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Abstract

We study a class of second order nonlinear difference boundary value problems
with separated boundary conditions. A series of criteria are obtained for the
existence of one, two, arbitrary number, and even an infinite number of positive
solutions. A theorem for the nonexistence of positive solutions is also derived.
Several examples are given to demonstrate the applications. Our results improve
and supplement several results in the literature.
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1 Introduction

In this paper, we study the existence of positive solutions of the second order boundary
value problem (BVP) consisting of the difference equation

—A%u(k) = w(k)f(k,u(k + 1)), k € N0, K), (1.1)
and the separated boundary condition (BC)

CL11U<O) — CngAU(O) = 0, (1 2)
agiu(K 4+ 1) + agAu(K + 1) = 0, ’
where N(0, K) = {0,1,..., K}.

Second order difference BVPs have drawn attention in research in recent years.
Results have been obtained for the existence of positive solutions for different types
of BVPs, see Ma and Raffoul [12] and Pang and Ge [13] for multi-point BVPs, Tian
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2 Q. Kong & M. Wang

and Ge [14] for BVPs on the half-line, and Yu, Zhu, and Guo [15] for BVPs with
parameters. As regard to BVP (1.1), (1.2), Aykut and Guseinov [3] derived conditions
for the existence of one positive solution. However, to the best of the knowledge of the
authors, very little is known on the existence of multiple positive solutions and on the
nonexistence of positive solutions.

In this paper, we will establish a series of criteria for BVP (1.1), (1.2) to have one,
two, any arbitrary number, and even a countably infinite number of positive solutions.
Criteria for nonexistence of positive solutions are also derived. Several examples are
given to demonstrate the applications. Our results improve the results in [3] even for
the existence of one positive solution.

This paper is organized as follows: After this introduction, our main results are
stated in Section 2. Several examples are given in Section 3. All the proofs are given
in Section 4.

2 Main Results

Throughout this paper, we assume without further mention that
(H1) a;; > 0 for 4, j = 1,2 such that as > 0, a11 + a12 > 0, and
b:= ap1a (K + 1) + ai1a + a12a91 > 0; (2.1)
(H2) w(k) > 0 on N(0, K) such that Zfzow(k:) > 0;
(H3) for fixed k € N(0, K), f(k,-):]0,00) — [0,00) is continuous.
Define G : N(0, K + 2) x N(0, K) — R as

1 { [(112 —|—CL11<Z+ 1)][&22 —|—CL21<K—|— 1-— 1{7)], 0 S ) S k — 1,

k,l)=—
G( ’ ) b (a12 + an/{:)[am —|—CL21<K — l)], k<< K,

where b is defined by (2.1). It is known that G(k, () is the Green’s function of the BVP
consisting of the equation

(2.2)

~A%u(k) =0, k € N(0, K), (2.3)
and BC (1.2), see Agarwal [1] for the detail. Let
o = min { a1 + a2 ) }
an (K + 1)+ a2’ anK +agn )’

From Aykut and Guseinov [3], we know that 0 < a < 1 and

0<aG+1,0) <Gk, 1) <GI+1,0)on N(LK +1) x NO,K).  (2.6)

(2.4)

EJQTDE Spec. Ed. I, 2009 No. 18



Difference Boundary Value Problems 3

Definition 2.1 A function u(k) : N(0, K + 2) — R is said to be a positive solution of
BVP (1.1), (1.2) if u(k) satisfies BVP (1.1), (1.2) and u(k) > 0 on N(1, K + 1).

Define

= k)|.
Jull = _masx | fulk)

The first theorem is our basic result on the existence of positive solutions of BVP
(1.1), (1.2).

Theorem 2.1 Assume there exist 0 < r, < r* [respectively, 0 < r* < r.] such that
f(k,x) < B~ r. for all (k,z) € N(0, K) x [ar,, 7] (2.7)

and

f(k,x) > 7" for all (k,z) € N(0, K) x [ar*, 7). (2.8)

Then BVP (1.1), (1.2) has at least one positive solution u with r, < ||u|| < r* [respec-
tively, r* < ||ul| < r./.

In the sequel, we will use the following notation:

fo=liminf min f(k,z)/z, fo =liminf min f(k, x)/x;

z—0 keN(0,K) z—0o0 keN(0,K)
= limsup max f(k,x)/x *® =limsup max f(k,z)/x.
r ;HopkeN(o}%() fkz)/z, f mﬁoop keN(O)i() Ik, )/

The next three theorems are derived from Theorem 2.1 using fy, foo, f°, and f°°.

Theorem 2.2 BVP (1.1), (1.2) has at least one positive solution if either
(a) fO<B7", and fo > (af)™
(b) fo> (aB)™" and f>* <37

Theorem 2.3 Assume there exists r,. > 0 such that (2.7) holds.

(a) If fo > (aB)!, then BVP (1.1), (1.2) has at least one positive solution u with
lull < 7.

(b) if foo > (aB)7!, then BVP (1.1), (1.2) has at least one positive solution u with
[ull = 7.

Theorem 2.4 Assume there exists r* > 0 such that (2.8) holds.

(a) If f° < B37Y, then BVP (1.1), (1.2) has at least one positive solution u with
lull <
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(b) if f* < 71, then BVP (1.1), (1.2) has at least one positive solution u with
lull = 7.

Combining Theorems 2.3 and 2.4 we obtain results on the existence of at least two
positive solutions.

Theorem 2.5 Assume either

(a) fo> (af)™! and fo > (aB)7!, and there exists r > 0 such that

f(k,x) < B~ 'r for all (k,z) € N(0,K) X [ar,7]; or (2.9)

(b) fO< B~ and f>* < B, and there exists r > 0 such that

f(k,z) > B~ 'r for all (k,z) € N(0, K) x [ar,7]. (2.10)

Then BVP (1.1), (1.2) has at least two positive solutions uy and uy with ||ui|| < r <
2]

Note that in Theorem 2.5, the inequalities in (2.9) and (2.10) are strict and hence
are different from those in (2.7) and (2.8) in Theorem 2.1. This is to guarantee that
the two solutions u; and uy are different.

By applying Theorem 2.1 repeatedly, we can generalize the conclusions to obtain
criteria for the existence of multiple positive solutions.

Theorem 2.6 Let {r; fvzl CR such that 0 <ry <ro <rsz<---<ry. Assume either

(a) f satisfies (2.9) with r = r; when i is odd, and satisfies (2.10) with r = r; when
1 1S even,; or

(b) f satisfies (2.9) with r = r; when i is even, and satisfies (2.10) with r = r; when
1 s odd.

Then BVP (1.1), (1.2) has at least N — 1 positive solutions u; with r; < ||w;|| < ris1,
i=1,2,...,N—1.

Theorem 2.7 Let {r;}32, C R such that 0 <ry <ry <rsz <---. Assume either

(a) f satisfies (2.7) with v, = r; when i is odd, and satisfies (2.8) with r* = r; when
1 1S even,; or

(b) f satisfies (2.7) with r. = r; when i is even, and satisfies (2.8) with r* = r; when
1 s odd.

Then BVP (1.1), (1.2) has an infinite number of positive solutions.
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Difference Boundary Value Problems 5t

The following is an immediate consequence of Theorem 2.7.

Corollary 2.1 Let {r;}2, C R such that 0 < r < ro < r3 < ---. Let By =
U2, [arei_1,79-1] and Ey = U2 [arg;, a;]. Assume
f(k, ) f(k,x)

> (af) .

limsup max < fB7' and liminf min
E135—00 KEN(0,K) xz E23z—00 keN(0,K) x

Then BVP (1.1), (1.2) has an infinite number of positive solutions.

We observe that in the above theorems, if one of fy, fao, f°, f°° is involved and it
is between 37! and (a/3)7!, then the corresponding conclusions fail. Motivated by the
ideas in [6, 10], we employ the first eigenvalue of a Sturm-Liouville problem (SLP)
associated with BVP (1.1), (1.2) and the topological homotopy invariance method to
improve the criteria given in theorems 2.2-2.5.

Consider the SLP consisting of the equation

~A%u(k) = pw(k)u(k + 1), k € N(0, K), (2.11)
and BC (1.2). Let po be its fist eigenvalue with an associated eigenfunction vy(k). It

is known from assumption (H1) that puo > 0, vo(k) > 0 on N(1, K + 1), see [2, 8, 9, 11]
for the detail. Now we have

Theorem 2.8 BVP (1.1), (1.2) has at least one positive solution if f satisfies one of
the following conditions:

(a) O < po and fo > pio;
(b) fo> po and f> < po;
(¢) fo > po and there exists r. such that (2.7) holds;
(d) foo > 1o and there exists r. such that (2.7) holds;
(e) f° < uo and there exists r* such that (2.8) holds;

(f) f°° < po and there exists r* such that (2.8) holds.

Theorem 2.9 BVP (1.1), (1.2) has at least two positive solutions if either
(a) fo> po, foo > po, and there exists r such that (2.9) holds; or

(b) f° < po, [ < po, and there exists v such that (2.10) holds.
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Remark 2.1 We claim that

B <o < (aB), (2.12)

and hence Theorems 2.8 and 2.9 improve the results of Theorems 2.2-2.5. In fact, for
k € N(1, K 4+ 1) we have

K

vo(k) = po Y Gk, w(l)vo(l +1).

=0

Let k; € N(1, K + 1) with vy(k1) = ||vo]|. Then

K
looll = 10 Y _ G(kr, Dw()vo(l + 1) < proB|fwol|- (2.13)
=0

On the other hand, we observe that w(l)ve(l + 1) # 0 on N(0, K). For otherwise,
every 4 € R is an eigenvalue of SLP (2.11), (1.2). From (2.6) we have that for any
keN(1,K+1)

vo(k) > oY oG+ 1L hw(l)vo(l+1)

K
> apo Y Gk, Dw(l)vo(l + 1) = ave(kr) = alfvo|.
=0

Let ko € N(1, K + 1) satisfy

> Glka, Duw(l) = B. (2.14)
Then .
lvoll = 20 Y G(ka, Dw(l)vo(l + 1) > poa]|voll- (2.15)

=0

The combination of (2.13) and (2.15) proves our claim.

Finally, we present a result on the nonexistence of positive solutions of BVP (1.1),
(1.2).

Theorem 2.10 BVP (1.1), (1.2) has no positive solutions if
(a) f(k,z)/z < B~ for all (k,z) € N(0,K) x (0,00), or
(b) f(k,z)/z > (aB)~! for all (k,z) € N(0, K) x (0, 00).
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Difference Boundary Value Problems 7

3 Examples

In this section, we give several examples to demonstrate the applications of the criteria
obtained in Section 2. For simplicity we choose w(k) =1 and f(k,x) = f(z) in all the
examples.

Example 3.1 Let f(z) = a”.

If p > 1, then lim, o4 f(x)/z = 0 and lim, .« f(z)/x = co. By Theorem 2.2 (a),
BVP (1.1), (1.2) has at least one positive solution.

If 0 < p <1, then lim, o4 f(x)/2 = 0o and lim, . f(z)/x = 0. By Theorem 2.2
(b), BVP (1.1), (1.2) has at least one positive solution.

Example 3.2 Let f(z) = h(a? + 2P?), where 0 < p; < 1 < py < o0. Let r =
(ﬂ)l/(prpl) . Then

p2—1
(a) BVP (1.1), (1.2) has at least one positive solution when h = r(rP* + rp2)=13-1

(b) BVP (1.1), (1.2) has at least two positive solutions u; and uy with ||ui|| < r <
||’LL2|| When 0 < h < ""(Tpl + T,pg)fl/gfl;

(c) BVP (1.1), (1.2) has no positive solutions when h > r(rP* +r?2)~}(a3)~1.

In fact, it is clear that lim, .oy f(z)/x = lim, .o f(z)/z = oo, f(z) is strictly
increasing, and r is the minimum point of f(x)/z on (0, c0).

When h = r(rP* +rP2)71371 we have f(z) < f(r) = 3 'r for all z € [ar,r]. Then
from Theorem 2.3 (a), BVP (1.1), (1.2) has a positive solution w; with [|u,] < 7.
Similarly from Theorem 2.3 (b), BVP (1.1), (1.2) has a positive solution us with
|ug|| > r. However, u; and us may be the same for the case when |lu;|| = ||us|| = r.

When 0 < h < 7(rP* +rP2)~1371 by a similar argument and from Theorem 2.5 (a),
we obtain the conclusion.

When h > r(rf* + rP2)"YaB)"Y, f(z)/z > f(r)/r > (af)~! on (0,00). Then the
conclusion follows from Theorem 2.10 (b).

Example 3.3 Let
_ [ W@ ), x>0,
flz) = { 0, z =0,

Then

1/(p1—p2)
Whereh>0,p1>1and0§p2<1.Letr:(p171> 1 2.

1-p2
(a) BVP (1.1), (1.2) has at least one positive solution when h = (r'=?14r=72)(af) "

(b) BVP (1.1), (1.2) has at least two positive solutions u; and uy with ||ui|| < r <
|uz|| when h > (r'=rt 4 rl1=P2)(a3)~L;

(c) BVP (1.1), (1.2) has no positive solutions when 0 < h < (r!7Pt 4 pl=P2)3=1
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In fact, it is clear that lim, .oy f(z)/x = lim, . f(x)/z = 0, f(x) is strictly
increasing and r is the maximum point of f(z)/x on (0, c0).

When h = (r'=Pt 4 r17P2) (o)~ f(r) = (aB)"'r. Then f(x) > f(r) = (af)~r on
[r,atr], ie., f(z) > B71r* on [ar*, r*], where r* = a~'r. By Theorem 2.4 (a) or (b),
There exists at least one positive solution.

When h > (r'=? +r17P2)(a3)~!, by a similar argument and from Theorem 2.5 (b),
we obtain the conclusion.

When 0 < h < (rl=Pt 4+ r1=P2)371 f(z) /2 < f(r)/r < 37! on (0,00). Then the
conclusion follows from Theorem 2.10 (a).

Example 3.4 Let

Fz) = { (()(’)z_l + 1) tz(sin(hInz) + 1)/2, i z 8:

where 0 < h < (7 —2sin™'§)/In(a™?!) with § = (™! = 1)/(a™! + 1). We claim that
BVP (1.1), (1.2) has an infinite number of positive solutions.
To show this, for j =2i+ 1,7 € N, let

& = exp(h~ (sin"1 6 + (j — 1)), 1 = exp(h~(jm — sin™1 ).
Then
13/6 = exp(h (x — 25in1 ) > exp(in(a)) = ™,
hence &; < an;. Note that for z € [an;,n;] C [¢,n;], sin(hInz) > sin(sin™'§) = 4.
Therefore for z € [an;, n;],
flx) > (@t +1)8 an;(§ +1)/2 = "'n;,
i.e., (2.8) holds with r, = n;.
For j =2i,7 € N, let
& = exp(h((j — 1)m — sin™ 8)), 7y = exp(h~ (G + sin ).
Then
n;/& = exp(h~" (m + 2sin™" §)) > exp(In(a™")) = a™',

hence &; < an;. Note that for x € [an;,n;] C [§;, 7], sin(hlnz) < —§. Therefore for
x € [am;, ),
fl@) < (@ +1)B (=0 +1)/2= 5"y,
i.e., (2.7) holds with r* = 7).
Therefore by Theorem 2.7, BVP (1.1), (1.2) has an infinite number of positive
solutions.
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4 Proofs

Let X be a Banach space, 2 C X aconein X, and I' : X — X a completely continuous
operator. For r > 0, define

Q. ={ueQ||ul| <r} and 09, = {u € Ql|u| = r}.

Let i(T", €2,, Q) be the fixed point index of I' on 2, with respect to 2. We will use the
following well-known lemmas on fixed-point indices to prove our main results. For the
detail of the fixed point index theory, see [5, 7].

Lemma 4.1 Assume I'u # u for u € 082,. Then
(a) If |[Tu|| > ||u|| for u € O9,, then i(T, 2, Q) = 0.
(0) If ||Tu|| < ||ul| for u € 09Q,, then (T, 2., Q) = 1.

Lemma 4.2 Let 0 < r; < 79 satisfy
i(r,9,,,92) =0 and (T, Q,,,Q) = 1;

or
i(r,9,,2)=1 and (T, Q,,,Q) = 0.

Then T has a fized point in Q,, \ Q.

Define D = {u : N(1, K + 1) — R}, and let ||u|| = maxgen@, k1) |u(k)| for v € D.
It is easy to see (D, || - ||) is a Banach space. Let v be defined by (2.4). Define a cone
Qin D by

Q={ueD|ulk)>0, keN(1,K+1)and min u(k)> ofu|} (4.1)
kEN(1,K+1)

and an operator I': D — D by
K
Tu=» Gk Dw@)f(l,ul+1), keNIK-+1). (4.2)

Lemma 4.3 I'(2) C Q and I is completely continuous.

Proof: For any u € Q, T'u > 0 on N(1, K + 1). By (2.6),

min  (F'u)(k) = min ZG (k,Dw(l) f(l,u(l+ 1))

keN(1,K+1) keN(1,K+1)
K
> « Z G+ 1, Dw(l) (I, u(l+ 1))

> max ZG ke, Dw(D) f (1 u(l+ 1)) = a|Tul|.

kGN 1,K+1)
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Therefore, I'(Q2) C Q. The complete continuity of I' can be shown by a standard
argument using the Arzela-Arscoli Theorem. We omit the details. 1

Proof of Theorem 2.1. We observe that BVP (1.1), (1.2) has a positive solution
u(k), k € N(0, K + 2), if and only if the operator I" defined by (4.2) has a positive
fixed point u(k), k € N(1, K + 1). In fact, the fixed point of I' can be extended to
N(0, K +2) so that BC (1.2) is satisfied. Therefore, it is enough to show that I' has a
positive fixed point.

For any u € 09,,, ||u]| = r. and ar, < u(k) < r, on N(1, K + 1). Without loss
of generality, we assume I'u # u. For otherwise, 'u = u implies u is a positive fixed
point. From (2.7), f(k,u(k+1)) < g7 'r, on N(0, K). For any k € N(1, K + 1)

(Cu)(k) =Y Gk, Dw(l) (I, u(l + 1))
=0

K
< B Y Gk Dw(l) < BB =1 = ||ul.
=0

Thus ||[T'u|| < [Jul|. By Lemma 4.1 (b), i(I',,..,Q) = 1.
For any u € 0Q,+, ||u]| = r* and ar* < u(k) < r* on N(1, K + 1). From (2.8),
f(k,u(k+1)) > B7'r* on N(0, K). Let ky € N(1, K + 1) be defined by (2.14). Then

(Tu)(ks) = > Gk, (D) f (I, u(l + 1))

K

> B Glhe, Duw(l) = 57" = |lu].

1=0

Thus ||[T'u|| > ||ul|. By Lemma 4.1 (a), i(T', 2+, Q) = 0. B

If 7. < r* then by Lemma 4.2, I' has a fixed point u € (2, \ Q,,. Similarly, if
r. > 1%, then I" has a fixed point u € €2, \ . In each case, u is a positive function
with min{r,, r*} < [Ju|| < max{r.,r*}. 1
Proof of Theorem 2.2. (a) If f© < 37!, there exists r, > 0 such that

Flk2) < 57 < B, (k) € N(O, K) x [0, 1],
If foo > (af)7!, there exists 7 > r, such that
fk,a) > (aB)"'w,  (k,x) € N(0, K) x [, 00).

Then for any r* with ar* > 7

f(k,x2) > (af) 'z > 371" forall (k,z) € N(0, K) x [ar*, r*].

EJQTDE Spec. Ed. I, 2009 No. 18



Difference Boundary Value Problems 11

Then the conclusion follows from Theorem 2.1.
(b) The proof is similar to Part (a) and hence is omitted. 1

The proofs of Theorems 2.3 and 2.4 are in the same way and hence are omitted.

Proof of Theorem 2.5. (a) If there exists r > 0 such that (2.9) holds, then there exist
r1 and 79 such that 1 < r < ry and f(k,z) < 7'z for all (k,z) € N(0, K) x [ar;, 7],
i = 1,2. By Theorem 2.3 (a) and (b), BVP (1.1), (1.2) has two positive solutions u,
and wy satisfying ||u1]| < ry and ||uz|| > ro.

Similarly, case (b) follows from Theorem 2.4. 1

The proofs of Theorems 2.6 and 2.7 are in the same way and are hence omitted.

Proof of Corollary 2.1. From the assumption we see that for sufficiently large i

k
f(k, ) < B7" for all (k,z) € N(0, K) X [argi_1,72i1]
T

and
f(k,x)

> (af)™ for all (k,z) € N(0, K) x [ary;, 9]
x

This shows that for sufficiently large i,
flk,x) < 7' < By
for all (k,z) € N(0, K) x [arg;—1,79,—1] and
f(k,2) > (aB) 'z > (af) " ary = 87 'y

for all (k,l’) € N(O,K) X [067’22‘,7'2@'].

Therefore, the conclusion follows from Theorem 2.7. 1
To prove Theorems 2.8 and 2.9, we need the following lemma.

Lemma 4.4 (a) Assume fo > po. Then i(I',Q,,Q) = 0 for all sufficiently small
r > 0.

(b) Assume foo > po. Then i(I',Q,,Q) =0 for all sufficiently large r > 0.
(c) Assume f° < pg. Then i(T,$,.,Q) =1 for all sufficiently small r > 0.
(d) Assume [ < ug. Then ([, Q,, Q) =1 for all sufficiently large r > 0.
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Proof. In this proof, we will use the following integration by parts formulas given in
[1, 4]

Zf (k+1)Ag(k) = (k)[o+ — ZAf (4.3)
and
> (k) Ag(k) = (B)le — Z Af(k)g(k+1). (4.4)

(a) Let 0 < p < 1 be fixed and define I'y : D — D by
(Cyw) (k) =Y Gk, Duw(lu’(l +1).

Similar to the proof of Lemma 4.3, we can show that I'; is compact and I'1Q2 C Q.
Define r; = (a?*' 321 Gl + 1,0)w())Y/0=P). Then for 0 < r < r; and u € 9Q,,
uP(l) > (ar)? on N(1, K + 1) and hence

_ — p
s v ZG (k Du®u(t+1)
K
> ) G+1,hw(l)(ar) = alar)’ Z G(L+1,Dw(l)
=0 =0
K
= afary)?(r/r)? Z G+ 1L Dw(l) >rir/ry =1 =|ul. (4.5)
=0

By Lemma 4.1 (a), i(I'1, $2,,Q) = 0.
Define a homotopy operator H : [0,1] x Q — Q by

H(s,u)=(1—s)l'u+ s'ju.

Then H(s,-) is compact for 0 < s < 1. Since fy > o, we can choose ¢ > 0 and
0 < ry <7y such that for (k,x) € N(0, K) x [0, 9]

f(k,z) > (po+e)xr and 2P > (ug+ e)x.
Let 0 < 7 < ry. We now show that H(s,u) # u for all 0 < s < 1 and u € K N 94),.

Assume the contrary, i.e., there exists s; € [0,1] and u; € 9Q, with H(sy,u1) = uy.
Then wu; satisfies

~A?uy (k) = (1 — s)w(k) f(k,ur(k + 1)) + spw(k)ul(w + 1)
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and BC (1.2). Hence

™)~

[—A2U1 (l)vo(l + 1)}

=0

]~

w(l) [(1—=s1)f(Lur(I+1)vo(l + 1) + syuf(L+ Vv (I + 1)],  (4.6)

Il
o

where vy is the eigenfunction of SLP (2.11), (1.2) associated to the eigenvalue 9. Using
the integration by parts formulas (4.3) and (4.4) and BC (1.2), we have

> =A% (ol + 1)) = po Y w(lyug(I+ Dwo(l +1). (4.7)
1=0 =0

Combining (4.6) and (4.7) we obtain

po > w(l)ug(l+ Lol + 1)

=0

= Zw(l)[(l —s1)f(Lur (I 4+ 1))ve(I 4+ 1) 4+ syuf (1 + Dog(l + 1)]

> (o +e) Zw(l)[(l —sp)ur(l + Dol + 1) + squr (I + 1)ve(l + 1)]

]~

= (o +¢) ) wlu(l+ 1wl +1),

T
=

which is a contradiction since u; and vy are positive on N(1, K + 1) and u;(0) > 0
which is implied by (H1). Hence by (4.5)

i([,Q.,9) =i(H(0,-),Q,,Q) =1(H(1,-),Q,,Q) =i(I',Q2,,Q) =0.
The proofs of Parts (b), (¢) and (d) are similar to Part (a) and hence are omitted. I
Proof of Theorem 2.8. We only prove case (a). The rest can be proved similarly.
By Lemma 4.4, f° < ug implies i(T", Q,, Q) = 1 when r > 0 small enough. f. > o

implies i(I', Qg, Q) = 0 when R > r large enough. Therefore, by Lemma 4.2, T" has a
positive fixed point and hence BVP (1.1), (1.2) has a positive solution. 1

The proof of Theorem 2.9 is similar and hence is omitted.

Proof of Theorem 2.10. (a) Assume BVP (1.1), (1.2) has a positive solution u with
|u|| = r for some r > 0. Then u is a fixed point of the operator I' defined by (4.2).

EJQTDE Spec. Ed. I, 2009 No. 18



14 Q. Kong & M. Wang

From the assumption, f(k,u(k + 1)) < 8~ u(k) < 87'r on N(0, K). Thus for any
ke N(LK+1)

u(k) = Tu)(k)=>_ Gk, Dw)f(l,u(l+1))

< B Gk Duw(l) <

=0

which contradicts that ||u|| = r. Therefore, BVP (1.1), (1.2) has no positive solutions.

(b) Assume BVP (1.1), (1.2) has a positive solution u with ||u|| = 7. Similar to
the proof of Lemma 4.3 we can show that I'u € Q and hence ar < wu(k) < r on
N(1, K + 1). From the assumption, f(k,u(k+ 1)) > (af) *u(k) > p~'r on N(0, K).
Let ko € N(1, K + 1) be defined as in (2.14). Then

K
u(ky) = Tu(ks) =) Glka, Dw(l)f(L,u(l + 1))
=0
> ﬁ T’ZG kz, =T

which contradicts that ||u|| = 7. Therefore, BVP (1.1), (1.2) has no positive solutions. I
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