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Abstract

Given appropriate growth conditions for f and a uniqueness assumption on
y™ = 0 with respect to certain (k; j) point boundary value problems, it is shown
that uniqueness of solutions to the nonlinear differential equation

y ™ = [ty g,
subject to nonlinear (k;j) boundary conditions of the form
9i (y(t5), -y V() = v,
implies existence of solutions.
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1 Introduction

In this paper, we will consider the differential equation, n > 3,

y™ = flty, .y, a<ax<b (1)
We begin by defining an apppropriate linear point boundary condition. Given 1 < j <
n—1and 1 <k <n—j, positive integers my, ..., my such that m; +---4+my =n—j,
points a < o1 < -+ < X < Tpyq < -+ < Ty < b, real numbers y;, 1 <@ < my,

1 <1<k, and real numbers y,_;1;, 1 <1 < j, a boundary condition of the form

y () =y, 1<i<m, 1<I<Fk,
YV (Tpst) = Yn—jrr, 1 <1<,

(2)
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2 Jeftrey Ehme

will be referred to as a linear (k;j) point boundary condition, and a condition of the
form
galy(t), ..y V(W) =ya, 1<i<m, 1<I<Hk,

. 3
g(Y(tesr), - ¥V () = Yoy, 1 <1<, ()

will be referred to as a nonlinear (k;j) point boundary condition. If
9ia(To, 1, -+, Tp1) = Tiy

for1<i<m,1<I[<k, and if

gkl(%, L1, .- ,fEn—l) =T

1 <1 < 7, then the nonlinear (k; j) boundary conditions become linear (k; j) boundary
conditions. Our interest in these boundary conditions is stimulated by recent work by
Eloe and Henderson in [6].

Moreover, it will be assumed that for z, > 0, x, < gu(zo,z1,...,2,-1), and for
xp <0, gp(xo, 21, ..., 2n—1) < xp, for all pand [. We will refer to this property by saying
the nonlinear (k;j) condition dominates the linear (k;j) condition. Let (xq,...,%,_1)
denote a vector in R". If h : R — R is an odd continuous function and k : R" — R is
any continuous positive function, then g;(zo, ..., x,—1) = ;-1 +h(z;_1)k(zo, .. ., Tp_1),
1<i<m,1<I1<k and gg(zo,...,Tn1) =1 + h(x1)k(x0,...,2p1), 1 <1 <7, 18
an example of such a boundary condition satisfying the property.

Our goal will be to establish uniqueness implies existence results for (1), (2) and
(1), (3). Our standing assumptions for this paper are the following.

(A1) f:[a,b] x R* — R is continuous.

(A2) Solutions of initial value problems for (1) are unique and extend across the interval
la, b].

Later, in the statements of our main theorems, growth conditions will be placed on
the function f.

Results concerning uniqueness implies existence have been considered by authors for
many types of boundary conditions. For several examples of these types of arguments
as applied to conjugate, focal, or Lidstone problems, see [2]-[9] and the references cited
within. Eloe and Henderson obtained existence and uniqueness results for non-local
boundary value problems in [5]. Some papers in which nonlinear boundary conditions
have also been studied include Abadi and Thompson [1] and Thompson’s studies of
fully nonlinear problems in [14]-[16]. Schrader [17] and Ehme, Eloe, and Henderson [4]
considered various problems with non-linear boundary conditions. In this paper, we
will establish uniqueness implies existence results for nonlinear linear (k;j) problems.
These new results will yield as special cases the linear (k;j) problems in [6].
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2 Preliminary Results

By ordering the linear (k;j) boundary conditions (2) in some order, we may denote
these conditions by L;(y), where 1 <1i < n. Likewise, we can label the nonlinear (k; j)
boundary conditions (3) as S;(y) by using the same ordering as in the linear conditions.
We obtain |L;(y)| < |Si(y)|, for all i, because we have assumed the nonlinear condition
dominates the linear condition.

Next, we define ¢ : R — R" by

w(co, 1y yena1) = (S1(y(t,coy e yena1))ys oy Su(y(t,co, - oy cno1)))s (4)

where y(t, co, ..., c,_1) denotes the unique solution of the initial value problem

y™ = flty Yy,
yD(tg) =c;, 0<i<n—1.

and ty is a fixed point in (a,b).
The following representation theorem will be indispensable. For completeness, we
state and prove this result here.

Theorem 2.1 (Representation Theorem). Let u(t) € C™]a,b]. Assume solutions
of y™ = 0 satisfying Li(y) =0, i = 1,...,n, are unique when they exist. Then

u(t) = Li(u)p1(t) + La(u)p2(t) + - - - + Ly (u)pn(t) + / G(t, s)u(")(s) ds,

where p; is a polynomial of degree less than or equal to n — 1, L;(p;) = d;;, where
d;j is the Kronecker delta, and G(t,s) is the Green’s function for y™ = 0 satisfying
Li(y) =0.

Proof. Let p; denote the unique solution of

y™ =0,
Li(y) = 05, fori=1,...,n.

The existence of the Green’s function implies such p;’s exist. Clearly, p; is a poly-
nomial with a degree at most n — 1, and L;(p;) = §;;. Next, let

b
w(t) = u(t) = La(u)pr(t) — Lo(u)pa(t) — - - = Ln(w)pn(t) — / G(t, s)u™(s) ds.
Then w™(t) = u™(t) — Li(u) -0 — -+ — Ly(u) - 0 — u(™(¢) = 0. Thus, using the fact
that

L ( / bG(t, s)u<">(s)ds) =0,
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we obtain

Li(w) = Li(u) = Li(u)Li(p1) — -+ = L () Li(pn) — 0

By uniqueness of of solutions of y™ = 0, L;(y) = 0, it follows that w(t) = 0. This
completes the proof.

We next establish that solutions depend continuously on the boundary values.

Theorem 2.2 (Continuous Dependence). Assume (A1) and (A2), and suppose solu-
tions to (1), (3) are unique when they exist. Then, given a solution yo of (1), (3), and
e > 0, there exists 6 > 0 such that if |S;(yo) — ri| < 9, i = 1,...,n, then there exists
a solution z of (1) such that S;(z) = 1y, fori =1,...,n, and \y(()i)(t) —200)] < ¢,
1=0,...,n—1.

Proof. Let ¢ be defined as in (4). If ¢(¢1) = ¢(¢), then this implies S;(y(t,¢1)) =
Si(y(t,c)), ¢ = 1,2,...,n. Our uniqueness assumption on the nonlinear boundary
value problems implies that y(¢, ) = y(t, ¢), for all ¢, including t,. But, this implies
€1 = Co because solutions of initial value problems are unique, and, hence, ¢ is one-to-
one. The results now follows from the Brouwer Theorem on Invariance of Domain and
the fact that solutions depend continuously on initial conditions.

We note that the previous theorem also establishes that ¢ is continuous. As the
linear (k;j) problems are special cases of the nonlinear (k;j) problems, the above
theorem also establishes continuous dependence for the linear (k; j) problems.

Lemma 2.1. If ¢ is onto, then solutions to (1), (3) exist for all choices of y;.

The proof of this lemma follows immediately from the definition of ¢.

3 Main Results

We now in a position to state our first main theorem.

Theorem 3.1. Assume (A1) and (A2), and solutions to (1), (3) are unique when they

exist. Assume solutions to the linear problem y™ =0, Li(y) =0, i = 1,...,n, are
unique when they exist. Also assume
£ YL Un
|f<73/17 7y)‘ p§M7
[maX{|y1|v T |yn|}]

for some M > 0 and for all (y1,...,yn) € R™ such that |(y1,...,yn)| > R, for some
R>0,0<p<1. Then solutions to the nonlinear (k;j) problem (1), (3) exist for all
choices of boundary values.
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Proof. Assume ¢ : R" — R" is defined as in (4). Theorem 1.1 implies the image of ¢
is open. The image of ¢ is clearly non-empty. To complete the proof we will show the
image of ¢ is both open and closed which will imply the image is R", and hence the
mapping ¢ is onto. By Lemma 1.3, we will obtain existence of solutions to (1), (3).

First, suppose there exists a sequence ¢, € R™ such that ¢(cy) — yo. If < ¢ >
is bounded, then there exists a convergent subsequence < ¢, >. Suppose ¢, — Cp
for some ¢ € R™. Then, the continuity of ¢ implies ¢(c,) — (&), which implies
Yo = ©(C). And, hence, the image of ¢ is closed.

We may now assume ¢(c;) — yo and |cx| — o0o. Let ¢ = (co,,C1ys---sCno1,)-
Since y,@(t,c}) is continuous in ¢t for 0 < i < n — 1, there exists ¢; € [a,b] such
that |y (ty, &)| = max {|ly(t, )|, ... |ly" Dt &)/} for some iy € {0,...,n — 1}.

Since 0 < 7 < n — 1 and each #; is an integer, there exists a subsequence of the
ir that is constant. By choosing this subsequence, we may assume |y (t,c)| =
max ||y(t, &), ..., [[y™ (¢, &), for all & and some fixed j. Applying our Represen-
tation Theorem, we have

YD (th, &) = Lily(t,a))p (t) + - - + La(y(t, &))pd (th)

bl
oW G . B .
ot (tka S)f(‘S? y(S, Ck)) s ay(n 1)(57 Ck))ds'
This will then give us
YD (th, &) _ La(y(t, &)t (t)
(max {[ly(t, )l .-, [ly" =D (& ) |1 max {[ly(t, ), .., [ly" =D )1
+ :
La(y(t.&)ps (1)
(max {[ly(¢, @)ll, - . ., [ly" =Dt &)}
b ] — _ —
0va s,y(s,8), ...,y (s, E
o O max {{ly(t, c)ll, - .-, ly" =1, &)}
As
YDt @)l = max{[ly(t, @), ly" V(& &)}
> maX{|COk|v |Clk|7 R |an—1|} — 0
and p < 1, we see that
G (¢ .G ) o
‘y (k‘ k>| 5 = ‘y(j)@kack)‘l P, 0

(max {{ly(t, c)ll, . . Iy (& c)ll}]

We will obtain a contradiction by showing the right hand side of (5) is bounded. By
assumption () — yo implies < (&) > is a bounded sequence. From the definition
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of ¢(é), we obtain each of its component functions S;(y(t,¢)) is bounded. By our
dominance assumption, |L;(y(t,¢x))| < |Si(y(t, c))|, we obtain that L;(y(t,ck)) are all
bounded.

Moreover,
blova ‘ ‘ f(s,y(s,e),...,y"" V(s c)) /b oG
—— (g, s)| - A AR —— ds < ———(ts,s)| Mds,
[ 9| miai ey < [, | o

which is clearly bounded.This implies the right hand side of (5) is bounded, which is a
contradiction. Hence, |¢| -+ co. This yields the image of ¢ is closed and the proof is
complete.

If the g;; are actually linear (k; j) boundary conditions, then we obtain the following
special case of results recently proved by Eloe and Henderson in [6] using completely
different techniques.

Theorem 3.2. Assume (A1) and (A2), and solutions of (1), (2) are unique when
they exist. Assume solutions of the linear problem y™ = 0 satisfying L;(y) = 0, i =

1,...,n, are unique when they exist. Also assume
EYL, - Un
|f<73/17 7y)‘ p§M7
max{|y], . [ynl}]

for some M > 0 and for all (y1,...,yn) € R" such that |(y1,...,yn)| > R, for some
R > 0,0 < p< 1. Then solutions to the linear (k;j) boundary problem (1), (2) exist
for all choices of boundary values.

The hypotheses on f in Theorem 3.1 are satisfied by any bounded function f. In
addition, any unbounded function f such that

‘f<t7y17’yn>| S alyfl _'_..._i_oényﬁn’

where o; >0, 0 <p; < 1,i=1,....n, forall (yi,...,y,) € R"such that |(y1,...,yn)| >
R, for some R > 0 will also satisfy the hypothesis of Theorem 3.1.

We will now consider the case when p; = 1, ¢ = 1,...,n. This case is satisfied by
functions f that are bounded by linear functions. That is,

|f(t7y17ayn)| S O[1|y1| + +an|yn|,

for appropriate a; € R™ and for all (y1,...,y,) € R™ such that |(y,...,y.)| > R, for
some R > 0.

Theorem 3.3. Assume (A1) and (A2), and solutions to (1), (3) are unique when they

exist. Assume solutions of y™ = 0 satisfying L;i(y) =0, i = 1,...,n, are unique. Also
assume there exists an o such that
t ce s Yn 1
‘f(aylu Y )| <a<
max{‘yl‘v Tt |yn|}

b
max;e(o,1,..n—1} {maXte[a,b] {fa agzzG(t, S)ds}}
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for all (y1,...,yn) € R™ such that |(y1,...,yn)| > R, for some R > 0. Then solutions
to (1), (3) exist for all choices of boundary values.

Because the proof of Theorem 3.3 is similar to the proof of Theorem 3.1, we provide

a sketch of the proof.
Sketch of Proof. Building on our work in the proof of Theorem 3.1, it suffices to

consider the equality
y Dtk c) = La(y(t,@))p (t) + -+ + Lo(y(t, &))pd (t)
b Al
oWV G ~ B ~
/ : (tka S)f(‘S? y(S, Ck)) cee ay(n 1)(57 Ck))dsa

oty
where |y(ty, )| = max {|ly(t, )|, ..., [[y" V(¢ &)| }, for all k, as in the proof of
Theorem 3.1. As before, |L;(y(t,ck))| < | i(y(t, ck))| for all i and all &, and hence the

|Li(y(t,c))| are bounded. Thus,

y" (ty, &) _ La(y(t, &))pi" (¢ )
max {[y(t, é)ll, .-, g™~V (E, é)ll} max {|[y(t, &), - Hy ey
Ln(y(t, G )) (1)
max {[[y(¢, )l . ly" =D, &)}
b ] — _ —
oG (s, 8, ..,y (s,
+ / 1y, )L 05 C) 0y (n(j ) g, (6)
o OO max { |y (¢, c)ll, - - ly™ =Dt )l }
Then, max {||y(¢, )|, ..., [[y""V(t, )|} — oo, as k — oo, and as before,
Li(y(t, @))pﬁ”(tk) o
max {|[y(¢, G)ll, - - [y =D (E, &)}
: yU) ()
By construction, max{||y(t7g,€)|| ,,,,, lly=1 (¢ ”}’ =1, for all k. However,

= (n—1) =
f(say(sack)v"-ay (S,Ck)) dS’

k) = =
maX{Hy(t, Sl ly =D (@, )l
< j)G ¢ f<S7 y<87 5’?)7 s 7y(n_1)<87 Ek)) d
~ at] (k7 ) i (n—1) t G S
a max {|y(t, )|, .., [y D(t, )|}
b1 H0)
< aatjG(tk,s) cads <1,

from our assumption on or. We see the right hand side of (6) is eventually less than 1
in an absolute value, which is a contradiction.

Applying Theorem 3.3 to linear (k; j) boundary value problems yields the following
theorem.
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Theorem 3.4. Assume (A1) and (A2), and solutions to (1), (2) are unique when they

exist. Assume solutions of y™ = 0 satisfying L;(y) =0, i = 1,...,n, are unique. Also
assume there exists an o such that
E YL Un 1
)
max{ |y, ..., [ynl}

b
maxXje{o,1,..,n—1} {maXte[a,b} {fa agilc (t, s)ds}}

for all (y1,...,yn) € R™ such that |(y1,...,yn)| > R, for some R > 0. Then solutions
to (1), (2) exist for all choices of boundary values.
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