Electronic Journal of Qualitative Theory of Differential Equations

Proc. 10th Coll. Qualitative Theory of Diff. Equ. (July 1-4, 2015, Szeged, Hungary)
2016, No. 8, 1-10; doi:10.14232/ejqtde.2016.8.8 http://www.math.u-szeged.hu/ejqtde/

On the existence of solutions for a nonconvex
hyperbolic differential inclusion of third order

Aurelian Cernea™

University of Bucharest, Academiei 14, Bucharest, RO-010014, Romania

Appeared 11 August 2016

Communicated by Tibor Krisztin

Abstract. We establish some Filippov type existence theorems for solutions of a
Darboux problem associated to a third order hyperbolic differential inclusion.

Keywords: set-valued map, hyperbolic differential inclusion, decomposable set.

2010 Mathematics Subject Classification: 34A60, 35L30.

1 Introduction

In this paper we study the following Darboux problem for a third order hyperbolic differential
inclusion

Uy (%,y,2) € F(x,y,z,u(x,y,2)), (x,y,z) € I1:= [0, Ty] x [0, T2] x [0, T3] (1.1)

with the initial values

u(x,y,0) = ¢(x,y), (x,y) € Iy := [0, Ta] x [0, T2],
u(0,y,z) = ¢(y,2), (y,2) € I, := [0, T2] x [0, T3], (1.2)
u(x,0,z)c = x(x,2), (x,z) € 13 := [0, T1] x [0, T3],

where ¢, §, x are absolutely continuous functions satisfying

u(x,0,0) = ¢(x,0) = x(x,0) =: v1(x), x €1[0,T],

u(0,,0) = ¢(0,y) = 9(y,0) =: v2(y), y €[0T, (1.3)
u(0,0,z) = 9(0,z) = x(0,z) =: v3(2), z € [0, T3],

1(0,0,0) = v1(0) = v2(0) = v3(0) =: vy

and Ty, T, Tz > 0 and F : IT x R” — P(IR") is a set-valued map.

Qualitative properties, existence results and structure of the set of solutions of the Darboux

problem (1.1)—(1.2) have been studied by many authors [4,7-9] etc.
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The aim of the present paper is twofold. On one hand, we show that Filippov’s ideas [5]
can be suitably adapted in order to obtain the existence of a solution of problem (1.1)—(1.3).
We recall that for a first order differential inclusion defined by a Lipschitzian set-valued map
with nonconvex values Filippov’s theorem ([5]) consists in proving the existence of a so-
lution starting from a given “almost” solution. Moreover, the result provides an estimate
between the starting “quasi” solution and the solution of the differential inclusion. On the
other hand, we prove the existence of solutions continuously depending on a parameter for
problem (1.1)—(1.3). This result may be interpreted as a continuous variant of Filippov’s the-
orem for problem (1.1)-(1.3). The key tool in the proof of this theorem is a result of Bressan
and Colombo [2] concerning the existence of continuous selections of lower semicontinuous
multifunctions with decomposable values. This result allows to obtain a continuous selection
of the solution set of the problem considered.

In the literature there are several papers concerning the existence of solutions for higher or-
der differential inclusions defined by Lipschitzian set-valued maps; we mention the paper [1]
for a boundary value problem associated to a second-order differential inclusion which also
uses Filippov’s techniques.

Our results may be interpreted as extensions of previous results of Staicu [6] and Tuan
[10,11] obtained for “classical” hyperbolic differential inclusions.

The paper is organized as follows: in Section 2 we briefly recall some preliminary results
that we will use in the sequel and in Section 3 we prove the main results of the paper.

2 Preliminaries

In this section we sum up some basic facts that we are going to use later.

Let (X,d) be a metric space. The Pompeiu—Hausdorff distance of the closed subsets
A,B C X is defined by dy (A, B) = max{d*(A, B),d*(B,A)}, d*(A,B) = sup{d(a,B); a € A},
where d(x, B) = inf{d(x,y);y € B}. With cl(A) we denote the closure of the set A C X.

Consider I = [0, T1], L, = [0, T»], Is = [0, T3] and IT = [0, T1] x [0, T2] x [0, T3]. Denote by
L(IT) the o-algebra of the Lebesgue measurable subsets of IT and by B(R") the family of all
Borel subsets of R".

Let C(IL,R") be the Banach space of all continuous functions from IT to R"” with the
norm |[ullc = sup{|lu(x,y,2)|; (x,y,z) € I1} where || - | is the Euclidean norm on R", and
Ll(l_[ ]R”) be the Banach space of integrable functions u : IT — R" with the norm |ju||; =

f03 |lu(x,y,z)||dxdydz.

Recall that a subset D C L(I1,R") is said to be decomposable if for any u(-),v(-) € D and
any subset A € L(IT) one has uxa + vxp € D, where B = I\ A. We denote by D the family of
all decomposable closed subsets of L!(IT, R").

Let F(-,-) : II x R" — P(R") be a set-valued map. Recall that F(-,-) is called £(IT) ®
B(R™) measurable if for any closed subset C C R" we have {(x,y,z,u) € ITxR"; F(x,y,z,u)N
C} # @} € L(IT) ® B(R").

We recall now some results that we are going to use in the next section. The next lemma
may be found in [3].

Lemma 2.1. Let H : IT — P(IR") be a compact valued measurable multifunction and v : I1 — R" a
measurable function.
Then there exists a measurable selection h of H such that

lo(x,y,2) = h(x,y,2)|| = d(o(x,y,2), H(x,y,2)), ae. (ID).
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Next (S,d) is a separable metric space and X is a Banach space. We recall that a multi-
function G(-) : S — P(X) is said to be lower semicontinuous (l.s.c.) if for any closed subset
C C X, the subset {s € S; G(s) C C} is closed in S.

The proofs of the following two lemmas are in [6].

Lemma 2.2. Let F*(-,-) : II x S — P(IR") be a closed valued L(I1) @ B(S) measurable multifunc-
tion such that F*((x,y,z),-) is Ls.c. for any (x,y,z) € IL
Then the set-valued map G(-) defined by

G(s) = {v € LN(IT,R"); v(x,y,z) € F*(x,y,2,5) a.e. (I)}

is .s.c. with nonempty decomposable closed values if and only if there exists a continuous mapping
p(-) : S — LY(IL,R") such that

d(0,F*(x,y,2,5)) < p(s)(x,y,z) ae. (I1), Vs €S.

Lemma 2.3. Let G(-) : S — D be a lLs.c. set-valued map with closed decomposable values and let
f(-):S— LYILR"), q(-) : S — LY(I1, R) be continuous such that the multifunction H(-) : S — D
defined by

H(s) = cl{v(:) € G(s); [[v(x,y,2) — f(s)(x,y,2)[| < q(s)(x,y,2) ae ()}

has nonempty values.
Then H(-) has a continuous selection, i.e. there exists a continuous mapping h(-) : S — LY(IT, R")
such that h(s) € H(s) Vs € S.

In what follows, by A we mean the linear subspace of C(II,IR") consisting of all A €
C(IT,R") such that there exist continuous functions ¢ : ITl; — R", ¢ : [I, - R", x : [I3 —
R" satisfying (1.3) with A(x,y,z) = ¢(x,v) + ¢(y,z) + x(x,2) — ¢(x,0) — ¢(0,y) — 9(0,z) +
P(0,0) = @(x,v) + ¥(y,z) + x(x,2) —v1(x) — v2(y) — v3(2) + vo, (x,y,2) € I1. Note that A,
equipped with the norm of C(I1,IR"), is a separable Banach space.

For ¢ € L'(I1,IR"), consider the following Darboux problem

Unyz(x,y,2) = 0(x,y,2),
u(x,y,0) = ¢(x,y), 2.1)
u(0,y,z) = 9(y,2),
u(x,0,z) = x(x,2).

Definition 2.4. Let A € A. The function u € C(I,R") given by

u(x,y,z) = AMx,y,2) +/0x /Oy /OZ‘T(C/’?/V)dCd’?d% (x,y,2z) €11

is said to be a solution of (2.1)
Obviously, problem (2.1) has a unique solution, which will be denoted by uMe,

Definition 2.5. A function u € C(I1,R") is said to be a solution of problem (1.1)-(1.2) if there
exists a function ¢ € L(IT, R") such that

o(x,y,z) € F(x,y,z,u(x,y,z)) ae. (IT),

X oy rz
u(ny2) =My + [ [0 [o@npdeanan,  (xyz) e
We denote by S(A) the solution set of (1.1)—(1.2).
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3 The main results

In order to obtain a Filippov type existence result for problem (1.1)-(1.2) one needs the fol-
lowing assumptions on F.

Hypothesis H1. Let F : II x R" — P(R") be a set-valued map with nonempty compact
values, satisfying the following assumptions

i) The set-valued maps (x,y,z) — F(x,y,z,u) is measurable for all u € R".

ii) There exist k > 0 such that, for almost all (x,y,z) € Il F(x,y, z, ) is k-Lipschitz, i.e.

dy(F(x,y,z,u),F(x,y,z,u')) <kllu—u'||  Vu,u €R".

In what follows, A; € A, w € C(ILR") with wy,, € LYITL,R"), w(x,y,0) = A1(x,v,0),
w(0,y,z) = A1(0,y,z), w(x,0,z) = A1(x,0,z) and there exists g € L!(I1,IR.) which satisfies

d(wyyz(x,y,2), F(x,y,z,w(x,y,2))) < q(x,y,z) ae. (IT).

Theorem 3.1. Let Hypothesis H1 be satisfied, consider A € A and Ay € A, w € C(ILR"), g €
LY(IT,IR}) as above.
If kTh' T, T3 < 1 there exists u a solution of problem (1.1)—(1.2) such that

A = Al + gl
1—kT1 T, T; *

||u(x,y,z) - w(xly/Z)H < V(x,y,z) ell (3-1)

Proof. We define fo = wyy,, up = w and T = T1T>T3. It follows from Lemma 2.1 and Hypothe-
sis H1 that there exists a measurable function f; such that fi(x,y,z) € F(x,y,z,uo(x,y,z)) a.e.
(IT) and for almost all (x,y,z) € I1

Ifo(x,y,2) = filx,y,2) | = d(fol(x,y,2), F(x,y, 2, u0(x,y,2))) < q(x,y,2).

Define, for (x,y,z) € I1

X oy [z
u1(x,y,z) = AMx,y,z) + / / / fi(r, s, t)drdsdt.
Jo Jo Jo

Since R
w(x,y,z) = M(x,y,2) +/ / / fo(r,s, t)drdsdt
0o Jo Jo

one has
X ry rz
i (x,9,2) = oy, 2 < 1Ay, 2) =Myl + [ [ [C1A0s 0 = folr,s,0)ldrdsds
< 1A= Adlle + Igh

From Lemma 2.1 and Hypothesis H1 we deduce the existence of a measurable function f,
such that f»(x,y,z) € F(x,y,z,u1(x,y,z)) a.e. (IT) and for almost all (x,y,z) € I1

1f2(x,,2) = Aulx,y,2)]
F(x,y,2,u1(x,y,2)))

d(fi(x,y,2), F(x,y,z,u1(x,y,2))) <du(F(x,y,z,uo(x,y,2)),
kllui(x,y,z) — uo(x,y,2) || < k(||A = Avllc +1ql1)-
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Define, for (x,y,z) € I1

X Yy [z
ux(x,y,z) = AMx,y,2) +/ / / fi(r, s, t)drdsdt
0o Jo Jo

and one has
X ry rz
lua,y,2) =i ey I < [ [° [ 1falrs,8) = 5,0 ldrdsdt < KT(IA = Arllc + [qlo)

Assuming that for some p > 2 we have already constructed the sequences (u;)!_;, (i)},
satisfying

lup(x,y,2) = p-1(x,y,2)[| < RDPTH(IA = Mlle +1gh)  (xyz) €I, (B2
1fp(x,y,2) = fo-1(x,y, 2) | < K(RT)PTH(IA = Atllc +1gh)  ae. (TD). (33)

We apply Lemma 2.1 and we find a measurable function f,,1 such that f,,1(x,y,z) €
F(x,y,z,up(x,y,2)) a.e. (IT) and for almost all (x,y,z) € I1

1 fpr1(xy,2) = fp(x,y, 2| < d(fpia(xy,2), F(x,y, 2,up(x,y,2))) < du(F(x,y,2,up(x, Y, 2)),
F(x,y,2,up1(x,¥,2))) < kllup(x,y,2) —up-1(x,y,2) | < k(KT)P (A = Adllc +Iqh)

Define, for (x,y,z) € I1

upi1(x,y,2) = Ax,y,z) + /Ox /Oy /OZ fpt1(r,s,t)drdsdt. (3.4)
We have
| fps1(r,8,t) — fp(r,s,t)||drdsdt

<L bk
/ / kllup(r,s,t) — up_1(r,s,t)||drdsdt
/ Jy H

lup11(xy,2) —up(x,y,2)

(VAN

IN
\\\

(KT)P~1([|A = Al + |gh ) drdsdt

| A

T)P([IA = Mllc +1gh)-

Therefore from (3.2) it follows that the sequence (u,),>0 is a Cauchy sequence in the space
C(IT,IR"), so it converges to u € C(I1,R"). From (3.3) it follows that the sequence (f,),>0 is a
Cauchy sequence in the space L!(I1, R"), thus it converges to f € L!(IT,R").

Using the fact that the values of F are closed we get that f(x,y,z) € F(x,y,z,u(x,y,z))
a.e. (IT).

Since

y/Zf( t)dsdt /x/y/Zf( t)dddtH
r,s,t)dsdt — r,s,t)drds
0 Jo JO P o Jo Jo
X y z
= / / / Ifp(r,s,t) = f(r,5,t)||drdsdt
Ox Oy Oz
S/ / / kllup—1(r,s,t) —u(r,s, t)||drdsdt
0o Jo JO

< kT|[up-1 —ullc,
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therefore, we may pass to the limit in (3.4) and we obtain that u(-,-) is a solution of problem
(1.1)=(1.2). On the other hand, by adding inequalities (3.2) for any (x,y,z) € IT we have

[p(x,y,2) = w(x,y,2)]|
< lup(x,y,2) = upa(x,y,2)|
Hlupa(xy,2) —upa(x,y,2) | + -+ u2(x,y,2) — (v, y,2)]
+llua(x,y,2) — uo(x,y,2) || (3:5)
< ((RT)PH 4 (KT)P72 -+ + kT + 1) (A = Mallc + lq]1)

< A =Allc + gl
- 1—kT

It remains to pass to the limit with p — oo in (3.5) in order to obtain (3.1) and the proof is
complete. O

If in Theorem 3.1 we take w = 0, A; = 0 and g = k then we obtain the following existence
result for solutions of problem (1.1)—(1.2).

Corollary 3.2. Let Hypothesis H1 be satisfied, kT1 T, T3 < 1 and assume that d(0,F(x,y,z,0)) < k
V(x,y,z) € IL
Then there exists u € C(I1,R") a solution of problem (1.1)—(1.2) such that

< H/\HC + kTh 1> T3

We note that the proof of corollary above can be performed also by using the Covitz-
Nadler set-valued contraction principle.

Next we obtain a continuous version of Theorem 3.1. This result allows to provide a
continuous selection of the solution set of problem (1.1)—(1.2).

Hypothesis H2.
i) S is a separable metric space, A : S - A and &(-) : S — (0, 00) are continuous mappings.

ii) There exist the continuous mappings A1(+) : S — A, g(*) : S — LY(ILR"), w(:) : S —
C(IT,R") and ¢(-) : S — L'(I1, R4) such that w(s)x: = g(s), w(s)(x,y,0) = A1(s)(x,y,0),
w(s)(0,y,z) = A1(s)(0,y,z), w(s)(x,0,z) = A1(s)(x,0,2) (x,y,z) € I1,s € S and

d(g(s)(x,y,z), F(x,y,z,w(s)(x,y,2) <q(s)(x,y,z) ae (II), Vse€S.

Theorem 3.3. Assume that Hypotheses H1 and H2 are satisfied.

Then, there exists a continuous mapping u(-) : S — C(IT,R") such that for any s € S, u(s) is
a solution of problem (1.1) which satisfies u(s)(x,y,0) = A(s)(x,y,0), u(s)(0,y,z) = A(s)(0,y,z),
u(s)(x,0,z) = A(s)(x,0,z), (x,y,2z) €I, s € Sand, forany (x,y,z) € I1,s € S,

)il < [A(s) = Aa(s)llc +e(s) + [[9(s)[]x
- 1—-kT'T,T;5 '

[u(s)(x,y,2) —w(s)(x,y, 2

Proof. We make the following notations uy = w, kp(s) := (KT)P=L(|A(s) — A1 (s)]|c + &(s) +
lg(s)[l1), p>1, T = i T2 T.
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We consider the set-valued maps Gy, Hy defined, respectively, by
Go(s) = {v € LY(IL,R"); v(x,y,z) € F(x,y,z,w(s)(x,y,2)) ae. (I1)},
e(s
Ho(s) = {0 € Go(s) o, ,2) — 9(6) (0 2)] < 0(6) (v ,2) + 12}
Since d(g(s)(x,y,z), F(x,y,z,w(s)(x,y,2)) < q(s)(x,y,2) < q(s)(x,y,z) + @ the set Hy(s) is

not empty.
Set Fj(x,y,z,5) = F(x,y,z,w(s)(x,y,z)) and note that

d(0, Fy (x,y,2,5)) < llg(s)(x,y,2) | +q(s)(x,y,2) =: 97 (s)(x,y, 2)

and g*(+) : S — LY(I,R) is continuous.
Applying now Lemmas 2.2 and 2.3 we obtain the existence of a continuous selection fy of
Hp such that Vs € S, (x,y,z) € 1],

fo(s)(x,y,2) € F(x,y,z,w(s)(x,y,2)) ae. (II), Vs €S,

1£0(5) (5,,2) — () (x,1,2) | < g0(s) (,,2) = (5) (x,,2) + 5.

We define
u1(s)(x,y,z) = )\(s)(x,y,z)+/0 /oy./o fo(s)(r,1,t)drdldt

and one has

1 (5) (%, 9, 2) — o(s) (, v, 2)
< JIAGs) MHﬁ///M )(r,1,1) — g(s)(r,1,1) |drdldt

< IA(s) — M(s ||C+///[ )(r,1,£) + (T)}drdut

= [[A(s) = M(s)llc + [l(s) [l + &(s) = ki(s)

We shall construct, using the same idea as in [6], two sequences of approximations f, :
S — LY(IL,R"), up : S — C(I1,R") with the following properties

a) fp:S — LYILR"), u, : S — C(I,R") are continuous,

b) f5(5)(x,3,2) € F(x,9,2,1p(s)(x,3,2)), ae. (IT), s € S,
dHh@ﬂ%%@—ﬁqﬁﬂn%@HSkk&%aeﬂmse$
d) up+1(s)(x,y,z) =A(s)(x,y,z +f0 fO fo fp (r,1,t)drdldt.

Suppose we have already constructed f;, u; satisfying a)—c) and define u, 1 as in d). From
¢) and d) one has

Jitps1(5) (5, 2) = 1 (5) (5, 1,2)|
< [ [ 156000 = fyas) 1, 0) ardtar 66)
X z (

[T

IN
o

s)drdldt = (kT)k,(s) = kp1a(s)

o
o\o

o
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On the other hand,

A (5) (x,,2), F(x, 2, pan () (%,9,2))
< Ky i1(s)(x,9,2) — 1p () (%, 2) | < k-kpia(s). B)

For any s € S we define the set-valued maps
Gpy1(s) = {v € L"ILR"); v(x,y,2) € F(x,y,2,up11(s)(x,y,2)) ae. (1)},
Hyi1(s) = o € Gpan (8); 10(x,1,2) — f(8) (5,1, 2)]| < k-kpia(s))

We note that from (3.7) the set Hp(s) is not empty.
Set F;H(x, v,z,8) = F(x,,2,up11(5)(x,y,2)) and note that

d(0, Fyia(x,y,2,5)) < | fp(s)(x,y,2) || + k- kpia(s) =: 4p11(5) (%, 2)

and q;,4(1): S — L'(I,R) is continuous.
By Lemmas 2.2 and 2.3 we obtain the existence of a continuous function f,4; : S —
L'(IT,R") such that

fre1(8)(x,y,2) € F(x,y,2z,up1(5)(x,y,2)) ae. (IT), Vs €S,
() (5, ,2) = fo(&) (X1 2) | S k-kpia(s) Vs €8, (x,y,2) € 1L
From (3.6), ¢) and d) we obtain
[ps1(s) = up(s)llc < kpia(s) = (KT)P([[A(s) — Aa(s)llc +e(s) + [lg(s)[l1), (38)
1 fp1(s) = fp(s)lly < kTky(s) = (KT)P(IA(s) — Aa(s)llc +&(s) + llq(s)]l1).  (3.9)

Therefore f,(s), up(s) are Cauchy sequences in the Banach space L!(I,R") and C(IL,R"),
respectively. Let f : S — LY(IT,R"), x : S — C(I1,IR") be their limits. The function s —
IA(s) — A1(s)]lc +e(s) + ||g(s)]l1 is continuous, hence locally bounded. Therefore (3.9) implies
that for every s’ € S the sequence f,(s’) satisfies the Cauchy condition uniformly with respect
to s’ on some neighborhood of s. Hence, s — f(s) is continuous from S into L!(TT, R").

From (3.8), as before, u,(s) is Cauchy in C(IT,IR") locally uniformly with respect to s.
So, s — u(s) is continuous from S into C(IT,IR"). On the other hand, since u,(s) converges
uniformly to u(s) and a.e. (IT) and Vs € S

A(fp(s)(x,y,2), F(x,y,2,u(s)(x,y,2)) < Kllup(s)(x,y,2) —uls)(x,y,2)|,

passing to the limit along a subsequence of f,(s) converging pointwise to f(s) we obtain

f(s)(x,y,z) € F(x,y,z,u(s)(x,y,z)) ae. (II), Vs € S.

One the other hand,

L[] s o [ [* /Ozf(s)(r,l,t)drdldtH
= /Ox /Oy /OZ 1fp(s)(r, 1, t) — f(5)(r,1,t)||drdldt < KT||u,—1(s) — u(s)| c.

Therefore one may pass to the limit in d) and we get V(x,y,z) €I, s € S

w(s) (x,,2) = A(s)(x,1,2) + /O ' /O ! /0 C (s (r 1, b)drdldt,
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i.e., u(s) is the desired solution.
Moreover, by adding inequalities (3.6) for all p > 1 we get

+1
2 (5),2) = () (x,0,2)]| < L () < A= RO g

Passing to the limit in (3.10) we obtain the conclusion of the theorem. O

Corollary 3.4. Assume that Hypothesis H2 is satisfied and, in addition, d(0,F(x,y,z,0)) < k
a.e. (IT).
Then, there exists a function u(-,-) : IT x A — R" such that

a) x(-,A) € S(A), VA € A.

b) A — x(-,A) is continuous from A into C(IT,R").

Proof. We take S = A, € an arbitrary continuous positive function, ¢(-) = 0, w(-) = 0,
q(s)(x,y,z) = k and we apply Theorem 3.3 in order to obtain the conclusion of the corol-
lary. O
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