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1 Introduction
We begin with asking the following questions:
o When does a nonlinear delay difference equation
Azx(n) = —a(n)h(z(n)) + G(n,x(n — 7)), n€Zy, 7 € Ly, (1)
have an integer valued periodic solution?
o When does a nonlinear delay differential equation
'(t) = —a(t)h(z(t)) + G(t,x(t — r(t))), teR,, 0<r(t) <t, (2)
have a non-zero positive valued periodic solution?
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2 M. Adivar & Y. N. Raffoul

Time scale theory has given mathematicians a general perspective of the under-
standing on how to combine and unify the theories of difference and differential equa-
tions under the umbrella of dynamic equations on time scales. Hence, it is natural to
ask the following question which is much more general than the ones above:

o When does a totally nonlinear delay dynamic equation
22 (t) = —a(t)h(z(t)) + G(t,z(6(t))), t €Ty, (3)

have a non-zero periodic solution which maps a periodic time scale Ty into another
time scale Ty ?

The expression totally nonlinear implies that the functions A and G of (3) are
nonlinear in x. In earlier time scale papers (e.g., [2], [3], [7]) concerning the existence
of periodic solutions of dynamic equations on a time scale T, sufficient conditions are
given only for the existence of real valued periodic solutions in C(T,R). By doing
so, existence is shown but the existence of positive periodic solutions is handled in a
totally different manner. On the other hand, most of the studies of difference equations
show the existence of real valued solutions = : Z — R. However, when we study some
problem from biology, physics or any other applicable science described by difference
equations, we should have integer valued solutions (see for instance [8], [9]). This, in
return, requires showing the existence of integer valued solutions. The advantage of
handling a problem on two time scales T; and Ty instead of on a periodic time scale
T and R not only fills this gap but also helps us to understand positivity of solutions.
By this approach it is enough to set the problem on T; = Ty = Z to obtain existence
of integer valued solutions of a difference equation and it is easy to obtain positivity
of solutions by taking the positive part of the time scale Ty as the range of functions.
It is worth mentioning that existence of periodic solutions of the equation (3) has not
been studied before even for the particular case when T, is a periodic time scale and
Ty = R.

For clarity, we restate the following definitions, introductory examples, and lemmas
which can be found in [3] and [7].

Definition 1.1 A time scale T is said to be periodic if there exists P > 0 such that
t+ PeTforallt eT. If T # R, the smallest positive P is called the period of the
time scale.

Example 1.1 The following time scales are periodic.
i. T =7 has period P =1;
1. T = hZ has period P = h;
1. T=R;
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w. T=U; _[(2i —1)h,2ih], h > 0 has period P = 2h;
v. T={t=k—q":k€Z, meNy, qe (0,1)} has period P = 1.
Remark 1.1 All periodic time scales are unbounded above and below.

Definition 1.2 Let T # R be a periodic time scale with period P. We say that the
function f: T — R s periodic with period T if there exists a natural number n such
that T = nP, f(t £T) = f(t) for allt € T and T is the smallest number such that
f&£T) = f(t). If T =R, we say that f is periodic with period T > 0 if T is the
smallest positive number such that f(t £ T) = f(t) for allt € T.

Let Ty be a periodic time scale and Ty a time scale that is closed under addition,
ie.,, u+v €T,y for all u,v € Ty. In this paper, using the concept of large contraction,
we study existence of periodic solutions x : T; — Ty of totally nonlinear dynamic
equations

22 (t) = —a(t)h(z(t)) + G(t, z(0(t))), t € Ty, (4)
where ¢ : Ty - R, h : Ty - R, G: Ty xTy - Rand § : Ty — T, is a strictly
increasing delay function satisfying

d(t)<tand oo =000. (5)

In the following, we give some particular time scales with corresponding delay functions.

Time scale Delay function

T=R ot)y=t—71, TeR,
T=hZ={hk:k€Z}, h>0 0(t)y=t—hr, TEZ,
T={t=k—q™:k€Z, meNy, qe(0,1)} | 6(t)=t—7, TEZ,

Throughout the paper we suppose that the functions a, h, and G are continuous in
their respective domains and that for at least 7" > 0

at +T) =a(t), S(t+T)=0t)+T, Gt,)=C{t+T,), teTi. (6

To avoid obtaining the zero solution we also suppose that G(¢,0) # a(t)h(0) for some
te ']Tl.

In the analysis, we employ a fixed point theorem in which the notion of a large
contraction is required as one of the sufficient conditions. First, we give the following
definition which can be found in [6].

Definition 1.3 (Large Contraction) Let (M,d) be a metric space and B: M — M.
B is said to be a large contraction if ¢, o € M, with ¢ # ¢ then d(Bo, By) < d(¢, )
and if for all € > 0, there exists a 6 < 1 such that

(9,0 € M,d(9,¢) > €] = d(Bo, Bp) < d(¢, p).
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The next theorem, which constitutes a basis for our main result, is a reformulated
version of Krasosel’kii’s fixed point theorem.

Theorem 1.1 [6] Let M be a bounded conver nonempty subset of a Banach space
(B, || -1|). Suppose that A and B map M into B such that

i. x,y € M, implies Ax + By € M;
it. A is compact and continuous;

11. B 1s a large contraction mapping.

Then there exists z € M with z = Az + Bz.
Define the forward jump operator o by

o(t)=inf{s >t:se T},

and the graininess function p by u(t) = o(t) —t. A point t in a time scale is called
right scattered if o(t) > t. Hereafter, we denote by z” the composite function z o o.
Note that in a periodic time scale T with period P the inequality 0 < u(t) < P holds
for all t € T.

Remark 1.2 IfT is a periodic time scale with period w, then o(t £ nw) = o(t) £ nw.
Consequently, the graininess function p satisfies p(t £ nw) = o(t £ nw) — (t £ nw) =
o(t) —t = u(t) and so, p is a periodic function with period w.

Definition 1.4 A function p: T — R is said to be regressive provided 14 u(t)p(t) # 0
for allt € T", where

. T\(p(sup T),sup T| if supT < oo,
T = .
T, if supT = oo.

The set of all regressive rd-continuous functions p : T — R s denoted by R while the
set R is given by RT ={p € R : 1+ u(t)p(t) >0 for all t € T}.

Let p € R and u(t) > 0 for all t € T. The exponential function on T is defined by

ertos) = exp ([ —Lon(1-+ nleiple)) ac). (7

The exponential function y(t) = e,(t,s) is the solution of the initial value problem
y® = p(t)y, y(s) = 1. Other properties of the exponential function are given by the
following.
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Totally Nonlinear Delay Dynamic Equations 5t

Lemma 1.1 /3, Lemma 2.7.] If p,q € R, then
ep(t,t) =1, e,(t,s) =1/ey(s,t), ey(t,u)e,(u,s) =eyt,s),

ep(o(t), s)(1+ p(t)p(t))ey(t,s), ep(s, o(t)) = %’

6]?('7 5) = pep('v S)v 6?(8, ) = (@p)ep(sa ')7
(&
Epag = €pCqr  Cpog = e_p.

q

Theorem 1.2 [3, Theorem 2.1.] Let T be a time scale with periodw > 0. Ifp € Cyq(T)
s a periodic function with the period T = nw, then

b+T b
/ p(t)At = / p(t)At, ey(b,a) =e,(b+T,a+T) if peR,
a+T a

¢y =1—e,(t+T,t) is independent of t € T whenever p € R.

Definition 1.5 /5, Definition 1.62] A continuous function f : T — R is called pre-
differentiable with (region of differentiation) D, provided D C T*, T*\D is countable
and contains no right scattered elements of T, and f is differentiable at each t € D.

We will resort to the next theorem at several occasions in our further work.

Theorem 1.3 [/, Theorem 1.67-Corollary 1.68] Let f and g be real-valued functions
defined on T, both pre-differentiable with D C T. Then

1.
}fA(t)} < g2(t) for allt € D
implies
[f(s) = f(r)| < g(s) —g(r) forallr,s €T, r<s. (8)
2. If U is a compact interval with endpoints r,s € T, then
[f(s) = f(r)| < sup |F2(1)][s —r]. (9)
teUr*ND

2 Existence of periodic solution

Suppose that T, is a periodic time scale and that Ty is an arbitrary time scale that is
closed under addition. The space Pr(T;,Ts), given by

Pr(Ty,Ty) = {p € C(T1,Ty) : p(t +T) = (1)},

is a Banach space when it is endowed with the supremum norm

[zl = sup |a(t)] = sup[z(?)].
t€[0,7)NT teTy
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Determine « € (0,00) to be a fixed real number such that
Uy, =[—a,a]NTy # 2. (10)
We ask for the condition (10) since we need to guarantee that the set M, given by
M, = {6 € Pr(T;, T3) : l6] < o) (11)

(which will be shown to include a solution of (4)) is nonempty. Note that if ¢ € T; and
¢ € M, then ¢(t) € Ty and —a < ¢(t) < «; i.e., ¢(t) € U,. Moreover, M, is a closed,
bounded, and convex subset of the Banach space Pr(Ty,Ts).

Hereafter, we use the notation ¥ = —a and assume that v € R™.

Lemma 2.1 [fx € Pp(Ty,Ty), then x is a solution of equation (4) if, and only if,

z(t) = kw/t {a(s)H(x(s)) + G(s,2(5(s))) } ey (L + T, 0 (s)) As, (12)

where ko, = (1— ey (t+T,6) ", v(t) = —a(t) and
H(x(t)) = x(t) — h(x(t)). (13)
Proof. Let 2 € Pr(Ty,Ts) be a solution of (4). The equation (4) can be expressed as
22 (1) = v(D)2(t) = a(t)H(x(1)) + G(t, 2(5(t))). (14)
Multiplying both sides of (14) by e, (o (£) , to) we get
{22 () =W (1)} eey (o (1) ,10) = {a(t) H (x(t)) + G(t,2(5(t)))} eay (0 (t) ;o) -
a

Since eg, (t,t9)” = —7(t)eay (o (1), ty) we find

[ () eary (1, 10)]™ = {a(t) H ((t)) + G(t,2(5(£)))} ey (o (1) to)

Taking the integral from ¢t — T to t, we arrive at

t+T
P+ T) eon (14 Tot0) — 0 (D (100) = [ {alo)H(als)
+G(s,2(0(s)))} eay (0(s), to) As.
Using x (t + 1) = z (t) for x € Pr(Ty, Ty), and

€ony (ta 7SO)

€oy (0 (s) ,10)
€oy (t + T’ tO)

= t+7T,t
67(+ ’)’6@7(t+T,t0)

=&y (t+T,O($)),
we obtain (12). Since each step in the above work is reversible, the proof is complete.
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Lemma 2.2 Ifp € R*, then

t
0 < epy(t,s) <exp (/ p(r)Ar)

forallt € T.

Proof. If p € R™, then

Log(1 + u(t)p(t)) = log(1 + u(t)p(t)) € R.

(15)

It follows from (7) that e,(t,s) > 0. On the other hand, since we have exp(u) > 1+ u,

and therefore, u > log(1 4 u) for all u € ( —1,00), we find

o) = ([ t o1+ ulr)p(r)) Ar)

t
< exp </ p(r) A’r) :
This completes the proof.

We derive the next result from (15).

Corollary 2.1 Ifp € R" and p(t) <0 for allt € T, then for all s € T with s <t we

have

0 < epy(t,s) <exp (/:p(r)Ar) < 1.

(16)

As a consequence of Lemma 2.2 we note that for v € R, ¢ € [0,7]NT and

se€t,t+T)NT,
t+T
ey (t+T,0(s)) < exp (fo’(s) 'V(T)AT)
l—e, (t+T,t) = [1—e,(t+T,1)

exp (Jf;" ()l Ar)
= e (10

Let the maps A and B be defined by

ey (t+T,0(s))
l—e,(t+T,1)

(Ap)(t) = / G5, 0(6(5))) As, teT,,

and
e, (t+T,0(5))
1—e, (t+T,1)

B = [ () Hw(s)) As e,

(17)

(18)

(19)
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8 M. Adivar & Y. N. Raffoul

respectively. It is clear from (6) that the maps A and B are T periodic. To make sure
A:M, — Pr(Ty,Ty) and B : M, — Pr(Ty,Ty) we also need to ask for the following
condition:

Ap(t), Bo(t) € Ty for all t € Ty and ¢, p € M. (20)

In the proof of the next result, we use a time scale version of the Lebesgue dominated
convergence theorem. For a detailed study on A-Riemann and Lebesgue integrals on
time scales we refer the reader to [5].

Lemma 2.3 Suppose that there exists a positive valued function & : T1 — (0, 00) which
is continuous on [0,T) N'Ty such that

|G(t,0(0(t)))] <&(t) for allt € Ty and ¢ € M,. (21)
Then the mapping A, defined by (18), is continuous on M,,.

Proof. To see that A is a continuous mapping, let {p;};en be a sequence of functions
in M, such that ¢; — ¢ as ¢ — oo. Since (21) holds, the continuity of G, and the
dominated convergence theorem yield

zliglo {teﬁlﬁw ‘Awi(t) - A@(t)‘} = KZIE?O 0 ‘G<87 #ildle)) = Gls, @(5(3)))‘ o
<K [ Jim [6(s.05(6(5)) ~ Gls. 2(0()] As

=0,

where K is defined as in (17). This shows continuity of the mapping A. The proof is
complete.

One may illustrate with the following example what kind of functions &, satistying
(21), can be chosen to show the continuity of A.

Example 2.1 Assume that G(t,x) satisfies a Lipschitz condition in x; i.e., there is a
positive constant k such that

|G(t, z) — G(t,w)| < k||z —wl, forz,w e Pr. (22)

Then for ¢ € M,,

|Gt 0(6(1)] = |G(t, 0(6(t))) — G(t,0) + G(£,0)]
< [G(t 9(0(1)) — G(£,0)[ + [G(2,0)|
< ka+ |G(t,0)].
In this case we may choose & as
£(t) = ka+ |G(t,0)]. (23)
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Totally Nonlinear Delay Dynamic Equations 9

Another possible & satisfying (21) is the following
) =g + e ly(®I", (24)

where n is a positive integer and g and p are continuous functions on T1, and y € M,,.

Remark 2.1 Condition (22) is strong since it requires the function G to be globally
Lipschitz. A lesser condition is (21) in which & can be directly chosen as in (23) or

(24).

In next two results we assume that for all t € T, and ¢ € M,

€7<t+T,O'<S))AS<
l—e, (t+T,t)  —

t+T
Ji:/t {la()[|H ()] + ()}
where ¢ is defined by (21).

Lemma 2.4 [In addition to the assumptions of Lemma 2.3, suppose also that (20) and
(25) hold. Then A is continuous in ¢ € M, and maps M, into a compact subset of
M,.

Proof. Let ¢ € M,. Continuity of A in ¢ € M, follows from Lemma 2.3. Now,
by (18), (21), and (25) we have |(Ap)(t)] < «. Thus, from (20), Ap € M,. Let
w; € M, i =1,2,.... Then from the above discussion we conclude that

|| Al < .

This shows A(M,) is uniformly bounded. It is left to show that A(M,) is equicontin-
uous. Since £ is continuous and T-periodic, by (21) and differentiation of (18) with
respect to ¢ € Ty (for the differentiation rule see [1, Lemma 1]) we arrive at

(A2 ()] = 1G(t, 9;(3(1))) — a(t) (Ag:) (1)]
§(t) + [a()] [(Api) (1)]
£t

<
< &(t) + [lall [|Api]| < L, for t € [0, T]y, ,

where L is a positive constant. Thus, the estimation on |(Ap;)*(¢)] and (9) imply that
A(M,) is equicontinuous. Then the Arzela—Ascoli theorem yields compactness of the
mapping A. The proof is complete.

T, is closed under addition and so (20) implies

(Ad + Byp)(t) € Ty for all t € Ty and ¢, p € M. (26)

Theorem 2.1 Suppose all assumptions of Lemma 2.4. If B is a large contraction on
M., then (4) has a periodic solution in M,
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Proof. Let A and B be defined by (18) and (19), respectively. By Lemma 2.4, the
mapping A is compact and continuous. Then using (25), (26), and the periodicity of
A and B, we have

Ap+ By M, — M, for o, e M,.

Hence an application of Theorem 1.1 implies the existence of a periodic solution in M,,.
This completes the proof.

The next result gives a relationship between the mappings H and B in the sense of
large contraction.

Lemma 2.5 Let a be a positive valued function. If H is a large contraction on M,
then so is the mapping B.

Proof. If H is a large contraction on M, then for z,y € M,, with = # y, we have
||Hz — Hy|| < ||z — y||. Since v = —a € R and a is positive valued, v(¢) < 0 for all
t € T. Thus, it follows from the equality

a(s)e, (t+T 0 (s)) = [e; (t+T.5)],

where A indicates the delta derivative with respect to s, and (16), that

-z [

|z — yl| o
S e+ 1.0 /t a(s)ey (t+T,0(s))As

= [lz = yll.

a(s)|H(x)(s) — H(y)(s)|As

Taking the supremum over the set [0, 7] N Ty, we get that ||Bx — Byl|| < || —y]||. One
may also show in a similar way that

| Bz — Byl < 4|z —yl|
holds if we know the existence of a 0 < § < 1 such that for all e > 0
[7,y € M, ||z —y|| > ¢] = [[Hz — Hy|| < ||z — y]|.

The proof is complete.
From Theorem 2.1 and Lemma 2.5, we deduce the following result.

Corollary 2.2 In addition to the assumptions of Theorem 2.1, suppose also that a is
a positive valued function. If H is a large contraction on M, then (4) has a periodic
solution in M,,.
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3 Classification and applications

We derive the next result by making use of Theorem 1.3.

Lemma 3.1 Suppose g : T — R is pre-differentiable with D. Suppose U is a compact
interval with endpoints r,s € T and g®(t) > 0 for allt € U N D. Then we have

g(s) — g(r) = |s — 1] { inf g%)}. (27)

teU*ND

Proof. Let the function f : T — R be defined by

f(t):(t—r){ inf gA(t)} for t € T.

teUrnND

Evidently, f is pre-differentiable with D and

P20 = 20 = { inf g%)} < g2,

teUrND

From (8), we derive

9(s) — g(r) = 1F(s) = F()| = s — { inf g%)}

teUrND

as desired. The proof is complete.

Corollary 3.1 Suppose g : T — R is pre-differentiable with D. Suppose U is a com-
pact interval with endpoints r,s € T. g™(t) > 0 for all t € USN D if and only if g is
non-decreasing on U.

Proof. If ¢g2(t) >0 for all t € U®N D, then from (27), we have

o6 = 90r) = (s =) { nt %)} 20

teUrnND

for s,r € U with s > r. Conversely, let g be non-decreasing on U. For at € U*N D,
there are two possible cases:

p(t) =0 or u(t) > 0.

If u(t) = o(t) —t > 0, then by [4, Theorem 1.16, (ii)] we have
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If u(t) = 0, then from [4, Theorem 1.16, (iii), Exercise 1.17] we find
A . g(t) —g(s)
t) = lim —————= > 0.
g=(t) = lim =—=—

This completes the proof.

Corollary 2.2 shows that having a large contraction on a class of periodic functions
plays a substantial role in proving existence of periodic solutions. We deduce by the
next theorem that

H.1. h: Ty — R is continuous on U, and differentiable on U},
H.2. h is strictly increasing on U,

H.3. sup h®(s) <1

seUk

are the conditions implying that the mapping H in (13) is a large contraction on the
set M.

Theorem 3.1 Let h: Ty — Ty be a function satisfying (H.1-H.3). Then the mapping
H is a large contraction on the set M.

Proof. It is obvious that the function h satisfies the assumptions of Lemma 3.1 on the
compact interval U, = [—a, a] N Ty. Thus, (9) and (27) give

(s —r) {tsel(lﬁ hA(t)} > h(s)—h(r)>(s—r) {tlerlljfg hA(t)} >0 (28)

for s,r € U, with s > r. Let ¢, € M, with ¢ # ¢. Then ¢(t) # ¢(t) for some t € T.
Let us introduce the set

D(¢, ) ={t € T2 : ¢(t) # (1)}

Note that ¢(t) € U, for all ¢t € Ty whenever ¢ € M,. Since h is strictly increasing

he(t) — h(6(1)  h(6() — h(p(0)
=0 e —p) (29)

holds for all t € D(¢, ). By (H.3), we have

1> sup h2(t) > inf h2(s) > 0. (30)

teus seUg o

Define the set U; C U, by

_ [ o), 6] N Uy, if 6(1) > o(8),
e { [0(), $(B)] N Ua, i 6(2) < (1), 71 ED(00)
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Hence, for a fixed tg € D(¢, p) we get by (28) and (29) that

Sy o M) “Ae) s
sup {h*(u) :u € U} > olto) = p(to) > inf {h®(u) :ue U} .

Since U; C U, for every t € D(¢, ), we find

sup h®(u) > sup {h*(u) 1w € Uj} > inf {h®(u) 1w € Uy} > inf h®(u),

ueUp uelUk

and therefore,

b2 B 2 T ey () 20 (1)

for all t € D(¢, ). So, (31) yields
[Ho(t) = Ho(t)] = |¢(t) — h(o(t)) = ¢ (t) + hlp(?))]

- (i)
< 1o(6) ~ (0] (1 inf 12w (32)

for all t € D(¢, ). Thus, (31) and (32) imply that H a large contraction in the supre-
mum norm.

To see this, choose a fixed € € (0,1) and assume that ¢ and ¢ are two functions in
M, satisfying
I —¢ll = sup [b(t) —@(t)] > &

t€[—a,al

If |¢(t) — (t)| < 5 for some ¢t € D(¢, ¢), then from (32)

H(6(5) = Hp®)] < [6(8) — o(8)] < = 16 — ]l (33)

Since h is continuous and strictly increasing, the function i (u + %) — h(u) attains its
minimum on the closed and bounded interval [—a, a]. Thus, if § < |¢(t) — ()| for
some t € D(¢, ), then from (31) and (H.3) we conclude that

A(6(1) — (1)
T e N

and therefore,

() — Hot)] < 16() — ()] { (h
< (=N 60 — o], (34)
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where . .
A= %min{h <u+§> —h(u):u e [—a,a]} > 0.

Consequently, it follows from (33) and (34) that
[Ho(t) = Ho(t)| < dll¢ — ¢l

1
5:maX{§,1—)\} < 1.
The proof is complete.

If Ty is a time scale such that the interval U, = [—a,a] N Ty contains negative
reals, then functions of type hi(t) = e le)tzn, n € N, do not satisfy (H.2) since hy
is decreasing on U, = [—a,0] N Ty. But functions of type ho(t) = mt%“,
n € Z., obey the conditions (H.1-H.3). To show that (H.3) is satisfied for hy we need

to calculate [t2"]A. For the particular time scale T = R, it is easy to see by the chain
rule,

where

{0} = @+ )20 f(8),

¢ 2n o 2n
At) = < 1f )
h3 (t) <a+1) _(a+1) <1fortelU,

But for an arbitrary time scale T, it is not that easy since the rule for {f™(t)}* is

changed to
{7() {Z f(t) Q"k} FA@). (35)

(see [4, Exercise 1.23]). Throughout the discussion below we shall always assume that
f: T — Ris a nondecreasing differentiable function. If f(¢)f(o(t)) = 0 for some ¢t € T,
then (35) implies

that

[FO )2 = {10 + F@)} £
and therefore,
20+ 1) f(O7FAE) < [ 0] < @n+ D f (o)™ A1), ne L. (36)

On the other hand, If f(t)f o(t)) # 0, there are three possibilities: (i) 0 < f(t) <
fla(t)), (i) f(t) < f(o(t)) < 0, and (iii) f(t) < 0 < f(o(t)). Let us separate these
cases by defining the sets

S, ={teD:0< f(t) < fla(t))},
S.={teD: f(t) < f(o(t)) <0},
So=1{teD:f(t)<0< flo(t))}.

The next lemma gives the relationship between [f2+1(¢)]® and (2n+1)f2(¢) f2(t).
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Lemma 3.2 Let f: T — R be a differentiable function in D. If f is a non decreasing
function, then

(2n+ F 0 FAE) < [ 0]0 < @n+ 1) (0(0) FA () (37)
forte S,
@0+ 1) (@) A0 < [ @] < @0+ 120 ) (38)
forte S_, and
F@OP A < {7101 < o+ D) F(e() FA 1) (39)
fort e Sy, wheren =1,2,....
Proof. We use the formula (35). (37) follows from (35) and the fact that
FrE) < FOFfo(t) " < (o (t)) for t € S,
On the other hand, for all € S_ we have
P = FEP PP FP o)

and
F(E) = FP (02 > F(0) flolt)
which imply

{7 )" = {Z f(t)’“f(a(t))zn"“} o)
k=0

- {Z FO Fa 0> + 3 f<t>28+1f<a<t>>2”-28—1} 7o)

s=0

< (20 + D)) FA(0).
Similarly, for t € S_
f2n(0'(t)) — f(o_(t))2s+1f(a(t))2n72371 < f(t)2s+1f(0'(t))2n72371

and
(o) = Flo@) (o)™ 2 < F1)* Flo(t)™ 2.
So, we get that
(PO} 2 @t D (e(0)F2(0)

forallt € S_. If t € Sy, we have
—[flo(t)) < f(t) <0 < f(a(t)),
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16 M. Adivar & Y. N. Raffoul

and hence, "

f(t

-1< 0) < 0. (40)
Since
{rma )} = {Z FO> flo(®) = + if )2 f (t))} 12
- {Z PO Flotn) [ sl -7 } £
and .
(n+1)F(0) <Y FO* o)™ < (n+1)f(o ()™,

we obtain

n n A n
FEPAE) < {70 < (n+ 1) f (@) F2(0).
The proof is complete.
From (36)-(39) we derive the following result.

Corollary 3.2 Let U = [a,b]N'T be an arbitrary interval. Suppose all assumptions of
Lemma 3.2. If

sup [2(1)] < 1 (41)

teur

holds and there exists a positive integer n € Z such that

sup [ f(t)] < (2n+ 1)1/, (42)
teU
then we have N
0< sup { [/ (0]} < 1. (43)
teUx

Proof. If f is nondecreasing, then so is f2"*1. Thus, [f2*"1(t)]* > 0 for all ¢ € T*.
From (36)-(39) we find

0 < [ (6] < 2n+ D) FA0), (44)

where

2 (t) forte S_
Since o(t) € U for all t € U*, taking the supremum over the set U" we get by (44) that

C(t) = { f?(o(t)) forte Sy USy .

2n+1
0 < su Intlg A<
o teUIf)v [f ( )} “om+1

The proof is complete.
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Corollary 3.3 Let f : Ty — Ty be a strictly increasing function satisfying (41) and
(42). If the function h : Ty — Ty be defined by

hu) = f () forn € Z, (45)
then the mapping Hx = x — h o x defines a large contraction on the set
M) = {¢ € P(T1,T2) : [[¢] < B(n)}, (46)
where
B(n) := (2n + 1)~/ (47)

Proof. We proceed by Theorem 3.1. It is obvious that (H.1) and (H.2) hold whenever
the function h is defined as in (45). Since f satisfies all assumptions of Corollary 3.2,
we get by (43) that

sup ’hA(u)’ <1.

ueUp
From Theorem 3.1 the proof is completed.

In [6], it was shown by an example that the function Hxz(t) = x(t) — 23(¢) defines

a large contraction on the set

M, 5= {:c € P(Ry,R) : sup |z(t)| < 31/2} :

teRL

Also, in [2], the authors constructed a large contraction Hx(t) = z(t) — z°(t) on the
set

M, 5= {x € P(R,R) : sup |z(t)| < 51/4}.

t€R+
Evidently, these results can be derived from Corollary 3.3 by choosing the time scales
T, =Ty = R, and taking n = 1 and n = 3 in (47), respectively.
Theorem 3.2 Let Ty be a periodic time scale. For a fited n € Z, set

G(u,(0(u))) = b(u)z™ 7 (3(t)) + c(u)

and
h(u) = u** for u € Ty,

and define the mappings A and B as in (18) and (19), respectively. Suppose that the
time scale Ty is closed under addition and that (20) and Ugyy = [—F(n), B(n)] NTy #
@,n € L, hold. Define the set M,y and the function h by (46) and (45), respectively.
If a is a positive valued T periodic function and ¢ # 0 € Pp(T{,R), then

1

2 2n+1
BT () + 1—e, (t+ Tt

t+T
] /t E(s)e, (t+T,0(s)) As < B(n), (48)

implies the existence of non-zero periodic solution v € Mg, of the equation

2 (t) = —a(t)x® T (t) 4+ b(t) 2T (0(t)) + c(t).
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18 M. Adivar & Y. N. Raffoul

Proof. First, it follows from Corollary 3.3 that the mapping H given by (13) is a large
contraction on Mg,y. Also for z € Mg,), we have

()" < g (),
and therefore,
G(u, 2(5(u))) < B (n)[b(w)] + [e(u)] = (1); (49)
i.e., (21) holds. Using standard techniques of calculus one may verify that
[H(2(t))] = |a(t) — 2 ()]
S 2n<2n + 1)7(2n+1)/2n — 2n62n+1(n>.
Since a(t) > 0 and for all x € M, we get by (48) that

2n+1
S < 28
T l—e,(t+T,t

1 t+T
+1—ev(t+T,t)/t E(s)ey (t+T,0(s))As
1

l—e, (t+T,t

t+T
] /t a(s)e, (t+T,0(s))As

t+T
— 20 (n) + [ e 4 T (9) As < o).

Thus, (25) is satisfied. The proof is completed by making use of Corollary 2.2.
Note that in [2] it has been shown that

t+T .
4575 4+ / (5754b(u)| + |e(u)]) e~ ST at)ds gy, < 5=1/4 (50)
t

is the condition guaranteeing that the totally nonlinear delay differential equation
7' (t) = —a(t)x(t)® + b(t)z(t — r(t))° + c(t) (51)

has a T-periodic solution in M, , 45, where a(t) > 0 for all ¢ € R,

n = (1 . effOTa(s)ds)fl ’
and ¢ # 0 € Pr(R,R). Observe that Theorem 3.2 not only contains this result but also
offers a sufficient condition for positivity of existing periodic solution.

Remark 3.1 Despite the fact that Theorem 3.2 can be used to obtain existence of pos-
itive valued non-zero periodic solutions (to see this choose Ty as a time scale consisting
of positive real numbers) of a difference equation of type (1), it cannot be employed to
conclude the existence of integer valued solutions of the difference equation (1) since
Usny = @ whenever Ty = Z. To get over this difficulty we choose a to be a sufficiently
large positive real number such that U, = [—a,a] N Ty # & and define the set M, as
in (11).
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Similar to Corollary 3.2 and Corollary 3.3 one may prove the following results:

Corollary 3.4 In addition to all assumptions of Lemma 3.2 suppose also that

sup [ f2(1)] < 1
teUr

for U = la,b) N'T. If there exists a constant 3 > 0 such that sup |f(t)| < 3, then
teU~

f2n+1<t) A B
031“&{[(2%1)(5“)%] }Sl’”‘l’z’““

Example 3.1 Let h: Ty — R be defined by

82n+1

Gt Darnm [reeTen=12 (52)

h(s) =

Then the mapping H defined by (13) defines a large contraction on the set M,,.

By choosing Ty = Z in the next result one obtains sufficient conditions for the
existence of integer valued periodic solution of the nonlinear difference equation (1).

Corollary 3.5 Let Ty be a periodic time scale. For a fitedn € Z, define the function
h by (52) and set

b(t) 2

t,z(6(t)) = LSt t).

Glt,(3(0) = Gy (60 + <lt)

Let the mappings A and B be given by (18) and (19), respectively. Suppose that the

time scale Ty is closed under addition and that the condition (20) holds. If a is positive
valued T periodic function and ¢ # 0 € Pp(Ty,R), then

(a+1)21n(1— ! )+1_€7(l )/tHTE(S)eV(t—l—T,a(s))ASSa,

2n+1 t+7T,1

implies the existence of a non-zero periodic solution x € M, of the equations

Al a(t) on+1 b(t) on-+1
) = @Dt nH+ @n+ D(a+ 12" "0 + ).

It is worth mentioning that Theorem 3.5 is given for arbitrary time scales Ty and Ty,
where T, is assumed to be periodic and Ty is a time scale, closed under addition, such
that (20) holds. One may apply this theorem to the particular time scales including
the following cases:

1. leTQZR,
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20 M. Adivar & Y. N. Raffoul

3. Ty =Z and Ty = R (or hZ);
4. Ty ={t=k—q™:keZ, meNy}and Ty =R (or Z).

Note that the first case has been handled by [2] in which some sufficient condi-
tions are offered for the existence of periodic solutions of totally nonlinear differential
equations

2 () = —a(t)h(z(t)) + G(t, z(t — (1)), tER.

However, the acquired results in this paper are not known for the last three particular
cases.
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