Electronic Journal of Qualitative Theory of Differential Equations

-
J;L:q:ﬁ?’ 2015, No. 77, 1-10; doi:10.14232/ejqtde.2015.1.77 http://www.math.u-szeged.hu/ejqtde/

Periodic solutions for a class of second-order
Hamiltonian systems of prescribed energy

Dong-Lun Wu®!, Chun Li? and Pengfei Yuan?

ICollege of Science, Southwest Petroleum University, Chengdu, 610500, P.R. China
2School of Mathematics and Statistics, Southwest University, Chongqing 400715, P.R. China

Received 20 April 2015, appeared 14 November 2015

Communicated by Gabriele Bonanno
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1 Introduction and main results

Consider the second order Hamiltonian system
i(t) +VV(u) =0, (1.1)

such that )
Sl + V() =h, (1.2)

where V: RN — Ris a Cl-map and VV (x) denotes the gradient with respect to the x variable,
(,-): RN x RN — R denotes the standard inner product in RN and | - | is the induced norm.
Furthermore, 1 stands for the total energy of system (1.1).

Hamiltonian systems have many applications in applied science. There are many papers
[1-8,10-12, 14, 15] which obtained the existence of periodic and connected orbits for (1.1).
As we know, along with a classical solution of (1.1), the total energy is a constant. In 1978,
under some constraint on the energy sphere, Rabinowitz [10] used variational methods to
prove the existence of periodic solutions for a class of first order Hamiltonian systems with
prescribed energy. After then, the prescribed energy problems have been studied by many
mathematicians [1-4, 6,7, 11] using geometric, topological or variational methods. In 1984,
Benci [4] obtained the following theorem.
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Theorem A ([4]). Suppose that V € C?(RN, R) satisfies:
(A1) Q:={x € RN :V(x) < h} is non-empty and bounded.
Then system (1.1)—(1.2) has at least one periodic solution.

As shown in [4], condition (A1) is necessary for the existence of periodic solutions of
system (1.1)—(1.2). However, the periodic solution may be constant in Theorem A. The author
needed the following condition to obtain the existence of non-constant periodic solutions,
which is

(Az) VV(x) # 0 for every x € o).

Furthermore, it is assumed that V is of C? class in Theorem A. Recently, Zhang [15] has
proved the existence of non-constant periodic solutions for system (1.1)—=(1.2) with V being
only required to be of C! class. He got the following theorem.

Theorem B ([15]). Suppose that V € C*(RN, R) satisfies:
(By) there are constants py > 0 and pp > 0 such that
(x, VV(x)) > mV(x) — pa, Vx € RN
(By) V(x) > hand VV(x) — 0, as |x| — +oo,
(B3) V(x) >alx|"+b,a>0beR,
(B4) limsup,_, V(x) <h.

Then for any h > uy/ 1, system (1.1)—~(1.2) has at least a non-constant C>-periodic solution. This
result can be obtained by the saddle point theorem of Benci—Rabinowitz.

In 2012, Che and Xue [6] proved the existence of periodic solutions for system (1.1)—(1.2)
under some weaker assumptions. They considered the energy h to be a parameter and used
monotonicity method to obtain the existence of periodic solutions. Then they obtained the
following theorem. Subsequently, let Voo = liminf |, , o, V(x).

Theorem C ([6]). Suppose that V € C'(RN, R) satisfies (By) and the following conditions
(C1) V achieves a global minimum Vy at xo;
(Cz) Voo > Wp.

Then for all h € (%, Veo), there exists a non-constant periodic solution of energy h.

But condition (B;) is still needed for proving the compactness condition. Motivated by
these papers, we will obtain the existence of periodic solutions for system (1.1)=(1.2) under
some different conditions. The following theorem is our main result.

Theorem 1.1. Suppose that Voo = +o00 and V € C'(RN, R) satisfies
(V1) (x,VV(x)) > 0 forany x € RN \ {0},
(V2) liminfy ;o (x, VV(x)) > 0.
Then for any h > V(0), system (1.1)—(1.2) possesses at least one non-constant periodic solution.

Remark 1.2. In Theorem 1.1, the total energy could be negative if V(0) is smaller than zero
which is different from Theorem B and Theorem C. Furthermore, there are functions satisfying
(V1), (V) but not the conditions (B;) and (Bs3). For example, let

V(x) =In(|x|* +1) - 1.
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2 Variational settings

Let us set H' = W'2(R/Z,RN). And we define the equivalent norm in H! as follows.

ot = ([ o)+ ato)

The maximum norm is defined by

Ul|oo 1= u(t)|.
[Ju] max ju(t)]
In order to deal with the prescribed energy situation, let f: H' — R be the functional de-
fined by
1
0
This functional has been used by van Groesen [14] to study the existence of brake orbits
for smooth Hamiltonian systems with prescribed energy and by A. Ambrosetti and V. Coti

Zelati [1,2] to study the existence of periodic solutions of singular Hamiltonian systems. It
can easily be checked that f € C}(H!,R) and

= [P [ (h- V) - Jvemue)a. e

In this paper, we still make use of the saddle point theorem introduced by Benci and
Rabinowitz in [5] to look for the critical points of f. First, we recall that a functional I is said
to satisfy the (PS)™ condition, if any sequence {u,} C H' satisfying

fluy =2 [l Par [ - va(e))ar @.1)

f(un) - C and f'(uy) -0 as n— oo,

with any C > 0, implies a convergent subsequence.

Lemma 2.1 ([5]). Let X be a Banach space and let f € C(X,R) satisfy (PS)" condition. Let X =
X1 P X, dim X; < oo,

B, = {x € X||x[| < a},
S=0B,( ) X2,p >0,

00=(B.Nx)U (BN (xPR™e)), L>p,
where e € X, |le|| =1,
3B, (xl @R+e) = {x1 +se| (x1,8) € X3 x RT, ||x + 2 = L2},
Q= {x;+se| (x1,5) € X; xR, s >0, x> +5*> < L?}.
If
fls>a>0

and
flag £0,

then f possesses a critical value c > w given by

¢ = infmax (g(x)),

where
I'={g € C(Q X),glag = id}.
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The following lemma shows that the critical points of f are non-constant periodic solutions
after being scaled.

Lemma 2.2. Let f be defined as in (2.1) and § € H' such that f'(§) =0, f(§) > 0. Set
1 1.
5 [l Par
: .

| = ve)a

Then ii(t) = §(t/T) is a non-constant T-periodic solution for (1.1)—(1.2).

T? =

Proof. The proof of this lemma is similar to Lemma 3.1 of [2]. Here we sketch the proof for
the readers’ convenience. Since f'(§) = 0, we can deduce that (f'(§),v) = 0 for all v € H!
which can be written as

[ o, venar o= viaoyae =1 [CaoPa [(ovae,uom @3

1
Then we divide equation (2.3) by / (h — V(4(t)))dt which is positive since f(§) > 0 and
0
obtain that ) .
[ G, o =12 [(TVE), v foran ve H,
0 0

which implies that

%éj(t) +VV(@i(H) = 0. (2.4)

This shows ii(t) = §(t/T) satisfies (1.1). The conservation of energy for (2.4) shows that there
exists a constant K such that

Srali(2 + V() =K @5)

By the definition of T, we integrate (2.5) on [0,1] and get that

K= % /01 |G(t)|2dt + /01 V(G(t))dt = h.

We finish the proof of this lemma. ]

3 Proof of Theorem 1.1

It is known that the deformation lemma can be proved when the usual (PS)" condition is
replaced by (CPS)c condition (see Lemma 3.1 for the definition of (CPS)c) which means
that Lemma 2.1 holds under (CPS)c condition with positive level. Subsequently, we apply
Lemma 2.1 to obtain the critical points of f under (CPS)c¢ condition for any C > 0.

Lemma 3.1. Suppose that the conditions of Theorem 1.1 hold, then f satisfies (CPS)c condition which
means that for all C > 0, and {uj}jcn C H' such that

flup) = Cf @I+ [[ujll) =0 as j— oo, (3.1)

then sequence {u;}cn has a strongly convergent subsequence.
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Proof. By (3.1), we can deduce that

C
5 < fup)<C+1 If i+ ) <€ (32)
for j large enough. Then it follows from (2.1), (2.2) and (3.2) that

3C+2 2 2f(u) + £/ () L+ )
> 2f (uj) = (f'(w)), uj)
1,. .0 [1
= 5l [ (Vv ) 63)

If [|1;]|2 is unbounded, then we can choose a subsequence, still denoted by {;}, such that
[|#4;]|2 — o0 as j — co. Then it follows from (3.3) that

X)l(vv(uj(t)),uj(t))dt —0 asj— oo.

By (V1), we can see that (VV (u;(t)),u;(t)) — 0asj — co for a.e. t € [0,1]. There exists a set
A C [0,1] such that (VV/(u;(t)),uj(t)) — 0 as j — oo for all t € A with meas A = 1, where
meas denotes the Lebesgue measure. Combining (V;) and (V2), we deduce that (VV(x),x) =
0 if and only if x = 0 which implies that

luj(t)] -0 asj— oo, forallte A. (3.4)
Otherwise, there exists 1 > 0 such that V N > 0, there exists jy > N and ty € A such that
(1) = 1. (35)
It follows from (V;) and (V;) that there exists 6 > 0 such that
(VV(x),x) >0 forall |x| > B.

Since (VV/(u;(t)),uj(t)) — 0 as j — oo for all t € A, there exists 7 > 0 such that for any j > 7
and t € A we have

0. (3.6)

N =

(VV (uj(t)), uj(t)) <
Let N > 5 in (3.5), we can obtain
(VV(ujy(tn)), ujy (EN)) > 6,

which contradicts (3.6). Then we obtain (3.4). By Egorov’s theorem, we can see that there
exists Ay C A such that

luj(t)] — 0 asj— oo uniformlyin A4 (3.7)

with meas A € (1,1). By V. € C}Y(RN,R), h > V(0) and (3.7), we can deduce that there exists
472 y
[ > 0 such that
V(uj(t)) <V(0)+e forj>landtec Ay,

where g9 = h*TV(O) > 0, which implies that

1 1
/0 h V(u](t))dt = 1h V(u](t))dt 1 h—V(0) — eodt €0
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for j > 1. By [|uj]|;2 — o0 as j — co and the definition of f, we can deduce that
f(uj) = +oo asj— oo,

which contradicts (3.1). Then we get that [i;| ;2 is bounded.

Next, we claim that |u;(0)] is still bounded. Otherwise, there is a subsequence, still denoted
by {u;}, such that |u;(0)| — +o0 as j — +oc0. Since ||i;]|}2 is bounded, by Holder’s inequality,
we can deduce that

i . > . Ly 112 . '
min J(8)] = [1;(0)| = [[i5]% = +eo a5 j = o0

Then it follows from liminf|,|_,, V(x) = +oo that there exist { > h and r > 0 such that
V(x)>¢ (3.8)

for all |x| > r. By the definition of f, it follows from (3.8) that

1 1
Flup) =5 [ lag(e)Rae [ = V(o))
h—
2
<0 for jlarge enough.

gy
< 71172

which contradicts (3.2). Hence |u;(0)| is bounded, which implies that ||u;|| is bounded. Then
there is a weakly convergent subsequence, still denoted by {u;}, such that u; — ug in H'.
The following proof is similar to that in [15]. Then we have u; — u strongly in H'. Hence f
satisfies (CPS)¢ condition. O

Subsequently, we use Lemma 2.1 to prove that the functional f possesses at least one
critical point.

Lemma 3.2. Suppose that the conditions of Theorem 1.1 hold, then functional f possesses at least one
critical point in H'.

Proof. We set that

1
X; =RV, X,= {u c WLZ(R/Z,RN),/ u(t)dt = 0},
0

S = {u € Xa ‘ </01 ]u(t)’2dt>1/2 :p},

P={u(t)=ui+se(t), 1 € Xy, e€ Xy, |le]| =1, s € RT, [Ju|| = (> +)V2 =L > o},
0Q = {u1 € RN | Jiy| = L}|JP.

For all u € X5, by Poincaré-Wirtinger’s inequality, we obtain that there exists a constant
Cy > 0 such that

1
|l Pat = ciful 39

Moreover, if u € X5, the Sobolev’s inequality shows that

V12|t < [Ju]. (3.10)
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Since h > V/(0), there exists 6 > 0 such that h — V(u(t)) > %Vm) for |u| < é. For any

u € S C Xy, we can choose (fol \u(t)\zdt)l/2 = p < /12C;4, then we can deduce from (3.9)
and (3.10) that ||#||c < J. Thus we have

1
0
_ 1
> 12 YO [P pa

fy =3 [ laoPar [ viat)ar

and

h—V(0
fls> "=V s 0

When u € dQ, there are two cases needed to be discussed.

Case 1. If u € {u; € RN | |uy| = L}, it follows from V., = +oo that
1
/ h—V(u(t))dt <0, as L large enough, (3.11)
0

which implies that
flag £0 for L large enough.
Case 2. If u € P. For o > 0, set
To(u) = {t € [0,1] : [u(t)| = afful]}.
Then there exists €1 > 0 such that
meas (T, (1)) > €1 (3.12)

for all u € P. Otherwise, there exists a sequence {uy, },en C P such that
meas (n (un)> <L (3.13)
n n

Set v, = m, then ||v,|| = 1 for all n € N. Then there exists a vy € X7 @ span{e} such that
|oo|| = 1 and v, — v in L2([0,1], RN). Then we have

1
/ lon(£) — vo(#)2dE — 0 as 1 — co. (3.14)
0

Furthermore, we claim that there exist constants 7, 7» > 0 such that
meas(I'r (v9)) > 1. (3.15)

If not, we have meas (I'1 (v9)) = 0 for all n € N. Then by Sobolev’s embedding theorem, we
have

1 CZ
0< /0 oo (t) Pdt < [[vo||[lvol|72 < Callooll1e < 72 —0
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as n — oo, for some C; > 0, which contradicts ||vg|| = 1. Then (3.15) holds. By (3.13) and
(3.15), we obtain

meas (F‘% (vn) m Iy (vg)) = meas (FTI (v9) \ (I’% (vn) m I’Tl(vo)))

> meas (I'r, (vg)) — meas (F%(vn) ﬂrfl(vo)>

1
2’1—2_71
n

where I'S (v,) = [0,1] \ T'1 (v,). For n large enough, we can deduce that

2
WMO—UMHFZ\wawvwwamzz(n—i> > 1

for all t € T (v,) NIy (vo). Consequently, for n large enough, we have

1
| lon(t) = wo(t) Pt > [ [ou(£) = 00 (1) Pt
0 9 (o) NT7; (vo)

which contradicts (3.14). Then we obtain (3.12). By the definition of T, (1), we conclude that
for any u € P, we have

inf |u(t)| > e1||ul| =1L - 400 as L — +oo. (3.16)
teTe, (u)

Since V is of C! class and Vo = oo, there exists a global minimum Vpin € R such that
V(x) > Vinin for any x € RN. It follows from (3.16) and lim infly| 40 V(x) = +o0 that

1
/0 O SR OIS /Rl(u) V(u(t))dt

< h— (1 - meas(Te, (1)) Vinin — /r o V()= o

as L — 400, which implies (3.11). Together with Lemma 3.1, we can deduce from Lemma 2.1
that f possesses a critical value c. Hence there exists a uyp € H! such that

e=flu) = "= o0, pug =0

Then we finish the proof of this lemma. O

Finally, it follows from Lemma 2.2 that system (1.1)-(1.2) possesses at least one non-
constant periodic solution. Then we finish the proof of Theorem 1.1.
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