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ABSTRACT. In this paper, a new approach to the existence of time optimal controls of system governed by
nonlinear equations on Banach spaces is provided. A sequence of Meyer problems is constructed to approach
a class of time optimal control problems. A deep relationship between time optimal control problems and

Meyer problems is presented. The method is much different from standard methods.
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1. INTRODUCTION

The research on time optimal control problems dates back to the 1960’s. Issues such as existence,
necessary conditions for optimality and controllability have been discussed. We refer the reader to [6] for
the finite dimensional case, and to [1, 4, 7, 9] for the infinite dimensional case. The cost functional for a
time optimal control problem is the infimum of a number set. On the other hand, the cost functional for a
Lagrange, Meyer or Bolza problem contains an integral term. This difference leads investigators to consider
a time optimal control problem as another class of optimal control problems and use different studying

framework.

Recently, computation of optimal control for Meyer problems has been extensively developed. Meyer
problems can be solved numerically using methods such as dynamic programming (see [10]) and control
parameterization(see [11]). However, the computation of time optimal controls is very difficult. For finite
dimensional problems, one can solve a two point boundary value problems using a shooting method. However,
this method is far from ideal since solving such two point boundary value problems numerically is a nontrivial

task.

In this paper, we provide a new constructive approach to the existence of time optimal controls. The
method is called Meyer approximation. Essentially, a sequence of Meyer problems is constructed to approx-
imate the time optimal control problem. That is, time optimal control problem can be approximated by
a sequence of optimal controls from an associated Meyer problem. Although the existence of time optimal

control can be proved using other methods, the method presented here is constructive. Hence the algorithm
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based on Meyer approximation can be used to actually compute the time optimal control. This is in contrast

to previously desired results.

We consider the time optimal control problem (P) of a system governed by

{ 2 (t) = Az(t) + f(t, 2(t), B(t)v(t)),t € (0,7),

(1.1)
2(0) =20 € X, v € Vaq,

where A is the infinitesimal generator of a Co-semigroup {7 (¢),t > 0} on Banach space X and V,q is the

admissible control set.

Then, we construct the Meyer approximation (P, ) to Problem (P). Our new control system is

(2.1) { i(s) = kAx(s) + kf (ks, o(s), B(ks)u(s)), s € (0,1],

z(0) =2(0) =20 € X, w = (u, k) € W,

whose controls are taken from a product space. A chosen subsequence {P.,, } is the Meyer approximation to
Problem (P).

By applying the family of Ch-semigroups with parameters, the existence of optimal controls for Meyer

problem (P.) is proved. Then, we show that there exists a subsequence of Meyer Problems (P.,) whose

corresponding sequence of optimal controls {w., } € W converges to a time optimal control of Problem (P)
in some sense. In other words, in a limiting process, the sequence {we,, } € W can be used to find the solution
of time optimal control problem (P). The existence of time optimal controls for problem (P) is proved by
this constructive approach which offers a new way to compute the time optimal control.

The rest of the paper is organized as follows. In Section 2, we formulate the time optimal control Problem
(P) and Meyer problem (P.). In Section 3, existence of optimal controls for Meyer problems (P.) is proved.
The last section contributes to the main result of this paper. Time optimal control can be approximated by

a sequence of Meyer problems.

2. TIME OPTIMAL CONTROL PROBLEM (P) AND MEYER PROBLEM (P.)

For each 7 < 400, let I, = [0, 7] and let C'(I-, X) be the Banach space of continuous functions from I-

to X with the usual supremum norm.
Consider the following nonlinear control system

{ 2 (t) = Az(t) + f(t, 2(t), B(t)v(t)),t € (0,7),

(1.1)
2(0) =20 € X, v € Vaa.

We make the following assumptions:
[A] A is the infinitesimal generator of a Co-semigroup {7 (t),¢ > 0} on X with domain D(A).
[F] f:I: x X x X — X is measurable in ¢ on I and for each p > 0, there exists a constant L (p) > 0
such that for almost all ¢ € I; and all z1, 22, y1, y2 € X, satisfying ||z1]], ||22||, lly1ll, lly2]l < p, we have
I (& 21,91) = f (8 22, 92) |l < L(p) (Ilz1 — 22/l + llyr — w2]) -
For arbitrary (t,y) € I- X X, there exists a positive constant M > 0 such that

I (&2 9)ll < M1+ [|z]).

[B] Let E be a reflexive Banach space. Operator B € Loo(Ir,L(E, X)), |Bllc stands for the norm
of operator B on Banach space Loo(I7,L(E,X)). B : Ly(I;,E) — Ly(I;,X)(1 < p < 400) is strongly

continuous.

EJQTDE, 2009 No. 45, p. 2



[U] Multivalued maps T'(:) : I, — 2F\{@} has closed, convex and bounded values. T'(-) is graph
measurable and I' (-) C © where 2 is a bounded set of E.

Set
Vaa = {v(-) | I. — E measurable,v(t) € T'(t) a.e.}.
Obviously, Vaa # @ (see Theorem 2.1 of [12]) and Vo C Lp(Ir, E)(1 < p < +00) is bounded, closed and

convex.

By standard process (see Theorem 5.3.3 of [2]), one can easily prove the following existence of mild

solutions for system (1.1).

Theorem 2.1: Under the assumptions [A], [B], [F] and [U], for every v € V,q, system (1.1) has a

unique mild solution z € C(I, X) which satisfies the following integral equation
t
z2(t) =T(t)zo + / T(t—0) )‘((97 z(0) ,B(@)v(@))d@.
0

Definition 2.1: (Admissible trajectory) Take two points zo, z1 in the state space X. Let 2o
be the initial state and let z1 be the desired terminal state with zo # zi. Denote z(v) =
{z (t,v) € X | t > 0} be the state trajectory corresponding to the control v € V,4. A trajectory

z (v) is said to be admissible if z (0,v) = zo and z (t,v) = 21 for some finite ¢ > 0.
Set

Vo = {v € Vaa | 2(v) is an admissible trajectory} C Vaa.

For given 2o, z1 € X and zo # z1, if Vo # O (i.e., There exists at least one control from the admissible
class that takes the system from the given initial state zo to the desired target state z; in the finite time.),

we say the system (1.1) can be controlled. Let
T(w)=inf{t>0]z(t,v) =21}
denote the transition time corresponding to the control v € Vp # @ and define
T =inf{r(v) >0|veV}.
Then, the time optimal control problem can be stated as follows:

Problem (P): Take two points zo, 21 in the state space X. Let zo be the initial state and let z1 be
the desired terminal state with zo # z1. Suppose that there exists at least one control from the
admissible class that takes the system from the given initial state zo to the desired target state z1

in the finite time. The time optimal control problem is to find a control v* € V; such that
T(W)=7"=inf{r(v) >0|v € Vo}.
For fixed & € Vaq, T' = 7(9) > 0. Now we introduce the following linear transformation
t=ks,0<s<1andkel0,T]
Through this transformation system (1.1) can be replaced by

(2.1) i(s) = kAz(s) + kf(ks,z(s), B(ks)u(s)), s € (0,1]
' 2(0) = 2(0) =20 € X, w = (u, k) € W,

where z(-) = z(k-), u(-) = v(k-) and define

W:{(u,k)|u(s):v(ks),0§s§ 1,v e Vi, k € [O,T]}.

By Theorem 2.1, one can verify that
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Theorem 2.2: Under the assumptions [A], [B], [F] and [U], for every w € W, system (2.1) has a
unique mild solution z € C([0,1], X) which satisfies the following integral equation

x(s) = Tk(s)zo + / Ty (s — 0) kf (K0, z (0), B(kO)u(0))do,
0
where kA is the generator of a Co-semigroup {T%(t),¢ > 0} (see Lemma 3.1).
For the controlled system (2.1), we consider

Meyer problem (P.): Minimize the cost functional given by

Je (w) = -l () (1) = 21 + &

over W, where z (w) is the mild solution of (2.1) corresponding to control w.
i.e., Find a control w. = (ue, ke) such that the cost functional J. (w) attains its minimum on W at

We.

3. EXISTENCE OF OPTIMAL CONTROLS FOR MEYER PROBLEM (P.)

In this section, we discuss the existence of optimal controls for Meyer Problem (P.). First, in order to
study system (2.1), we have to deal with family of Co-semigroups with parameters which are widely used in

this paper.

Lemma 3.1: If the assumption [A] holds, then
(1) For given k € [0, 7], kA is the infinitesimal generator of Co-semigroup {T%(t),t > 0} on X.
(2) There exist constants C' > 1 and w € (—00, +00) such that

[ T%(2)]] < Ce“* for all t > 0.
(3) If ky, — ke in [0,7] as n — oo, then for arbitrary = € X and ¢ > 0,
Ty, (t) =5 Ty, (t) as n — oo (7s denotes strong operator topology)

uniformly in ¢ on some closed interval of [0, T] in the strong operator topology sense.

Proof. (1) By the famous Hille-Yosida theorem (see Theorem 2.2.8 of [2]),

{ (i) Ais closed and D(A) = X;
(i1) p(A) D (w,400) and ||[R(\, A)|| € (A —w) ™, for A > w.

It is obvious that for fixed k € [0, 77,

(i) kA is also closed and D(kA) = X;

(ii) p(kA) D (kw,400) and ||R(\, kA)|| = k7Y |R(k™IN, A)|| < (A = kw) ™Y, for X > kw.
Using Hille-Yosida theorem again, one can complete it.

(2) By virtue of (1) and Theorem 1.3.1 of [2], one can verify it easily.

(3) Since {k,} is a bounded sequence of [0,7] and k, > 0, due to continuity theorem of real number,
there exists a subsequence of {k,}, denoted by {k,} again such that k, — k. in [0,7] as n — oo. For
arbitrary x € X and A\ > k,w, we have

RO\ knA)z = (M — knA) 'z — (M — ke A) "'z = RO\ ke A)z,  as n — oo.
Using Theorem 4.5.4 of [2], then
Tk, )z — T (t)z as n — 0.

Further,

Ty, (1) =5 T (t) as n— oo
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uniformly in ¢ on some closed interval in the strong operator topology sense. ]

Lemma 3.2: For each g € L, ([0, 7], X) with 1 < p < +o0,

To
lim / lg(t + h) — g(8)||Pdt = 0
h—0 0

where g(s) = 0 for s does not belong to [0, To].
Proof. See details on problem 23.9 of [12]. O

We show that Meyer problem (P.) has a solution we = (ue, kc) for fixed € > 0.

Theorem 3.A: Assumptions [A], [B], [F] and [U] hold. Meyer problem (P.) has a solution.

Proof. Let € > 0 be fixed. Since J.(w) > 0, there exists inf{J.(w),w € W}. Denote m. = inf{J. (w),w €
W} and choose {wy,} C W such that

Je(wn) — me
where
Wy = (Un, kn) € W = Vaa x [0, 7).
By assumption [U], there exists a subsequence {u,} C V44 such that

w .
Un — Ue N Vog as n — 00,

and Vg4 is closed and convex, thanks to Mazur Lemma, u. € V4.

By assumption [B], we have

Bu, —>» Buc in Ly(]0,1], X) as n — oo.

Since ky, is bounded and k, > 0, there also exists a subsequence {k,} denoted by {k.} C [0,7] again, such
that

kn — ke in [0,T] as n — oo.

Let x,, and z. be the mild solutions of system (2.1) corresponding to wn = (un,kn) € W and we =

(e, ke) € W respectively. Then we have

Zn(s)

Tn(s)z0 + /OS Tn(s — 0)knF,(0)d6,

ze($) T-(s)zo + /Os T.(s — 0)keF-(0)do,

where

Ta(") Tin(); Fu() = fknzn (), B(kn)un("));
T.() = Te(); Fe() = f(ker2o(), Blke)ue()).
By assumptions [F], [B], [U] and Gronwall Lemma, it is easy to verify that there exists a constant p > 0
such that
lzelleqo,x)y <p  and  [znlleqo,x) < p-

Further, there exists a constant M. > 0 such that

1 Eelleo.1),x) < Me(1+ p).
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Denote

=
I

1T ()20 — Te(s) 2o,

/ (s = 0)kn Fo( d@/ 0)kn F2(0)d0]|,

&
I

&
I

/STn( — 0)k, F:(0)do — /T( 9)kFE(0)d0H,

where

Fr(0) = f(knb,2(0), B(k0)uc(9)).
By assumption [F],

R

IN
Q
&
=
\
i
E
>

IA

Chor knL(p) / 20 (6) — -(6) |do

+ Ck, knL(p) /0 [ B(kn0)un(0) — B(k:0)uc(0)||d0

R21 + Ra2 + Roa3

IN

where
wkn
Ce*™

Cho, knL(p) / |lzn(6) — 2-(0) o,

Q
=
Il

&
i

&
i

Cho kL (p) / B (ka0 (6) — B(k.0)u-(6))do,

T
i

Con b L(p) /0 B (kn0)un (8) — B(kn)u-(6)]|do.
and

R3

IN

/OS kT (s — 0)FZ(8) — ko Tu(s — 0)F.(0)]|d0

+ ke / I T (s — 0)Fe(0) — T=(s — 0)F-(0)]| df
0
R31 + R32 + Ra3

IN

where

&
i

Cr [ Ia FE(0) ~ kL (6)]0,
0

Cu, [ Ia F-(0) ~ ko (0)] b,
0

Rss = kEME(ler)/ T (s — 0) — T-(s — 0)|d6.
0

&
i

By Lemma 3.1, one can obtain R; — 0 and R33 — 0 as n — oo immediately.

It follows from

1 1 1
Ryy < Gy knL(p (/ || B(kn0) (kEQ)H”dQ)p(/ ||u5(0)||qd9)q,
0

Ros < Ch kaL(p) / || B(k20)un (0) — B(k:0)uc(0)||d0

+ Ch, knL(p (/ || B(kn0) — B(k.0) |Pd9) (/ [t (6) — e ( )||‘fd9) ,

R Cr, k / |Fn (0 (0|16,

IA
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Lemma 3.2 and assumption [B] that Ras — 0, R2s — 0 and R31 — 0, as n — oo.

Since k,, — k. as n — 00,

R3s — 0 asn — oo.
Then, we obtain that
lzn(s) —ze(s)] < Ri+R2+Rs
< et Cukl(p) [ an(®) —o.(0)d0

N

where

0c = R1 + Rz + Raz + R31 + R32 — 0 as n — oo.
By Gronwall Lemma, we obtain
Tn — 2. in C([0,1],X) asn — oo.
Thus, there exists a unique control we = (ue, k-) € W such that

me = lim Je(wp) = Je(we) > me.

n—oo
This shows that J.(w) attains its minimum at w. € W, and hence z. is the solution of system (2.1)

corresponding to control we. O

4. MEYER APPROXIMATION

In this section, we will show the main result of Meyer approximation of the time optimal control problem
(P). In order to make the process clear we divide it into three steps.
Step 1: By Theorem 3.A, there exists we = (ue,ke) € W such that J.(w) attains its minimum at
We € VV7 i.e.,
1 .
Te(we) = ol (we) (1) = 2]+ ke = inf ()

By controllability of problem (P), Vo # @. Take ¢ € Vj and let 7 (
Define i(s) = 0(7s), 0 < s <1 and w = (@,7) € W. Then Z(-) = 2z (v)

(@
(2.1) corresponding to control w = (@, 7) € W. Of course we have Z(1) = z1.

0) = 7 < 400 then z (0) (7) = z1.
(7+) is the mild solution of system

For any € > 0 submitting w to J., we have

This inequality implies that

0<ke <7,
|z (we) (1) — z1]|* < 267 hold for all & > 0.

We can choose a subsequence {En} such that €, — 0 as n — oo and
ke, — k% in [0, 77,
z (We,,) (1) = xc, (1) — 21 in X, as n — oo,
Ue,, 5w’ in Vg, We,, = (Ue,, , ke, ) € W.
Since V,q is closed and convex, thanks to Mazur Lemma again, u® € V,q.
Further, by assumption [B], we obtain
ke, — Kk in [0, 7,
z (We,,) (1) = e, (1) — 21 in X, as n — oo,

Bue,, = Bu® in L,([0, 1], X).
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Step 2: Let z., and z° be the mild solutions of system (2.1) corresponding to we, =(uc, , ke, ) € W and

w® = (u®, k%) € W respectively. Then we have

Ze,(8) = Te.(8)z0+ /S T., (s — )k, F.,(0)do,
2°(s) = To(s)zo + /S To(s — 0)k°F°(0)d6,
where
T..(s) = Tk, (s); Fe,(0) = f(ke,0,2c,(0),B(ke,0)uc,(0));
To(s) = Tho(s); F°0) = f(k°0,2°(0), B(k°0)u’(9)).

By assumptions [F], [B], [U] and Gronwall Lemma, it is easy to verify that there exists a constant p > 0
such that

|z, [leoay,x) < p and  [2°cqo,x) < p-

Further, there exists a constant M® > 0 such that

IFlleqo.a.x) < MP(1+ p).
Denote
Li = |[Te,(s)20 — To(s)zol,
e = H/ O)k=, I (e)def/OSTEn(sfe)ksnFé’n(e)deH,
e = H/ 0)k.,, F2. (0)d0 - /OST()(s—e)kOF‘J(@)d@HA
where

F2 (0) = f(ke,0,2°(0), B(k°0)u’(0)).

By assumption [F],

L < Cuhe [ 10 - F5,0)]0,
0
< Cuykeil(p) [ 2. (6) ~ 2°(0) a0
0
+ ke L) [ 1Bk, 0)1e, 0) — B0)u"(0) a5
0
< Loy + Lo + Los,
where
Cr., = Ceken,
L21 = Ckgnk) L / ||l'gn *l’ ( )||dt9
L = Cu ke k(p) [ IB(k,0)0°(0) = B0 0)]d0
0
Los = O, ke, L(p) / IB (ke 6)u, (6) — Bke,0)u’(9)]db.
0
and
Ly < /H 0)k., F2 (0) — T, (s — 0)k°F°(0)||d6
+/ |7, (s — 0)K°F°(6) — To(s — 0)k°F°(0)]| do
0
< L3i + Laa + Las
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where

La = Cu, [ IheuF2,(6) = heu FO)] a6,
0
Lz = Cksn/ ke, F°(0) — K°F°(6) | d6,
0
Ly = kOMO(1+p)/ T2, (s — 6) — To(s — 6)]|do.
0

Similar to the proof in Theorem 3.A, one can obtain
2 (5) =2 < Li+ Lo+ La
< 0"+ Cu ket L(9) [ o (6) ()]0
0

where

00=L1+L22+L23+L31 + L3z — 0 as n — oo.
Using Gronwall Lemma again, we obtain

ze, — 2% in C ([0,1],X) as n — oo.

Step 3: It follows from Step 1 and Step 2,
ze, (1) = z1]] <v2enT — 0, as n — oo,
{m%mwunwx%nﬂw,
and
I12°(1) = 21| < llze, (1) = 21l + e, (1) = 2" (1)]| — 0, as n — oo,
that
2°(1) = 2.
It is very clear that K° 2 0 unless zo = z1. This implies that
k° > 0.

Define v°(-) = u® (-/k°) . In fact, 2°(-) = 2° (-/k°) is the mild solution of system (1.1) corresponding to
control v° € Vg, then
22(k%) = 2°(1) = 21 and 7(v°) = k° > 0.
By the definition of 7* = inf {7 (v) > 0| v € Vo },

K° >,

For any v € Vj,
r(0) 2 Jewe) = o o (we) (1) = 1]+ e
Thus,
7(v) > ke.

Further,
7(v) > ke, for all €, > 0.

Since k° is the limit of ke, as n — oo,
7(v) > 7(v°) = k° for all v € Vj.
Hence,
K° < 7™
Thus,

0<7(@’) =k"=7"
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The equality implies that v° is an optimal control of Problem (P) and k° > 0 is just optimal time.

(1]

The following conclusion can be seen from the discussion above.

Conclusion: Under the above assumptions, there exists a sequence of Meyer problems (Pe,, ) whose

En
corresponding sequence of optimal controls {w.,, } € W can approximate the time optimal control
problem (P) in some sense. In other words, by limiting process, the sequence of the optimal controls

{we, } € W can be used to find the solution of time optimal control problem (P).
Theorem 4.A: Assumptions [A], [B], [F] and [U] hold. Problem (P) has a solution.
Remark 1: If B(¢t) = B, then Theorem 3.A and Theorem 4.A also hold.

Remark 2: If B(t) does not have strong continuity and semigroup is compact, we will carry out the

full details as well as some related problems in a forthcoming paper.
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