Db(r) <r.

Then the functional integro-differential equation (1.4) has at least a solution in the space BC" (Ry.).

Proof. Since the proof of this Corollary can be completed essentially on the line of the proof
of Corollary 4.2, hence details are omitted. ]

Example 4.4. Consider the following functional integral-differential equation

x(t) = e 3x(t)

N /t (t =) In(jx(v/5)| + 1) +sin((t —s)7) tanh(x'(v/5)) + (¢ —5)’ sin(x" (v/5))
0 2 +sin(x®)(y/5)) '

(4.21)
Eq. (4.21) is a special case of Eq. (1.2) with

p()=0, qt)=e"7, &=Vt T=0,
(t —s)3In(|xo| + 1) + sin((t — s)”) tanh(x7) + (t — 5)3 sin(xy)
2+ Sil’l(Xg

g(t/S/ X0, X1, X2, X3, x4) = .
It is easy to see that p,g € BC}(R;) and A = e%. Also, g is continuous and has a continuous
derivative of order 3 with respect to the first argument such that condition (4.2) is satified. By
simple calculation we obtain that

e~ tg(t, s, xo, x1, X2, X3, X4)| < e 128 +1)p(max{x;}),

0
et a—‘(’;(t, s, X0, X1, X2, X3,X4)| < e (6% + 7t6)<p(max{xi}),

aZ

a3
a—tf (£, X0, X1, X2, X3, %a)| < e~'(12 + 2108 + 29412 + 343118 1 588¢11)p(max{x;}),

—t

e*f

where ¢(f) = max{In(t +1),sint, tanht}. If we define (t) = 1447¢(t). Then, conditions (4.3)
and (4.4) hold. On the other hand, since T = 0, then condition (iv) of Theorem 4.1 is correct.
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Also, it is easy to see that each number r > 25000 satisfies the inequality in condition (v) of
Theorem 4.1, i.e.,

Ipll + Ar+p(r) <0+ e%r—i—l/)(r) <7

Thus, as the number ry we can take o = 25000. Consequently, all the conditions of Theo-
rem 4.1 are satisfied. Hence the functional integral-differential equation (4.21) has at least a
solution which belongs to the space BC3(R) .

Example 4.5. Consider the following functional integro-differential equation

1 _ 1&
x(5)(t) — Ee 2tx<t2) + E Ze (k+1)tx(k)<t2)

k=1
1 o / et (P +1) 4 (@) (4.22)
— — tanh : ds,
T 10° 0 s> +4 x(s) tan (S)+i;sl+4 ;
u(0) =0, u'(0) =1, u”"(0) =2, u®(0) =3, u®(0) = 4.
Eq. (4.22) is a special case of Eq. (1.3) with
f1(t, x0,x1,%2,...,X5) = 1e’z’fxo + E i e~ Dty 4 1e’ZtX5
4 7 4 4 2 2 k:1 2 4
1 4 X
fa(t, x0,x1,%2,...,%1) = 5 | X0 tanh(¢) —1—2 i1l
e +1) o
k(t,s) = e é(t) =t

It is easy to see that k and  are continuous,

supe’ /Ook(ts)esds teR, 3 <supqe! /Wtz—i_lds teR, b < X<
p 0 4 : + — p 0 Sz+4 * + — 4 —
and )
lim ¢! / k(t,s)e’ds| < lim e’ / 2+ ds’ = 0.
f—s00 0 t— 00 0o s“+4

Then, condition (i) of Corollary 4.2 is valid. Also, f; is continuous and satisfying the inequality
(4.3) of Corollary 4.2, where a(t) = e~ and b(t) = 1t. Moreover, we deduce

sup {e_t /(: a(s)(t —s)*ds

<sup{e (P + P4+ +t+1+e ) teRyY

t€R+,0§k§4}

<2
and
t
lim sup {et / a(s)(t—s)kds|: 0 <k < 4} = lim e "+ P +2+t+1+e ) =0.
t—>00 0 t—>o00

Now with choosing D = 2 the condition (ii) of Corollary 4.2 is satisfied. Next, f is continuous
and

< max |x;|.

fZ(t/x0/x1/x2/~~'/x4) = 0<i<4

1=
"
=

Il
—_

= % [xo tanh(t) +

T+1

1
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Hence, the condition (iii) of Corollary 4.2 holds. It is easy to see that each number r > 1
satisfies the inequality in condition (iv) of Corollary 4.2, i.e.,

Db(r) = 2%7 <r.

Thus, as the number ry we can take rp = 1. Consequently, all the conditions of Corollary 4.2
are satisfied. This shows that the functional integro-differential equation (1.3) has a solution
which belongs to the space BC®(RR4).
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