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Abstract. Our goal is to show partial observability results for coupled systems with
memory terms. To this end, by means of non-harmonic analysis techniques we prove
Theorem 3.2 and Theorem 3.7 below.
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1 Introduction

In this paper we consider a coupled system obtained by combining a wave equation with an
integral relaxation term and a Petrovsky type equation, that is

¢
Uppp — Ulyx + ,8/ e’”(t’s)ulxx(s,x)ds + Aup, =0 in (0,00) x (0, 77),

0
Upt + Uxxxx +Bup =0 in (0,00) x (0, 77), (1.1)
ul('/o) - Ml(', 7-[) - MZ('/O) - MZ('I 7-[) = uZxx('/O) - u2xx(‘r 7-[) =0 in (O/OO) ’
u1(0,-) =ugo, u(0,-) = w11, u2(0,) =uno, ux(0,-)=uy in (0, 77),

where 0 < B < 1 and A, B are real constants.
In [14] we proved that the observation of the solution at a point of the boundary allows us
to recognize the unknown initial data. In the following theorem we recall that result.

Theorem 1.1. Let 7 > 3B/2and T > 27t. For any (u19, u11) € H} (0, 7) x L2(0, 1) and (ua0, un) €
H}(0,7t) x H7Y(0, 77) , if (u1, ua) is a solution of problem (1.1) we have

T
| el O + e, ) 2 e < ol 0y + i+ 20 By ) + 1t vy (12)
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Throughout the paper, we will use the notation || - || = || - || ;2(g,~)- Moreover, we will
adopt the convention to write f < g if there exist two positive constants c¢; and ¢, such that
af <g<of.

Our goal is to establish a partial observability result where we only observe u; or u, at the
boundary. Indeed, we will show sufficient conditions guaranteeing the validity of estimates

T
/0 | (t, 70) 7 dt < [fusol[ By g o + e l* + 2003y + N21 20,7 - (1.3)

or
/ |z (t, 70) 7 dt < [luroll g ) + leaal* + lu20lFps 0,y + N21 310, (1.4)

It is evident that the direct inequality in (1.3) and in (1.4) follows from (1.2), and hence the key
point is to prove the inverse inequalities. In fact, by writing the solution of system (1.1) as a
Fourier series and using typical techniques of non-harmonic analysis, we are able to establish
Theorem 3.2 and Theorem 3.7 below. It is noteworthy to observe that in Theorem 3.2 we have
to assume that the initial data uyy and 1y are null, while the same condition on the initial
data u19 and w11 is not required in Theorem 3.7.

For references related to integral equations and viscoelasticity theory see e.g [1-3,15,16]. It
is worthwhile to mention a partial observability problem for a wave-Petrovsky system (with-
out memory) analyzed in [7]. For a classical overview about exact controllability problems see
[8-11,17].

2 The Fourier series expansion of the solution

Let T > 0. Fix two real numbers A, B different from zero. For any (u19,u11) € H(0,7) x
L%(0, 7r) and (ua0, uz) € H(0, r) x H~1(0, 77) there exists a unique weak solution (u1, u2) with
uy € C(Ry; HY(0, 1)) NCH(Ry; L?(0, 7)) and up € C(Ry; HS (0, 1)) NCHIR4; H71(0, 7)) of the
following coupled system

t
Uppr — Ulyy + ,B/ e’”(t’s)ulxx(s,x)ds + Aup, =0 in (0,00) x (0,71),
0
Uptt + Uxxxx + Bug =0 in (0,00) x (0, 71), (2.1)
ui(-,0) = ui(-, ) = u(-,0) = ua(-, ) = toxx(-,0) = Uppx(-, 1) =0  in (0,00),
u1(0,) =u1o, wu(0,-) = w11, u2(0,-) =uno, ux(0,-) =un in (0, 7).

If we expand the initial data according to the eigenfunctions of the Laplacian sin(nx),
n € IN, then we obtain the expressions

(e ) o0
uo(x) = Z a1y, sin(nx), H“10H§{3(0n = Z “1n 2
=1 n=1 2.2)
up (x Z X1n sin(nx), HullH2 = 5 Z X%n’
n=1 n=
- 2 T 2 5
up(x) = ) agysin(nx), 14200310,y = 5 Y a5,n?,
n=1 o n=1
. (2.3)
z xensin(nx), o =5 X 08

3
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By applying the spectral analysis developed in Hilbert spaces, see [14, Section 4], we are able
to write the solution (u1, 1) of problem (2.1) as Fourier series.

Theorem 2.1. For any (u19,u11) € H(0,7) x L?(0, ) and (ug, un) € H(0, ) x H1(0, 1),
the weak solution (u1,uy) of problem (2.1) is given by

) (Rner"t + Cye'@nt 4 Cye @t 1 D, elPrt 4 ﬁne’iﬁt) sin(nx)
-l (2.4)
ipat | T . —iut /3 2R D, t o
Z (anne Put 4 d,D,e”"Pnt — — e ) sin(nx),
—1 77 +ipn

fort > 0and x € (0, 7), where r, , Ry, € Rand wy,,Cy, pn, Dy ,dy € C are defined by

1
rn:ﬁ_ﬂ+o<712> 7

‘B (“171( ) +X1n) + (lxln +X1n)o (nl4> ’

e o) o ().

o 1
Cn - % - 7(,8“111 +2X1n) (“ln +Xln)o <1’12> 7

1
2
pn=n"+0 (116) , (2.5)
Alen . A 1
D, = o + (Dézn — ZXZ”)ﬁ + (D(zn +)(2n)O (Tl7> , (2.6)

1 pn?
=L (o B2,
A(p” n+17+zpn

Moreover, for any n € IN one has

da| < |pal?, (2.7)
n2|Cul? < a2, + 13, (2.8)

12| pal*| D < 03,2 +"2".

3 Partial observability results

To establish the result concerning the observation of the first component of the solution of
problem (2.1), we need an inverse estimate of Ingham type (see [5]), involving only the terms
Ryet and C,e'“nt, see (2.4). For the reader’s convenience, we recall a known theorem.

Theorem 3.1 ([12,13]). Let w, € C and r, € R be sequences of pairwise distinct numbers such that
In # iwy for any n, m € N. Assume

liminf(Rwy, 1 — Rw,) =7 >0,

n—oo

lim Swy, = «, rn < —Swy VYn>n,
n—oo

Rl < Bjc nzn, R <pGl V<,
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forsomen’ e N,a € R,y >0andv >1/2.
Then, for any T > 27” there exists c(T) > 0 such that

dt > ¢ (14 e 2Cwa=0Ty |, |2, (3.1)

n:1

T e t it ~ ,—iwyt 2
[ X Rue' + et 4 e
0 Tu=1

Now, we are in condition to show our first result.

Theorem 3.2. Let 7 > 3B/2 and T > 2. If (uy, uz) is a solution of problem (2.1) with (uy9, u11) €
H} (0, ) x L*(0, 7v) and
uyg =ty =0, (3.2)

then we have T
| it P at = o(T) (g, + e 2). (33)
where c¢(T) is a positive constant.
Proof. 1f we bear in mind formulas (2.3), from (3.2) it follows
Xopy = Xon =0 forany n € N,
whence, in virtue of (2.6) we get
D, =0 forany n € IN.

Therefore, from (2.4) it follows

agk

ure(t, 1) = Y (—=1)"n(Rue™ + Cpe'r + Cpe ™) .

n=1

Now, we can employ Theorem 3.1 (y = v = 1, « = /2) for dealing with the previous sum.
Indeed, applying formula (3.1) to u1,(t, 77) we obtain

T 0
/0 |lurx(t, n)‘z dt > ¢(T) Y n*|Cu?,
n=1

whence, in virtue of (2.8) and (2.2) our statement follows. O

We note that, in the above result, we have to assume the condition (3.2) just as in the
non-integral case, see [7, Theorem 1.2].

Before studying the observation of the second component, we have to show an inverse
estimate regarding only the second component of the solution of problem (2.1), see (2.4).

Proposition 3.3. Let {p, }nen be a sequence of pairwise distinct nonzero complex numbers, satisfying

lim (Rput1 — Rpn) = +oo, lim Sp, =0.

n—o0

Then, for any T > 0 there exists a positive constant c(T) such that

2
T (e . o o o0
/ Z (annelp"t + anne_’p”t) — %e_”t Z nzﬁi
0

n=1 A n=1 Ui + an

Z n2R—=r

(3.4)
=t lpn

>o(T) | X Ipal*IDul® +




Partial observability of a wave-Petrovsky system with memory 5

To prove that inverse estimate, we need some preliminary results. The first step is to
state inverse and direct inequalities for Fourier series without a finite number of terms. The
following result follows from [14, Propositions 5.8-5.9].

Lemma 3.4. There exist ng € IN such that for any sequence {E,} of complex numbers, with
Yo, |En|?> < 4ooand E, = 0 for any n < no, we have

2
T| . L s
| X B+ B dt= Y|P (35)
0 n=ngp n=nop

The second step is to recover the finite number of terms in the series. To this end, we need
to establish a so-called Haraux type estimate.

For the sake of completeness, we introduce a family of integral operators which annihilate
a finite number of terms in the Fourier series. We begin by recalling the definition of operators,
which was given in [12] and is slightly different from that introduced in [4] and [6].

Given 6 > 0 and z € C arbitrarily, the symbol I5, denotes the linear operator defined as
follows: for every continuous function u : R — C the function I5,u : R — C is given by the

formula
1

-5/,

For the reader’s convenience, we list some known properties verified by the operators I; ., see
e.g. [4,6,12].

i
Is ;u(t) := u(t) e "Pu(t+s)ds, teR. (3.6)

Lemma 3.5. For any 6 > 0 and z € C the following statements hold true.

(i) Ié,z(eiZt) =0.

(il) Foranyz' € C, 2’ # z, we have

iz'ty _ #2001 iz't
Is . (%) = <1 7 —2)5 et

(iii) The linear operators I, commute: for any &' > 0 and z' € C we have
I(S,z o I(S’,Z’ = Izi’,z’ © I&,z ’
where the symbol o denotes the standard composition among operators.

(iv) For any T > 0 and continuous function u : R — C we have
T N T+¢
| s de <201+ 50) [ ju(p)? at. (3.7)
0 0

The following result is similar to [6, Prop. 1.9], but due to the presence of another term
(see inequality (3.11) below), we prefer to prove it, to make also the paper as self-contained as
possible.

Proposition 3.6. Let {py, }neN be a sequence of pairwise distinct nonzero complex numbers such that
pn # iy, forany n € N,

7}1_r>n |pn| = 400, the sequence {Sp,} is bounded . (3.8)
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Assume that there exists ng € IN such that for any sequence {E, } the estimates

2
T oo i o o oo
[ L B 4 Eue ™|tz ¥ (39)
0 n=ny n=ny
T| oo 2 )
[ L B+ B dt<e Y B (3.10)
0 n=np n=nop

hold for some constants cq,c; > 0.
Then, there exists C1 > 0 such that for any sequence {E, } and D € R the estimate

i

n=1

2
dt > C <Z |En)? + \DF) (3.11)

n=1

is true.

Proof. To begin with, we will transform
= Y (Ene™ + Eye ) 1 Do
n=1

into a function without those terms corresponding to indices n = 1,...,n9 — 1 and without
the term De~ ", so we can apply the assumptions (3.9) and (3.10).

To this end, we fix ¢ > 0 and choose ¢ € (0, T ) where ny is the integer for which the
estimates (3.9) and (3.10) hold. Let us denote by I the composition of Is;, and all linear
operators I, oI55, j = 1,...,1n9 — 1. We note that by Lemma 3.5 (iii) the definition of I does
not depend on the order of the operators.

By using Lemma 3.5, we get

Tu(t) =) (E;ei””t—FEi;e’i’T"t)

n=ny

eipn—in)é _ 1\ m=1 eilpn=2)8 _ 1
E =1-—F——— 1-——— | E,.
( i(pn —in)d ) E Ze{%:[_,,j} < i(pn —2)0

Therefore, estimate (3.9) holds for function Tu(t), that is

where

T )
/0 Mu(t)Pdt>c Y |EL2. (3.12)

n=ny

Next, we observe that we can choose § € (0, ﬁ) such that for any n > 1y none of the products

¢l (pu—in)s ) o1 ei(P—2)6 _ 1
1-————— T TII (1 - ) (3.13)
( i(pn — j=1 ze{p;—pj} i(pn —2)0
vanishes. Indeed, that is possible because the analytic function

e’ —1

w

w—1-—
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does not vanish identically, and hence, keeping in mind that every number p, —z with z €
{in,pj,—p; :j=1,...,n9 — 1} is different from zero, we have to exclude only a countable set
of values of 4.

Then, we note that there exists a constant ¢’ > 0 such that for any n > no

2
(pn in)o no—1 ei(Pn*ZM -1
1—7 [T TII (1—,) > (3.14)
( i(pn = ) =1 z&{p; 7} (pn —2)0
Actually, it is sufficient to observe that for z € {ir, p;, —p;}, we have

ei(p,,—z)é -1
i(pn —2)0

thanks to (3.8). As a result, the product in (3.13) tends to 1 as n — co and hence, for example,
we can take it greater than 1/2 for n large enough. Therefore, (3.12) and (3.14) yield

e—(\‘s(pn—z)é +1
[pn — 2|6

—0 asn — oo,

T I
/O Tu(t)2dt > ey Y |Eaf?. (3.15)

n=ny
On the other hand, applying (3.7) repeatedly withz =i,z = pjandz = —p;,j=1,...,n0— 1,
we have
T ny—1 T+(2no—1)8
/O [Tu(1)? dt < 220711+ ¢10) T (1+¢¥%010)2 /O lu(£)[2dt .
j=1

From the above inequality, by using (3.15) and 21 < ¢, it follows

0 22n0 l — o T+e
£ <2 ey i comrn g
n=ny 1 i=1 0

whence, passing to the limit as ¢ — 0t, we have

2 241’10 2 T 5
Y P < /0 (b)) dt (3.16)

n=ro CC1

2
dt

7’10—1 . . o
Z (Ene”’”t + Ene_”’"t> + De Mt

n=1

Moreover, thanks to the triangle inequality, we get
2 (o]
u(t)— Yy (Enei””t +E7ne_iﬁt)

T T
J =,
0 0 =
< 2/ |2dt+2/

By using (3.10) and (3.16) in the previous inequality, we have

r

2

Z Ene'P + Epe 7| dt.

n=ngp

2
dt<2/ (P dt+2c; ¥ |Enf?

n=ny

241’[072 T
<2 (1+c2 : )/ lu(t)|? dt (3.17)
¢ 0

Vlg—].
E (E eiPnt L E e tPn ) + De M

n=1
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Let us note that the expression

T
J
is a positive semidefinite quadratic form of the variable ({En Fn<ngs D) € C~1 x R. Moreover,

it is positive definite, because the functions e~ ", e'Prt n < ny, are linearly independent. Hence,
there exists a constant ¢’ > 0 such that

2
dt

nofl . o o
) (Ene”"”t + Ene_lp”t> + De M

n=1

T [no—1 ) L 2 np—1
/ ) (Enelp”t - Ene’”ﬂ"t) +De | dt>c" | Y |E)*+ D) .
0 n=1 n=1

So, from (3.17) and the above inequality we deduce that

np—1 2 24n0 T
VIR < 2 (1) [ .
€1

n=1

Finally, the above estimate and (3.16) yield the required inequality (3.11). O
Finally, we are able to prove Proposition 3.3

Proof of Proposition 3.3. If we consider the sequence {d,D,}, thanks to (2.7) and (2.9) we have
Yo 1 |duDy|* < +oo. Therefore, we can apply Lemma 3.4 to E, = d,,D,,: for a suitable integer
1y one has

.T [ee) . - o 2 o0
/ Y duDye™ + 3Dy | dt =< Y |duDyf?, (3.18)
0 n=ny n=ny

that is, the estimates (3.9) and (3.10) hold for the sequence {d,D,}. Moreover, we note that
the sum

inzﬂ? D
n—1 N +1pn
is a real number. Indeed, in view of the inequality
o0 2 (o]
n
n; 77+1pn ; \17+1pn|
we get
e D, 1 & 2D, m?|Dyl
Yoo |l <y o o
a1t ipn pr |1+ ipml |17+ ipal
1& 4 ’ w— 1
< Z D
_2211‘ & Z (11— Spm)? + Rp,
1
4+ = 4D 2
Z [ Z(’? Spn)? + Rp3

ad 1
=Y s

n* D 2<+00,
= (n dpn)2+%p,%n; D

thanks to (2.5) and (2.9).
At last, we are in condition to apply Proposition 3.6: the estimate (3.11) holds when E;,, =

d,D;, and D = —% Yo n?R 7 EI’; in consequence, thanks also to (2.7), it follows (3.4). O
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Finally, we are able to show a partial observability result for the second component. We
note that, unlike Theorem 3.2, we do not need to assume that the initial data 119 and 11 are
null.

Theorem 3.7. Let T > 0. For any (u10,u11) € H}(0,71) x L?(0,7) and (uz0, u21) € HE(0, ) X

~10, 7t), if (u1,uz) is a solution of problem (2.1), then we have

T
| aa (e P dt > o(T) (ol By )+ 2120, (319)

where c(T) is a positive constant.
Proof. From (2.4) it follows
o n ipat | Ty p—iput 5 2R Dn oyt
upe(t, ) = Y (=1)"n( dyDye'P" + dyDye Pt — T e
n=1 ’7 +ipn

We can employ Proposition 3.3 to treat the previous sum. Indeed, applying formula (3.4) to
sy (t, 71) we obtain

T [e]
2
| et ) de = o(T) Y w2 lpalDu?,
n=1
whence, in virtue of (2.9) and (2.3), our statement follows. O

In conclusion, the partial observability of the first component has been established in
Theorem 3.2, while by Theorem 3.7 and assuming 139 = u1; = 0 the partial observability of
the second component follows.
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