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Abstract

Using the theory of fixed point theorem in cone, this paper presents the existence
of positive solutions for the singular m-point boundary value problem

2" (t) + a(t) f(t,z(t), 2’ () = 0,0 < t < 1,

m—2
:U/(O) = Oa x(l) = Z aix(gi)’
i=1

where 0 < & < & < -+ < &p2 < Loy € 0,1), ¢ =1, 2 ---, m — 2, with
m—2
0< Z a; < 1 and f may change sign and may be singular at x = 0 and 2z’ = 0.

i=1
Keywords: m-point boundary value problem; Singularity; Positive solutions; Fixed

point theorem
Mathematics subject classification: 34B15, 34B10

1. Introduction

The study of multi-point BVP (boundary value problem) for linear second-order ordinary
differential equations was initiated by II'in and Moiseev [3-4]. Since then, many authors
studied more general nonlinear multi-point BVP, for examples [2, 5-8], and references
therein. In [7], Gupta, Ntouyas, and Tsamatos considered the existence of a C'[0,1]

solution for the m-point boundary value problem
2(t) = F(t, (), 2/ (D) + e(t),0 < t < 1,
2(0) = 0,2(1) = > aiw(&),
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where gl S (071)7 = 17 27 Y m_27 0 < 51 < 52 < 0 < 5m72 < 17 a; € R7

m—2

i =1,2, -, m—2, have the same sign, » a; # 1, e € L'[0,1], f : [0,1] x B> — R
is a function satisfying Carathéodory’s coriailtions and a growth condition of the form
| f(t,u,v) |[< pr(®)|u] + q1(8)|v] + r1(¢) with py, qi, 1 € L'[0,1]. Recently, using Leray-
Schauder continuation theorem, R.Ma and Donal O’Regan proved the existence of positive
solutions of C'[0, 1) solutions for the above BVP, where f : [0,1] x R?* — R satisfies the
Carathéodory’s conditions (see [8]).

Motivated by the works of [7,8], in this paper, we discuss the equation

() +a(t)f(t,z(t),2'(t)) =0,0 < t <1,

20 =0, 2(1)= 3 aa(&) (1.1)

i=1

m—2

where 0 < & <1,0< & <& < - <&noa<l,a€[0,1) with0 < > o <1and f
i=1
may change sign and may be singular at z = 0 and 2’ = 0.

Our main features are as follows. Firstly, the nonlinearity af possesses singularity,

that is, a(t) f(¢, z, 2’) may be singular at t =0, ¢t = 1, = = 0 and 2’ = 0; also the degree of
1 1

singularity in z and 2’ may be arbitrary(i. e., if f contains — and W,
% '

be big enough). Secondly, f is allowed to change sign. Finally, we discuss the maximal

a and v may

and minimal solutions for equations (1.1). Some ideas come from [11-12].

2. Preliminaries

Now we list the following conditions for convenience .
(H ) ﬁ a, ke C(( ) R+) Fe C(R+7R+) Ge C(R*7R+)7ak S L[Ov 1]7
(Hy) F'i 1s bounded on any interval [z, +00),z > 0;

(Hs) / —dy = +00;
and the followmg conditions are satisfied
(Py) f€C((0,1) x Ry x R_, R);

m—2

(P2) 0< > a; <1,0<& < 1and |f(tz,y)] < k(t)F(z)G(y);

(P3) Therleizxists d > 0 such that f(t,z,y) > 5(t),y € (=9,0);
where R, = (0, +00), R_ = (—00,0), R = (—00, +00).

Lemma 2.1Y Let E be a Banach space, K a coneof £, and Bg = {z € E : ||z|| < R},
where 0 < r < R. Suppose that F: KN m = Kgr, — K is a completely continuous
operator and the following conditions are satisfied

(1) [|[F(z)|| > ||z|| for any x € K with ||z|| = .

(2) If © # AF(z) for any x € K with ||z|| = Rand 0 < A < 1.

Then F' has a fixed point in Kg,.
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Let C[0,1] = {z : [0,1] — R|z(t) is continuous on [0, 1]} with norm ||y|| = max |y(¢)]|.

te[0,1]
Then C10, 1] is a Banach space.
Lemma 2.2 Let (H;)-(P3) hold. For each given natural number n > 0, there exists

1
yn € C10,1] with y,(t) < —— such that
n

i) = = = [ a() (s, (Au)(s) + (s, te1),  (20)
where
(Ay)(t) = 1_;?:12% /01 —y(7)dr — Zfﬂl ilz‘ I _yOEZ T)dr /Ot _y(r)dr, o

Proof. For y € P ={y € C[0,1] : y(t) <0,t € [0,1]}, define a operator as follows

(T)(6) = = +min{0, [ a(s)f(s, (Ag)(s) + =, miny(s), —Dds}, € [0.1]

(2.2)
where n > 0 is a natural number. For y € P, we have
1 ! S fot —y(n)dr

A —/ dr — ==L 10 — [ - d
A0 = Ty, |, vl = SR T [

1 ! Yo Jgt —y(r)dr
> s [ ytrar - B VO

=1 ? 7
> Z;nl Q /1 ’y(T)dT— Z;nl Q 0m 2_y<7-)d7—
—1_212”@1 Q; 1_212”@1 Q;

2 1
> ZELS [Ny

=1 7 m—2
>0, te]0,1]

Let
w(®) = = [ o) (s, (An)(s) + = minfy(s), —ds, 1€ [0,1],
c(yp(t)) = — /Ot a(s)f(s, (Ayk)(s) + %, min{yy(s), —%})ds, t €0,1].
~ I

By the equality min{c, 0} = CT , it is easy to know

Ty =L WO gy

Let yg,y € P with limy_, 1 ||yx — y|| = 0. Then, there exists a constant A > 0, such
1 1

that ||yx|| < h and ||y|| < h. Thus, |min{yx(s), ——} —min{y(s), ——}| — 0, uniformly for
n n

€ [0,1] as kK — +o0. Therefore, \(Ayk)(s)jL%—((Ay)(s)jL%ﬂ — Oforalls € [0,1] ask —
+oo. (Py) implies that {a(s)f(s, (Aye)(s) + - min{yi(s), — D} — {a(s) (s, (Ay)(s) +

1 1
—, min{y(s),——})}, for s € (0,1) as k — +o0. By the Lebesgue dominated convergence
n n
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1 1 1
theorem (the dominating function a(s)k(s)F[—,+00)G[—h — —, —=]), we have ||cy, —
n n’ n

cy|| — 0, which yields that
c(yr) = cly) — lelye) + [e(y)

||Tnylc - TnyH = || 9

< lle(yr) = ()| = 0, as k — +o0.

Consequently, T}, is a continuous operator.
Let C be a bounded set in P, i.e., there exists hy > 0 such that ||y|| < hy, for any
y € C. For any ty,ty € [0,1],t1 < to,y € C,

(T - (Tny)(t )] , 1
_ / y)(s) + — min{y(s), ——}ds

2 "
\A al(5) 7 s, (Ay)(s) + — minfy(s), ~—)ds| — | [ a(s)f(s, (A)(s) + =, minfy(s), —)ds

_|_

t2 1 1 2
<q—Aa@ﬂ&Mw®+gﬁm@@r;Mﬂ
<|— ;

[ als) £ (5. (Ay) (), min{y(s), - Y|
_'_ 1
to 2 1 1 1
<| 8 a(s)k(s)ds|sup F[ﬁ’ +00) sup G[—h; — o —ﬁ]

According to the absolute continuity of the Lebesgue integral, for any ¢ > 0, there exists
6 > 0 such that | [/ a(s)k(s)ds| < €, |to — t1] < . Therefore, {T,,y,y € C} is equicontin-
uous.

(@) (O] = | = = +minf0, ~ [ a(s) (s, (Ay)(s) + — minfy(s), —})ds}]
S0 (A)(6) 5 mingats), = D
<1+/(Hﬂ ()U+%mmw@r%W%

1 11
<1+/ dssupF[ 00)G[— h_ﬁ E]’ t €0,1].

Therefore {1,,y,y € C} is bounded.

Hence T,, is a completely continuous operator.

1 1
By (Hj), choose a sufficiently large R,, > 1 to fit / —) > / a(s)k(s)dssup F|—, +00).
0 n
1
For n > 5 we prove that
—A ) ¢ I 1
90 # L)) = —exmin0, — [ a(s)f(s, (Ay)(s) 4 minfy(s), s}, t € [0,1],

(2.3)
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for any y € P with ||y|| = R, and 0 < A < 1.
In fact, if there exists y € P with ||y|| = R, and 0 < A < 1 such that

y(1) = 2+ Amin{0,~ [ a(s)7(s, (Ay)(s) + - minfy(s), ~ s}, £ € [0,1]. (2.4)

-A 1

y(0) = — . Since n > 50 e have —d§ < y(0) < 0, which implies there exists dy > 0 such
n

that y(t) > —d,t € (0,dp). (P3) implies

/Ot a(s)f(s, (Ay)(s) + %, min{y(s), —%})ds >0, tel0,1].
Let t* = sup{s € [0, 1]| /Ota(T)f(T, (Ay) (1) + %,min{y(T), —%})dT > 0,0 <t < s}
We show that t* = 1. If t* < 1, we have

/Ota(s)f(s, (Ay)(s) + %, min{y(s), —%})ds >0, t € (0,t),
[ als) 55, (Ay)(s) + - minfy(s), — s =0, £ =1

y(0)= 2 =X [ als)f(s. (Ay)(s) + - min{y(s), — Vs, € (0.0], (25)
y(t*) = %A > 3. (2.6)
(2.6) and (P3) imply there exists r > 0 such that f(t,z,y) > B(t),t € (t* —r,t*). So
y(#) = =2 =2 [ als)f(s, (Ay)(s) + - minfy(s), —})ds
<22 [ a7 (An)s) + min{ys), — s =X [ as)a(s)ds,

[ )56 (An)(s) + - minfy(s), s + [ als)3(s)ds < 0

which is a contradiction. Then, t* = 1. Hence,

—\ ¢ 1

y(t) = i A ; a(s)f(s, (Ay)(s) + = min{y(s), —%})ds, t €[0,1]. (2.7)

Since |ly|| = R, > 1 and y € P, there exists a ty € (0,1) with y(¢9) = —R, < —1 and
1

at; € (0,1) such that y(t) < —1 < ——,t € (o, t1], which together with (2.7) implies that
n

y(0)= = =3 [ al)f(s, (Ag)(9) + - (s))ds, b € (o, 1] 23

Differentiating (2.8) and using (Hs), we obtain
—y/'(t) = Aa(t) (£, (Ay)(t) + %,y(t)) < a(t)F((Ay)(t) + %)G(y(t)% t € (to, ta].
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And then

-y (1) 1 1
< . < - . .
Gy < AOKW) sup FI(AY)(E) + 5, +00) < alt)k(t) sup FI, +00), L€ (to, ). (29)
Integrating for (2.9) from ¢y to ¢;, we have
y(tl) dy t1 1
— < L . .
/y(to) Gly) = /to a(s)k(s)ds sup F[n,+oo), t € (to, 1) (2.10)

Then

-1 dy vt dy t1 1 1 1
/Rn G < /Rn Gl < /to a(s)k(s)ds supF[g,Jroo) §/0 a(s)k(s)ds sup F[g,+oo),

which contradicts
-1 dy 1 1
/Rn Gl > /0 a(s)k(s)dssup F[g, +00).
Hence(2.3) holds. Then put r = %, Lemma 2.1 leads to the desired result. This completes
the proof.

Lemma 2.31'% Let {x,(¢)} be an infinite sequence of bounded variation function on
la,b] and {z,,(to) } (to € [a,b]) and {V (z,)} be bounded(V (x) denotes the total variation of
x). Then there exists a subsequence {x,, (t)} of {z,(t)},i # j,n; # n;, such that {z,, (¢)}
converges everywhere to some bounded variation function x(t) on [a, b].

Lemma 2.4°/(Zorn) If X is a partially ordered set in which every chain has an upper
bound, then X has a maximal element.

3. Main results

Theorem 3.1 Let (H;)-(P3) hold. Then the m-point boundary value problem (1.1)
has at least one positive solution.

Proof. Put M,, = min{y,(t) : t € [0,&,—2]}, (Hy) implies v = sup{M,,} < 0. In fact,
if v = 0, there exists ny, > N > 0 such that M,, — 0 and —60 < y,, < 0. (H;) implies

(1) === = [ als) 15, (Aya)(9) + =, (5))ds
< —% — a(s)B(s)ds

< —/Ota(s)ﬁ(s)ds, t €[0,&n 2]

Em—2
Then yp, (Em—2) < —/ a(s)B(s)ds, which contradicts to M, — 0.
0

Em—
Set 7 = max{~y, —0, —/ ’ a(s)B(s)}. In the remainder of the proof, assume n > —%
0

1). First, we prove there exists a t, € (0,&,_o] with y,(¢,) = 7. In fact, since
1

Yn(0) = —— > 7, there exists dyp > 0 such that y,(t) > 7,t € (0,0p). Let t, = sup{t|s €
n
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0,t],yn(s) > 7} . Then y,(t,) = 7. If t,, > &, 2, we have y,(t) > 7 > —=§,t € [0,&,,_2] -
(H,) shows that

palt) === = [ als) 105, (A)(9) + =, vnls))ds
<= [Lats)3()ds
< — /Ota(s )B(s)ds, t€[0,&mn 2]

Then 7 < Y (&m—2) < — [57 % a(s)B(s)ds < 7, which is a contradiction.

Second, we prove
yn(t) < 1, t € [tn, 1]. (3.1)

In fact, if there exists a ¢ € (t,, 1] such that y,(t) > 7, and we choose t',t" € [t,, 1], 1’ <1’

1
to fit yu (') = 7,7 < yu(t) < ——,t € (¢, "], from (2.1)
n

0< [ a) (5, (Ap)(5) + 1 (3))ds = yut) = yult") < 0.

tl

This contradiction implies that (3.1) holds. Then

{%@< [ alopis)s. 1€ 0.
<

Yn (1) t e [ty 1].
1
Let W(t) = max{— [y a(s)3(s)ds,7},t € (0,1). Obviously, W (¢) is bounded on [B_k:’ 1-—
1
3_k’] and yn(t) < W(t)at € [07 1]
1 1
2). {yn(t)} is equicontinuous on [ﬁ’ 1— 3k] (k > 11is a natural number) and uniformly
bounded on [0, 1].
Notice that
1 L X [t —ya(r)dr 1
Ay,)(t) + — / i=1 0 _/ —y(T)dT + =
(Ay) () + = ; Iy, | Yn(T)dr +
Zm‘l o /1 i1
T)dr > —=———(—7)(1 = &) = O,t 1].
]-_szl a; Je T 1— ?;E2ai< T)( é) U E [07 ]
We know from (2.9)
/% Ay < ta(s)k(s)dssupF[@ +00),t € [0, 1] (3.2)
wa() Gyn) ~ Jo I '

Now (Hs) and (3.2) show that w(t) = inf{y,(t)} > —oo is bounded on [0, 1]. On the other
hand, it follows from (2.1) and (3.1) that

lyn(8)] < k(t)a(t) sup F[O, +00) sup Glwy, max{r, W(;k)}] (n > k), (3-3)
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1
3k’ ) )
integral show that {y,(f)} is equicontinuous on [—,1 — —]. Now the Arzela-Ascoli

1
where wy, = inf{w(t),t € [-—, 1— 3_k]} Thus (3.3) and the absolute continuity of Lebesgue

theorem guarantees that there exists a subsequence of {y*)(¢)}, which converges uniformly

1 1
[ﬂ’ I ﬂ] When k = 1, there exists a subsequence {yY(t)} of {y,(t)}, which

2

converges uniformly on [g, g].When k = 2, there exists a subsequence {y? ()} of {yV(¢)},

which converges uniformly on [6’ 6] In general, there exists a subsequence {y*+(¢)}
1 1

of {y®(t)}, which converges uniformly on [m, 1- 301 D)

sequence {y,(f)(t)} converges pointwise in (0,1) and it is easy to verify that {y,(f) (1)}

on

|. Then the diagonal

converges uniformly on any interval [c, d] C (0,1). Without loss of generality, let {y,(f) (t)}
be itself of {y,(t)} in the rest. Put y(t) = lim Yn(t),t € (0,1). Then y(t) is continuous
on (0,1) and since y,(t) < W(t) <0, we have y(t) <0,t € (0,1).

3) Now (3.2) shows

sup{max{—y,(t),t € [0,1]}} < +o0.

We have
t 1
lim sup{/ —yn(s)ds} =0, lim sup{/ —yn(s)ds} =0, te]0,1], (3.4)
t—0t 0 t—1— t
and
1 1 S S~y (T)dT t
a0 = [y S0 Ry
() = o ok -SSR - i
3.5
| —y.(r)d
STy az/ Yn(7)d7

< +oo, t €10,1].

Since (3.4) and (3.5) hold, the Fatou theorem of the Lebesgue integral implies (Ay)(t) <
+00, for any fixed t € (0,1).
4) y(t) satisfies the following equation

o(0) = = [ a() (s, (A0)(), s))ds, 1€ (0,1) (3

Since y,,(t) converges uniformly on [a,b] C (0,1), (3.4) implies that (Ay,)(s) converges
o (Ay)(s) for any s € (0, 1). For fixed ¢ € (0,1) and any d , 0 < d < ¢, we have

a(t) = ) = = [ a() (5, (Aun)(5) + - (). (7

for all n > k. Since y,(s) < max{r, W(d)} , (Ay,)(s) + % >0, seldt], {(Ay,)(s)}

and {y,(s)} are bounded and equicontinuous on [d, t]
()~ yld) = — [ a(s) (s, (Au)(s), u(s))ds. (3.5)
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Putting ¢t = d in (3.2), we have

- dy,
/ y < / s)dssup F[©, 4+00). (3.9)
Letting n — oo and d — 0", we obtain

y(07) = lim y(d) = 0.

d—0+

Letting d — 0% in (3.8), we have

o0 = = [ a()f (5, (40)(9), (s))ds, 1€ (0,1), (3.10)
and

m—2
= > a;(Ay)(&).
=1

Hence z(t) = (Ay)(t) is a positive solution of (1.1). O

Theorem 3.2 Suppose that (H;)-(P3) hold. Then the set of positive solutions of
(1.1) is compact in C*[0, 1].

Proof Let M = {y € C[0,1]: (Ay)(t) is a positive solution of equation (1.1) }. We
show that

(1) M is not empty;

(2) M is relatively compact(bounded, equicontinuous);

(3) M is closed.

Obviously, Theorem 3.1 implies M is not empty.

First, we show that M C C[0, 1] is relatively compact. For any y € M, differentiating
(3.10) and using (Hz), we obtain

—y'(t) =a(t)f(t, (Ay)(1),y(t))
< a(t)|f(t, (Ay) (1), y(1))]
< a(t)k(t)F[O,400)G(y(t)), t € (0,1),
—y'(t)
Gly(® < a(t)k(t) sup F[(Ay)(t), +0) (3.11)
< a(t)k(t)sup F[O,400),t € [0, 1].
Integrating for (3.11) from 0 to ¢, we have
0 dy 1
/y(t) W < /0 a(s)k(s)dssup F[O, +o0),t € [0, 1]. (3.12)

Now (Hj) and (3.12) show that for any y € M, there exists K > 0 such that |y(t)| <
K.Y te€]0,1]. Then M is bounded.
For any y € M, we obtain from (3.11)

—y'(t) = a()f(t, (Ay)(t), y(t))
< a()[f(, (Ay) (1), y(1))]
< a(t)k(H)F[O, +00)G(y(1)), t € (0,1),
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and

y'(t) = —alt)f(t (Ay)(1),y(1))
< a(t)|f(t, (Ay)(t), y(1))]
< a(t)k(t)F[O,+00)G(y(t)), t € (0,1),
which yields "
—y/(t
Gum) i1 < a(t)k(t)sup F[©,+00), t € (0,1), (3.13)
and
y'(t)
Gu0) 1 < a(t)k(t)sup F[©,+00), t € (0,1). (3.14)
Notice that the rights are always positive in (3.13) and (3.14). Let I(y(t)) = " #
For any t1,ts € [0, 1], integrating for (3.13) and (3.14) from ¢; to ¢, ,we obtain
() ~ T(E)] < [ atkOF®, +o0)dr 3.15)

Since 1! is uniformly continuous on [I(—K), 0], for any € > 0, there is a ¢ > 0 such that
[T7(s1) — I Y(s3)| <& V|sy — s3] < €, 51,80 € [[(—K),0)]. (3.16)
And (3.15) guarantees that for ¢ > 0, there is a ¢’ > 0 such that
1I(y(t1)) — I(y(t2))| < €,V|t1 — ta] < &' t1,62 € [0,1]. (3.17)
Now (3.16) and (3.17) yield that
ly(t) = y(t2)l = [T (L(y(tr) — I (I (y(t2))| <& t1,t2 € [0, 1], (3.18)

which means that M is equicontinuous. So M is relatively compact.

Second, we show that M is closed. Suppose that {y,} € M and lnf tmgul( lyn(t) —
n—+00 tc|

yo(t)| = 0. Obviously yo € C[0,1] and nhr}rloo(Ayn)( ) = (Ayo)(t), t € [0, 1]. Moreover,

_; o _Z;nl a; J§' —yn(T)dT [t
)0 = ) (n)ar - R [y ()
<{ywmr sz1 ” / —yn(T)dT
<1T 2212%,75 € [0,1]
(3.19)
For y,, € M, from (3.10) we obtain
(t) = = [ als) (5. () (5)als))ds, € (0,1) (320)
For fixed t € (0,1) , there exists 0 < d < t such that
1) =) = — [ al5) 15, (Aye) (), 1 (5))ds (321
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Since y,(s) < max{T, W(d)}, (Ay,)(s) > ©,s € [d,t], the Lebesgue Dominated Conver-
gence Theorem yields that

w0 = o(d) = = [ a(9) (s, (A)), wo(s))ds, 1€ 0,1, (3:22)
From (3.10), we have
—U(0) = a(OF(, (Ayn)(5), ()
< Atk FIO, +00)Glun(). 1€ (0,1),

which yields

Integrating from 0 to d

0 dyn d
/yn(d) G( ) = 0 a(S)k(s)dS SUPF[@’+OO) (323)

Letting n — oo and d — 0™, we obtain
= lim d) = 0.
yo(0™) d10+?/0( )=20

Letting d — 0% in (3.22), we have

() = — [ als)f(s, (Am)(s),wols))ds, € (0,1), (3.21)
and -
() (1) = 3 o (Aw) )

Then xo(t) = (Ayo)(t) is a positive solution of (1.1). So yo € M and M is a closed set.

Hence {Ay,y C M} € C0, 1] is compact.

Theorem 3.3 Suppose (H;)-(P3) hold. Then (1.1) has a minimal positive solution
and a maximal positive solution in C*[0, 1].

Proof. Let Q = {z(t) : z(t) is a C'[0,1] positive solution of (1.1)}. Theorem 3.1
implies that is nonempty. Define a partially ordered < in Q : z < y iff z(t) < y(¢) for
any t € [0,1]. We prove only that any chain in < Q, <> has a lower bound in . The
rest is obtained from Zorn’s lemma. Let {z,(¢)} be a chain in < ©,<>. Since C]0, 1]
is a separable Banach space, there exists countable set at most {z,(t)}, which is dense
in {z,(t)}. Without loss of generality, we may assume that {z,({)} C {z.(t)}. Put
zp(t) = min{zy(t), x2(t), - -+, z,(t)}. Since {z,(t)} is a chain, z,(t) € Q for any n (in fact,
zn(t) equals one of z,,(t)) and z,41(t) < z,(t) for any n. Put z(¢) = ml—lrr}rloo zp(t). We prove
that z(t) € Q.

By Lemma 2.2, there exists y,(t) (e.g., y,(t) may be 2/ (t)), which is a solution of

(Ty)0) = = [ als)f (s, (A0)() (st € [0,1),
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such that

Zn(t) S - /01 —yn(T)dT — YTy Jgt —yn(T)dT /Ot —Yn(T)dT.

- m—2 m—2
1= =205 o

(3.2) imply that {||y, ||} is bounded. From Lemma 2.3, there exists a subsequence {yy, (¢)}
of {yn(t)}, © # j,n; # n;, which converges everywhere on [0, 1]. Without loss of generality,
let {yy,, (t)} be itself of {y,(t)}. Put yo(t) = ml—i>I—ir—loo Yn(t),t € [0,1]. Use yy,(t),yo(t), and 0
in place of y,(t),y(t), and 1/n in Theorem 3.1, respectively. A similar argument to show

Theorem 3.1 yields that yo(t) is a solution of

o0 = = [ a5, (An)) u(s)ds. e [0.1]

The boundedness of {||y,||} leads to

2(t) = lir}} Zn(t)
" L g S ol (e
=l g, i - SRR ]
1 L St ai f5t —yo(r)dr
_ [ (D — - / —yo(r)dr.
1y %a /0 bo(T)dr 1y %q , (T

Hence z € Q. By Lemma 2.2, for any = € {z,}, there exists {z,, } C {x,} such that
|z, — x| — 0. Notice that z,, (t) > z,,(t) > z(t),t € [0,1]. Letting & — +o0, we
have z(t) > z(t), t € [0,1]; i.e.,{z,} has lower boundedness in . Zorn’s lemma shows
that (1.1) has a minimal C*[0, 1] positive solution. By a similar proof, we can get the a
maximal C1[0, 1] positive solution. The proof is complete.

Theorem 3.4 Suppose that (H;)-(P3) hold , f(t, z, 2) is decreasing in x for all (¢, 2) €
0,1] x R, a(0)f(0,z, z) # 0 and %E% f(t,z,y) # +oo. Then (1.1) has an unique positive
solution in C*[0, 1].

Proof. Assume that x; and x are two positive different solutions to (1.1), i.e., there
exists to € (0,1] such that z1(tg) # wa(to). Without loss of generality, assume that
x1(tg) > wa(tg). Let o(t) = x1(t) — xo(t) for all t € [0, 1]. Obviously, p € C[0,1]NC(0,1]
with ¢(ty) > 0.

Let t, = inf{0 < t < to|p(s) > 0 for all s € ¢t € [t, 1]} and t* = sup{ty <t < 1|p(s) >
0 for all s € t € [ty,t]}. It is easy to see that ¢(t) > 0 for all ¢t € (t,,t*) and ¢ has
maximum in [t.,t*]. Let ¢’ satisfying that ¢(t') = maxycp, ¢+ @(t). There are three cases:
(1)t € (ta,t"); (2) ' =t*=1;(3) ¢ = 0.

(1) ' € (t.,t*). It is easy to see that ¢”(t') < 0 and ¢/(¢') = 0. Then ¢"(t') =
wy (¢') — w5 (t')

= —a(t)f{t", 21 ("), 21 (') + a(t') (¥, 22('), 25(t) > 0,
a contradiction.
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m—2 m—2
(2) ' =t* =1. Since ¢/ = t* = 1, we have » oy max{p(&)} > > ap(&) = ¢(1), a
i=1 i=1
m—2
contradiction to 0 < Z a; < 1.
i—1
(3) t = 0. Since t' = 0 and 27 and zy are solutions, the proof of lemma 2.2 implies

that there exist x,,; and x, 2 such that
¢(0)

[2ny =21l < =70 llane — 2l <
2

()
2

1 1 m 2y [ —y, dr ¢
xn,l(t) = W/ _yN,l(T)dT - ZZ ! fO y 1( ) _/ _yn,l(T)dTa te [07 1]7
— > Jo 0

1— 2
1 ! Y oy fo& —Yn2(T)dT ¢
n2(t) = ———5— no(T)dr — =2 —/ —Yn,2(T)dT, te[0,1],
0 1__Z;nlal/ —na(r)dr - S [ —yustrir,  teo,1]
and . .
ynl = _g - S xnl )_'_guyn,l(‘g))dsu te [07 1]7
1 1
yn,2<t> _g - /0 CL(S)f(S xn,2< ) =+ ga yn,2(s>>d37 te [07 1]7

Yn1(t) < —%, Yno(t) < —% for all ¢ € [0, 1].

By a similar proof with above, there exists t; € (0, 1] such that z,,1(t1) # xn2(t1).
Without loss of generality, assume that z, 1 (t1) > z,2(t1). Let @, (t) = 2,1(t) — (%)
for all ¢ € [0, 1]. Obviously, ¢, € C[0,1] N CY(0,1] with ¢, (t;) > 0. Let t, = inf{0 < ¢t <
t1]@n(s) > 0 forall s € t € [t,t1]} and t* = sup{t; <t < 1|p,(s) > 0forall s €t € [ty,1]}.
It is easy to see that ¢, (t) > 0 for all ¢ € (t1.,t"*) and ¢,, has maximum in [t1,, t"*]. Let
t" satisfying that ¢(t”) = maxep,, 1+ ¢(t). There are three cases: 1) t” € (t1.,t"); 2)
=1 =1;3) " =

The proof of 1) and 2) are similar with (1) and (2).

3) t” = (0. We have @n(t) < 90n<0>7 te <07 1]7 @;(0) 07 gp,n(td < O’ tﬁ € <0’ 1> Then
)

. . P (te) — (0
h_mtgﬁoJr(P;:(t) = h_mtéﬂoJr t£ —0 < 0.
On the other hand, since ¢/ (0) = 2}, ;(0) — z7, ,(0)

= —a0)(0, 702 (0) + %, (0)) + (0)F(0, 7(0) + T, (0)) > 0,

a contradiction. Then (1.1) has at most one solution. The proof is complete.
Example 3.1. In (1.1), let f(t,z,y) = k(t)[1+27+(—y) " —(—y) In(—y)], a(t) = 73,
and
k) =172, 0<t<l1,
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where v > 0,0 < =2, and let F(z) =1+277,G(y) =1+ (—y)° — (—y) In(—y). Then

ftw,y) SkOF(@)Gly), 6=1, B(t) = k(t),

and
“tdy
—o0 G(y)

By Theorem 3.1, (1.1) at least has a positive solution and Corollary 3.1 implies the set of

= +00.

solutions is compact.
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