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Abstract. The authors present some new oscillation criteria for the third-order neutral
dynamic equation with distributed delays
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on a time scale T, where a is the quotient of odd positive integers. Using a Riccati
type transformation and a comparison technique, they establish some new sufficient
conditions to ensure that a solution x of this equation either oscillates or satisfies
lim¢_ye0 x(t) = 0.
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1 Introduction

We are interested in the oscillatory behavior of third-order neutral dynamic equations with
continuously distributed delays of the form

AN &
[r(t) ([x(t) = [ ptenx e )

on an arbitrary time scale T, where « is a quotient of odd positive integers.

Dynamic equations on time scales have received a great deal of attention in the last twenty
years. We refer the reader to the monographs of Bohner and Peterson [2,3] and the survey pa-
per of Agarwal et al. [1] for background and details on the time scale calculus. The oscillatory

A d
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and asymptotic behavior of solutions of dynamic equations is an active and important area of
research, and we refer the reader to the papers [7-11,15,16] as examples of recent results on
this topic. Oscillation results for dynamic equations with distributed delays are far less preva-
lent in the literature. For example, Candan [4] (also see Candan [5] and Chen and Liu [6])
studied the second-order neutral dynamic equation with distributed deviating arguments

(rt) () + poy o)) ") + [ "F(tylot ) a2 =0,

where ¢ > 0 is a ratio of odd positive integers and r(t) and p(t) are positive rd-continuous
functions defined on a time scale T, and he obtained some new sufficient conditions to ensure
the oscillation of all solutions.

To the best of our knowledge, there appears to be very little known about the oscilla-
tory and asymptotic behavior of solutions of third order neutral dynamic equations with
distributed delays. Senel and Utku [16] (also see [13,17]) have obtained some such results for
equation (1.1). Our purpose here is to establish some new oscillation criteria for this equation
different from those in [13,16,17] (see Remark 3.3 below) and to contribute to the growing
body of research on third order neutral delay dynamic equations in general and those with
distributed delays in particular.

We will make use of the following conditions where C,; denotes the class of rd-continuous
functions.

(H1) r € Crd([to,OO)T,R+) and

0 1 1/a
/(m) At = oo (1.2)

)
(H2) q(t,¢) € Cug([to,00) % [c,d],RT), p(t,n7) € Cp([to, ) % [2,b],R), and 0 < p(t) =
fgb p(t,1)Ay <P <1;

(H3) t(t,17) € Cyq ([to, 00) x [a,b], T) is nondecreasing in 7,

tn) <t d 1 t, 1) = oo;
T(t,7) <t an tggﬁrg[%r( 1) = oo;

(H4) ¢(t,¢) € Cpa ([to, 00) % [c,d], T) is nondecreasing in ¢,

$(t,{) <t, and lim min (p(t &) = oo;

(H5) f € C(R,R) satisfies uf(u) > 0 for x # 0 and there exist constants k > 0 and B < «,
with B the ratio of odd positive integers, such that f(u)/uf > k for u # 0.

Defining the function

+/ (t,7)x [T(t, )] Ar, (13)
equation (1.1) can be written as
v (220)"] + / (1,0 (x[(£,2)]) AZ = 0. (1.4)

A solution x(t) of (1.1) is said to be oscillatory if it is neither eventually positive nor eventually
negative, and it is non-oscillatory otherwise.
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2 Some preliminary lemmas

In order to prove our main results, we will make use of a special case of Keller’s chain rule
(see Bohner and Peterson [2, Theorem 1.90]), namely,

(1) = a {/01 h27 () + (1 — h)z(B)]* dh} (),

where z(t) is a delta differentiable function.

The following lemma is rather standard when studying the oscillatory behavior of solu-
tions of third order equations; its proof can easily be modeled, for example, after the one of
Hassan and Grace [13, Lemma 2.1], Senel and Utku [16, Lemma 2.1], or many other authors.

Lemma 2.1. Assume that conditions (H1)-(H5) hold and let x(t) be a positive solution of (1.1) with
z(t) defined as in (1.3). Then for sufficiently large t, either

(D z(t) >0,2%(t) > 0,z8(t) > 0, and [r(t)(z%2())*]* <0, or
(I) z(t) > 0,z%(t) < 0,z2%(t) > 0 and [r(t)(z22(t))*]* < 0.

Variations of the following lemma can be found, for example, in Hassan and Grace
[13, Lemma 2.10] and Senel and Utku [16, Lemma 2.2], and their proofs can easily be adopted
to our situation.

Lemma 2.2. Assume that conditions (H1)—(H5) hold and let x(t) be an eventually positive solution of
(1.1) with z(t) satisfying property (1I). If

/: /UOO [r(lu) /jq(s)As] % AuAv = oo, (2.1)

where q(t) = fcd q(t, &)AE, then lim_,oo x(t) = 0.

Remark 2.3. Clearly, analogous results hold for eventually negative solutions of equation (1.1).
In [16], the authors assumed that &« = 3, but that is not needed for the above two lemmas.

In the following two lemmas, we consider the second order dynamic equation

(r(HE(0)%) = Q) (1), 22)

where ¢ is a positive constant, and &, B, and r are asin (1.1), Q : T — RT and h: T — T are
rd-continuous functions, #(t) > 0, h(t) < t, and lim;_,e h(t) = co.

Lemma 2.4. Let condition (H1) hold. If

B n
lim sup t )Q(s) (/hh(t) rl/a(z;)m)) As > {1/C' ifp=ua, 2.3)

then all bounded solutions of equation (2.2) are oscillatory.
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Proof. Let x(t) be a bounded nonoscillatory solution of equation (2.2), say x(t) > 0 and
x(h(t)) > 0 for t € [t1,00)1 for some t; > t;. Then, there exists t, € [t1,00)r such that

A
x(t) >0, x*(t) <0, and <r(t)(xA(t))"‘> >0 fort € [t, o). (2.4)
Now, for v > u > t,, we have

x(u) —x(v) = /uv A (T)AT
Lvrl/“(r) (V(T

- ) ()) " ar
> ( / ’ r‘”"‘(r)Ar) (—r(v)(xA(v))“)”“. (2.5)
For t > s > ty, setting u = h(s) and v = h(t) in (2.5), we obtain
hy . O\ Ve
x(h(s)) = (/h(s) Y (T)AT> (=) A r()*) " (2.6)
Integrating (2.2) from h(t) > t, to t, we have
—r(h(£)) (x®(h(£)))" = r(£) (x2(1))* — r(h(£)) (x®(h(£)))"
= th) cQ(s)xP(h(s))As. (2.7)

Using (2.6) in (2.7) gives

p/u

e am ze [ o6 ([ s@ac) s (o oer),

h(t)

ie.,
g t h(t) p
- (Frm)Erme)) = Q) </ r“%)m) As. (2.8)
h(t) h(s)

Taking the limsup as t — oo of both sides of the above inequality, we see that if « = j, the
contradiction is clear.

If B < a, the left hand side of (2.8) is positive and must decrease to zero as t increases in
order to prevent a contradiction to the positivity of x(¢). This contradicts (2.3) and completes
the proof of the lemma. O

Lemma 2.5. Let (H1) hold. If
’ ¢ 1/« —1/a H —
lim sup (1 / Q(s)As) Au> LS lf'B lx’ (2.9)
tseo Jn(t) \T () Ju 0, ifB<a,
then all bounded solutions of equation (2.2) are oscillatory.

Proof. Let x(t) be a bounded nonoscillatory solution of equation (2.2), say x(t) > 0 and
x(h(t)) > 0 for t € [t;,00)T for some t; > fy. As in the proof of Lemma 2.4, we obtain
(2.4). Integrating equation (2.2) from u to t > u > t,, we have

D00 = ) ()" = [ Q)P (hs)as,
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—x®(u) > cl/* (r(lu) /ut Q(s)As)l/a xP/(n(t)).

Integrating this inequality from h(t) to ¢, we obtain

x(h(t)) > cl/ !/h;) (r(i) /ut Q(s)As) v Au] xﬁ/”‘(h(t)),

or

¢V 1B/ (1)) > /hzt) <r(1u) /th(s)As>w Au.

The remainder of the proof is similar to that of Lemma 2.4 and hence is omitted. ]

Remark 2.6. It follows from Lemmas 2.4 and 2.5 that equation (2.2) has no solution x(t)
satisfying x(t)x*(t) < 0 for large t.

Lemma 2.7. Let conditions (H1)—-(H5) hold and assume that x is an eventually positive solution of
equation (1.1) with the corresponding z satisfying Case (II) of Lemma 2.1. Then there exists 6 > 1 with
PO < 1 such that either

x(t) > <1 —9199) z(t) (2.10)

for large t, or lim;_,o x(t) = 0.

Proof. Choose t; € T so that x(t) > 0 and x[t(t,77)] > 0 for t € [, 00)T for some t; > t. Since
z(t) satisfies Case (IT) of Lemma 2.1, there exists a constant «x such that

lim z(t) = x < oo.
t—o0
(i) If x > 0, then there exists t, > t; and 6 > 1 with 6P < 1 such that
K < z(t) < «x6 (2.11)

for t € [tp, ). Now,

and so

x(f) >k —x0P = <1 —01’9) <Y

> (1 —9P9) z(t) fort € [tp, 00).

(i) If ¥ = 0, then lim;_,o z(#) = 0. Since 0 < x(t) < z(t) on [tp, 00)T, lim;_ye x(t) = 0. This
completes the proof of the lemma. O
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3 Main results

In this section, we establish some new criteria for the oscillation of equation (1.1). It will be
convenient to employ the following notations.
Let

1) = [(a(8E ¢u(t) = 9(t,0), and 9a(t) = p(1,a),

where ¢(t,¢) is given in (H4) and A > 1 is a constant such that A¢(t) < t for t € [tp,00). In
addition, let c; = k(1 — P)P and for any t; € [ty, c0)T, let

R(t,H) = /t r~1%(s)As,

ty

u(t) = (/tfms,tl)As) -

n(t) = {elwez /tlt /: rl/“(s)AsAu]

and
-1

for all t € [t;,00)T and any positive constants 6; and 6.

Theorem 3.1. Let conditions (H1)-(H5) hold and assume there exists a positive, nondecreasing, delta-
differentiable function g(t) such that, for any positive constants c; and cz and T > Ty > ty, we
have

t

« a A a+1
lim sup i lcchHﬁ(S)g(S)q(s)— (( /B) ((8%(s))+)

&+ 1T (y(s)g(s)R(s, Tr))"

for t € [T, 00)t, where (g%(t))+ = max {0,¢(t) }, and

1(t) = {1’ L, TP=w (3.2)

As = o0 (3.1)

If condition (2.3) or (2.9) holds with

_ _ B
Qt) = P (1) t), c:k<(1 Peg“ ”), and B(E) = Ado(t),  (33)

then a solution x of equation (1.1) either oscillates or satisfies lim;_, x(t) = 0.
Proof. Let x(t) be a nonoscillatory solution of (1.1), say x(t) > 0 for t € [t1,00)T, x(T(t,17)) >0
for (t,;7) € [t1,00)r x [a,b], and x(¢(t,&)) > 0 for (t,§) € [t1,00)1 X [c,d] for some t; €

[to, 00) 1. We need to show that x(t) — 0 as t — oo.
Define the function z as in (1.3). From Lemma 2.1, we can easily see that

[r(t (ZAA(t))“}A<o and z28(t) >0 fort € [t,00)T,

and either z(t) > 0 or z2(t) < 0 for t € [ty,00)T for some t, > t.
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Assume z2(t) > 0 on [t2,0)T. Then,

b
x(t)) =2(0) = [ p(t)x [r(t )] by
> 2(0) [ plt )z (et g
b
2(t) - [(tbn/pum "
< - p(ty A77> )
(1—P)z(¢). (3.4)
Using (3.4), (H4), and (H5) in (1.4), we obtain

v

\Y]

r (220)] = - [Caw s xlptr o) ag

<—k(1-PF [ gt (9(,0) 82
< —aq()Z (¢ (1)) (35)
Define the function w(t) by
ot =g ELOL. 66

Then,

Since r(t) (z22(t))" is strictly decreasing on [t,, o)1, we have
Z22(t) > Z8(t) — 28 (k)
1/«
(s) (222 (s
(o E6))
2
r(t)

(s)
:/t r7a(s)
2( < )ac>1/zx/t2t 1/ (58

= R(t, )1/ (1) (t) (3.8)

for t € [ty, c0)T.
From the fact that z(t) is increasing and r(t) (z2(t))" is strictly decreasing on [t», o),
there exist positive constants b and b; such that

z(¢1(t)) = b (3.9)
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and

r(t) (zM(t))“ <b (3.10)

for t € [fp,00)r. Integrating the last inequality twice from t; to ¢, we obtain

t rs
2(8) < 2(ka) + (t — 12)28(12) + b}/“/ / V% () Aus.
ty Jitp
Thus, there exists a constant b, > 0 such that
z(t) < by 1(t) fort € [t3,00)T (3.11)

for some t3 > t,. From (3.9) and (3.11), it is easy to see that

z(¢1(t))

20 > bay(t) fort € [t3, )T, (3.12)

where b3 := b/b,.
Applying Keller’s chain rule, we have

<zﬁ(t)) = Bz%( /01 [z(t) + hu(t) )}ﬁil dh

B(z7(1))F125(1), 0<p <1,
{ (z(1)F125(t), B> 1. (3.13)

Using (3.12) and (3.13) in (3.7) implies

N

°(1) (w(t)y (3.14)

27(t)

(1) < —crca(B)g(Da(E) + (1) (Z’ff;) sl

for either case of B, where ¢, = bg . From (3.8) and (3.14), we then have

w®(t) < —creanP(1)g(H)q(t) +g>(t) <::<(tt))>

atl

— Bg(HR(t 1) <<Z((tt))>a> O (3.15)

for t € [t3, 00)T.
’67

Now, if B = a, then (z7(t))"= = 1. On the other hand, if B < &, then using the fact that
r(t) (ZAA(i‘))Dé is decreasing on [f3,00), we can again obtain (3.11) as above. Hence,

()5 > 037 (1)) T forallt € [ts, 00)T,
where c3 = (bz) = . Hence, for B < «, from the definition of y(¢) in (3.2), we have
w(t) w(t)\’ o
W) <~ (000 +80) (A1)~ pgorG 0 (U) )T e16

for t € [t3, 00)T.
Taking A = "‘TH > 1,
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and « «
Y =7 (880) [(Br(hg(t) RV )]
we see that X > 0 and Y > 0 and so we can apply the inequality (see [12])
AXYML XM < (A —1)Y?
to obtain
)R TSR
prosoRe s (i $O\a0) = e msereer ¢
for t € [t3, 00)r. Substituting (3.17) into (3.16) gives

(F)((g(1) )

) < —creanP(t)g(t)g(t) + P - .
) = mae WA+ )T s RE, )
Integrating this inequality from t3 to t yields

() ((8*(s)) )
a+1)%1(7(s)g(s)R(s, 12))*

Taking the limsup of both sides of this inequality as t — oo, we obtain a contradiction to
condition (3.1). Therefore, z*(t) < 0 on [tp, c0)T.

If x(t) /» 0ast — oo, then from Lemma 2.7, we see that (2.10) holds. Using this in equation
(1.1), we obtain

/t: [clcmﬁ<s)g(s>q(s> — ] Bs < wl(ts) —w(t) < w(ts).

r (220)]" = - [Caw s xiptr o) ag
<k ["ae 02 p(e.0)] g
<k (1 - 9>ﬁ / "0, Ipl1,0)] A

Noting that z(t) satisfies (II) in Lemma 2.1, condition (H4) implies

o (220))" < (7)ot [0z

_ B
k(1) a0 fgnco) (318)

for t € [ty,00)1. Now, for v > u > t,

[

2(u) — 2(v) = —/ A(O)AT > (v — u)(—2B(0)).

u

Setting u = ¢ (t) and v = A¢,(t), and using the facts that A > 1 and A¢,(t) < t, we obtain

2(¢2(t)) =2 (A =1) ga(t)(—z*(Aga(t))  for t € [t2,00)r. (3.19)
From (3.19) and (3.18), we have

® _ B
(0 (s0)") " 2 (F570) (= 1P g0 (0] = Qe INga)]
for t € [ty,00)1, where 0 < y(t) = —z%(t) on [, ). Now y2(t) = —z22(t) < 0, so y(t) is

bounded. If we now proceed as in the proofs of Lemmas 2.4 and 2.5, we obtain contradictions.
Hence, x(t) — 0 as t — o0, and this completes the proof of the theorem. ]
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Remark 3.2. (i) In case

t ps
// r’l/"‘(u)AuASZt,
to Jto

we may take

t s -1
t) = [c/ / rl/"‘(u)AuAs] where ¢ > 0 is a constant.
to Jto

// _1/"‘ u)Auls <t,
fo

n(t) = [c*t]"  where ¢* > 0is a constant.

(ii) In case

we may take

Remark 3.3. In [16], the authors require condition (2.1) to hold and made use of Lemma 2.2
to show that in the case where z2 < 0, a nonoscillatory solution must converge to zero. Here
we use either condition (2.3) or (2.9), and with the help of Lemma 2.7 are able to produce the
same conclusion. Note also that in [16] the authors require & = § which we do not here.

Theorem 3.4. Let the hypotheses of Theorem 3.1 hold with condition (2.3) or (2.9) replaced by (2.1).
Then a solution x of (1.1) either oscillates or satisfies lim;_,co x(t) = 0.

Proof. The proof follows from that of Theorem 3.1 and Lemma 2.2, and hence is omitted. [
The following corollaries are immediate.

Corollary 3.5. Let condition (3.1) in Theorems 3.1 and 3.2 be replaced by

lim sup /T 1P (5)g($)q(s)s = oo (3.20)
and ( N )+1
: E((g%(9))4)"
hrtrli,;lp/T (')/(s)g(s)R(s, Tl))“AS < 0 (3.21)

for T > Ty > to. Then the conclusions of Theorems 3.1 and 3.2 hold.
Corollary 3.6. Assume that conditions (H1)-(H5) hold. If

lim sup /Tt 1P (s)g(s)As = oo (3.22)

t—o0

fort > T > to and condition (2.3) or (2.9) holds with Q and h defined as in Theorem 3.1, then a
solution x of (1.1) either oscillates or satisfies lim;_,o x(t) = 0.

Proof. This is just Theorem 3.1 with g(t) = 1. O
Next, we establish the following results.

Theorem 3.7. Let conditions (H1)—(H5) hold and assume that either condition (2.3) or (2.9) holds
with Q and h given in (3.3). If there exists a positive non-decreasing delta differentiable function g(t)
such that for any positive constants c; and c4 and any T > to,

lim sup Tt {clczqﬁ(s)g(s)q(s) - M (S)u"‘(s)gA(s)} As = o0 (3.23)

t—o0
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for t € [T,o0)r, where

)L ifp=u,
11(t) = {C417ﬁ“(t), if B < a, (3.24)

then a solution x of equation (1.1) either oscillates or satisfies lim;_, x(t) = 0.
Proof. Let x(t) be a nonoscillatory solution of equation (1.1), say x(t) > 0 for t € [t;,00)r for

some t; > to. Proceeding as in the proof of Theorem 3.1 in the case where z2 >0, we again
obtain inequality (3.15) which becomes

w® (1) < —creanP (£)g(£)q(t) + g*(t) (ZE:;)U
F(E) (228 (1)) ¢
= —c1canf (£)g(t)g(t) + g° (1) (W)
< —crcanP(D)3(Dq(t) + r(H)g* (1) <<t(>t)> 7 o

for t € [t3, c0)T. Integrating inequality (3.8) from f3 to ¢, we see that there exists a f4 > 3 such
that

z(t) > (/ttR(S/ tz)AS) r/%(£)z8(t) for t € [ty, 00), (3.26)
or ZAA(t) o (u(t))“
( 2(0) ) < rt) for t € [ty, c0)T. (3.27)

Then (3.27) and (3.25) yield
w?(t) < —crcanP (1) (H)q(t) + > ()u (1)z*F(t) (3.28)

for t € [tg, ).
If p=ua, 2 B(t) =1.If B < a, from (3.11), we have

Z27P(t) < cyyP () fort € [ty, 00)T, (3.29)
where ¢y = bgfﬁ . Using (3.29) in (3.28), we obtain
wh(t) < —crcanP(Hg(Hq() + (D (O (£) for £ € [ts,00)7.
The remainder of the proof is similar to that of Theorem 3.1 and we omit the details. O

Theorem 3.8. Let conditions (H1)—(H5) hold and assume that condition (2.3) or (2.9) holds with Q
and h given in (3.3). If

f 1

lim sup q(s)u=P(¢1(s))As > —, for B =u«, (3.30)
t—oo Jr1(t) ‘1
and t
lim q(s)u"P(¢1(s))As = 00, for B < a, (3.31)
t—o0 1(t)

then a solution x of equation (1.1) either oscillates or satisfies lim;_, x(t) = 0.
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Proof. Let x(t) be a nonoscillatory solution of (1.1), say x(¢) > 0 for t € [t;,00)T. Proceed as in
the proof of Theorems 3.1 and 3.7 to obtain inequalities (3.5) and (3.26).
Using (3.26) in (3.5) gives

yA() +eg(t)uP(gu(1)yP*(¢1(1)) <O for t € [ts,00)7, (3.32)
where y(t) = r(t) (z*2(t))". Integrating (3.32) from ¢;(t) > t5 to t easily gives

[ g tene)as < 2y ).
1(t) C1

Now, if B = «, taking limsup as t — oo, we get a contradiction to condition (3.30); if B < «,
taking lim as t — co, we obtain a contradiction to condition (3.31) due to the fact that y(t) is a
decreasing function. This completes the proof of the theorem. O

We conclude this paper by pointing out the fact that our results are new even for the case
T = R, i.e., the continuous case, and T = Z, i.e., the discrete case.
Finally, we give an example to illustrate our results.

Example 3.9. The dynamic equation

(02l o)™ s e o

is a special case of (1.1) with r(t) =1,a =2,b =3, p(t,y) = %, t(t,y) =n+ 5 a=p =1,
c=1,d=2, Cl(t/@: géé)/f(x)_xr andgb(t,@)—@‘—l— i

Since
o) 1 1/a ] b 3 1
/to (T(t)> At:/6 At =0 and /a P(fﬂ?)AWZ/z zhn <1,

conditions (H1) and (H2) hold. It is also clear that (H3)—-(H5) hold.
We see that

t ru t ru t t t
/ / =% (s)AsAu :/ / AsAu :/ (u—6)Au S/ uAu §/ (u+o(u))Au = t> — 36 < 2,
6 J6 6 /6 6 6 6

so for positive constants 6; and 60,

t pru
91t+92/ / r_l/"‘(s)AsAu < 01t + 612
6 J6

Hence,

t ru -1 1 1
- —1/a(\AgA > >
n(t) |:91t+92/6/6 e (s)as ”] = Ot + 0,2 = (61 + 02) 12

We also have

d 2 2 2 A
R(t,t) =t—1t and q(t):/c q(t,g)A«g:/l giig)A‘:Ith/l <—é> AE = 2.

Condition (3.1) with g(s) =1and T > Ty > 6 becomes

t « A a+1
timsup | [clcznﬁ<s>g<s>q<s>— By ) ]As

00 a+1)* (7(s)g(s)R(s, Tr)

> limsu tc C ¥52As = limsu / €162 =00
o t—>oop T ! 2(91+92)52 B t—>oop 01+92 ’
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Finally we show that (2.3) holds. Let A = 3. Since h(t) = Ago(t) = 3(2+£) <t on [6,00)T,
and Q(t) = ¢fq(t) = p(t,d)q(t) = (2+ )q(t) = (2+ §)#, we have

f ) P o\ o [ e
a0 </h<s> T U) o=y )0 ( seep )

3 3

_ [ 1 512
_[1(2%)3(2—#4)5 (t—s)As

3

t 1 A
> —(t—5)As
> [ 50

1

é(2
t
>3 S (5] ) s
34+ 2

1/t 1 t
== tAs — — s+ o(s))As
3 i@+ 6 Sy )

1t 1t
= f/ tAs — f/ (s2)2As
3 Ji@+h) 6 Ji@+)

= 2(t* — 8t +16)/27.

Hence,
t LONESN p
lim su Q(s </ r—/%(v Av) As = oo,
t%oop h(t) ( ) h(s) ( )
so the conditions of Theorem 3.1 hold, and a solution x of equation (3.33) either oscillates or
satisfies lim; . x(t) = 0.
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