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Abstract. In this paper, a comparison result for (k,n — k) conjugate boundary value
problems is established. By using the monotone iterative technique and the method
of upper and lower solutions, we investigate the existence of extremal solutions for a
nonlinear differential equation with (k,n — k) conjugate boundary value problems. As
an application, an example is presented to illustrate the main results.
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1 Introduction

We consider the existence of solution of the following (k,n — k) conjugate boundary value
problems for nonlinear ordinary differential equations, using the method of upper and lower
solutions and its associated monotone iterative technique

()" FxW(t) = f(t,x(t), 0<t<1l, n>2 1<k<n-1,
xD0)=xV(1)=0, 0<i<k-1, 0<j<n—-k-1,

where n > 2 and k > 1 are fixed integers.

The subject of (k,n — k) conjugate boundary value problems for nonlinear ordinary dif-
ferential equations derives from its theoretical challenge, and have close relationship with
oscillation theory (see [4] for more details). Recently, many people paid attention to existence
result of solution of (k, n — k) conjugate boundary value problems, such as [1,2,5-7,9,10,12-20],
by means of some fixed point theorems.
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The method of upper and lower solutions coupled with the monotone iterative technique
plays a very important role in investigating the existence of solutions to ordinary differential
equation problems, for example [3,8,11]. However, as far as we know, there are no papers
dealing with the existence of solutions for (k,n — k) conjugate boundary value problems, by
means of the lower and upper solutions method.

The aims of this paper are to establish comparison result for (k, n — k) conjugate boundary
value problems and to investigate the existence of extremal solutions of problem (1.1).

The rest of this paper is organized as follows: in Section 2, we present some useful pre-
liminaries and lemmas. The main results are given in Section 3. In Section 4, examples are
presented to illustrate the main results.

2 Preliminaries and lemmas

Let C[0,1] denote the Banach space of real-valued continuous function with norm ||x|| =

max,co, [¥(1).
Throughout this paper, we shall use the following notation:

1 t(1—s)
(k—1D!(n—k—1)! / “k_l(u—}—s—t)”_k_ldu, 0<t<s<l1,
G(t,s) = - 1 ! .os(l_t)
(k—=1)!(n —k—1)! / Wt =) ldu,  0<s<t<1
i k=1 o

It is well known from the papers [10,17] that G(¢,s) is the Green’s function of the following
homogeneous boundary value problem:

(—1)"*xM()y =0, 0<t<1, n>2 1<k<n-—1,
{M(o) =x0(1)=0, 0<i<k—1, 0<j<n—k—1.
Lemma 2.1 ([14,19]). The function G(t,s) defined as above has the following properties:
G(t,s) < ﬁs”_k(l — s)k, 0<ts<1,

%g(t)s”*ku _ k< Ghs) <ag()s" F 1 -8, 0<ts<1,

where

B= (k—l)!(r}—k—l)!’ g(t) = (1 - 1)k,

1
" min{kn—k}(k—1)l(n—k—1)

In the rest of this paper, we also make the following assumptions:
(H) @#I"ul- c{0,1,...,k—1}, wherei € I (ori € ") means that the following
(k,n — k) conjugate boundary value problem

()" *x(h) =0, 0<t<1, n>2, 1<k<n-1,
x(0) =x/(0) = = x(ifl)(o) = x(i+1)(0) L x(kfl)(o) -0,

x00)=1, x0(1)=0, 0<j<n—k—1
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k n—k
has a unique nonnegative (or nonpositive) solution I;(t) with |I;(t)| > * (1;? ,t€[0,1].

(H) @#]JTuUJ - c{0,1,...,n—k—1}, wherej € J* (or j € ]7) means that the following
(k,n — k) conjugate boundary value problem

(-1)"*xM(y =0, 0<t<1, n>2, 1<k<n-1,
xXD0)=0, 0<i<k—1, x(1)=1,
— xl(l) — ... = x(]fl)(]_) = x(]+1)(1) — ... = x(nfkfl)(]_) =0

k(1=K
n!

has a unique nonnegative (nonpositive) solution J;(t) with |J;(t)| > ,t€0,1].

Remark 2.2. It follows from (H;) and (H>) that for any a;,b; € R(0 <i<k-1,0<;<
n —k — 1) such that

4; =0, ifigITul”
and
=0, ifjg]TuUJ,
the (k,n — k) conjugate boundary value problem
{(1)”kx<”)(t) =0, 0<t<1l n>2 1<k<n-—1,

x00) =a;, x0(1)=b, 0<i<k-1 0<j<n—k-1

has a unique solution ¥ () = Y¥-J a;I;(t) + Z}:Ok_l b;J;(t), in which we may take I;(t) = J;(t) =

Ofori¢ ITUI andj ¢ J" UJ . Moreover, if
a; >0, ifielt; a; <0, ifiel”

and
b]ZO, ifj€]+; bJSO, iij]*

hold, (t) becomes a nonnegative function.

Remark 2.3. We point out from examples below that the assumptions (H;) and (H) appear
naturally in the study involving (k,n — k) conjugate boundary value problem.

Example 2.4. When n = 3, k = 1, the unique solution of
() =0, x(0)=a, x(1)=b x(1)=c

can be explicitly given by
W(t) = alo(t) +bo(t) +cJi(t),

where
Iit)=1-#>0, Jo(t)= - +2t>0, Ji(t)=—t(1-1t) <0, te[0,1].

Example 2.5 ([15]). When n = 4, k = 2, the unique solution of
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can be explicitly given by

W(t) = alo(t) +bJo(t) +ch(t) +dJi(t),
where

I(t) =22 =32 +1>0, Jo(t) = -2 +3t* >0,
L(t) =8 -2 +t>0, ()= —t<0, te][o1].

Example 2.6. When n = 5, k = 3, the unique solution of

can be explicitly given by

P(t) = alo(t) + bo(t) +chi(t) + dJ1(£) +ela(t),

where
Ip(t) =3t — 42 +1 >0, Jo(t) = =34 + 4 >0,
L) =tRt+1)(1-t)>>0, J1(t)=£—-t*<0,
1
L(t) = Et2(1 —1)2>0, t € 0,1].

Remark 2.7. Under assumptions (H;), (Hz), we give the definition of lower and upper solution
for (k,n — k) conjugate boundary value problem.

Definition 2.8. u € C"[0,1] is called a lower solution of (k,n — k) conjugate boundary value
problem if

(=) *um (1) < f(tu(t), 0<t<1l, n>2, 1<k<n-—1,
u0) <o, ifielt; u®©0) >0 ifiecl; u0)=0,ifigITUI;
uld(1) <0, ifje gt uld(1) >0, ifje]; ul(1)=0,ifjgJrU]".

Analogously, v € C"[0,1] is called an upper solutions of (k,n — k) conjugate boundary value
problem if the above inequalities are reversed.

For example, u is a lower solution of (3,2) conjugate boundary value problem if
u® () < f(tu(t), 0<t<1,
u(0) <0, u'(0) <0, u”(0) <0;
u(l) <o, (1) > 0.

Now we consider the linear (k,n — k) conjugate boundary value problem

(—1)"*x () = —Mx(t) +0(t), 0<t<1,n>21<k<n-—1,

. . (2.1)
x0(0) =a;, xV(1) =bj, 0<i<k-1, 0<j<n—k-1

where M is a nonnegative constant and ¢ € C[0,1], a;, bj € R.
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Lemma 2.9. If
aMB(n,n) <1, (2.2)

where w is given in Lemma 2.1 and B(t,s) denotes the Beta function, then (2.1) has a unique solution
x, which can be expressed by

1 1
x(E) = p(b) + /O Q(t, s)p(s)ds + /O H(t,s)o(s)ds, 2.3)
where Y(t) is given in Remark 2.2,
Gi(t,s) = —MG(t,s), Q(t,s) = +Zoo Gm(t,s), (2.4)
m=1

Gu(t,s) = (—M)" /01- . /01 G(t,1)G(r1,72) - - G(rm1,8)dr1 - - - drm_1,
and )
H(t,s) = G(t,s) + /0 Q(t,7)G(x, s)d.

All functions Gy (t,s), H(t,s), Q(t,s) are continuous on [0,1] x [0, 1] and the series on the right-hand
side of (2.4) converges uniformly on [0,1] x [0,1].

Proof. Tt follows from the paper [10] that x € C"[0,1] is a solution of (2.1) if and only if
x € C[0,1] is a solution of the following operator equation

x+Tx=¢ (2.5)

with operator T: C[0,1] — CJ0,1] given by

1
(Tx)(t) = M/o G(t,s)x(s)ds,

and
o(t) = () + /0 "Gt s)o(s)ds. 2.6)

We shall prove r(T) < 1, where r(T) denotes the spectral radius of operator T. Actually,
for x € C[0,1], by Lemma 2.1, we have

ITx(f)| < M/OlG(t,s)|x(s)|ds

1
< aM(1 — £)"* / " K1(1 — )k s |x||
0
= aMB(k,n — k)||x|| (1 — £)" k.
Hence, we have

’ 1
IT2x()] < M/O G(t,5)|Tx(s)|ds

1
< @ M?B(k,n — k) |x||#(1 t)”’k/ S1(1 — s)"1ds
0

= a>?M?B(k,n — k)B(n,n)||x||t*(1 — )" %,
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By the induction method, we have
|T"x(t)| < a™M"B(k,n— k)Bmfl(n,n)Hthk(l - t)”’k,

which implies that || T"|| < a™M™B(k,n — k)B"™~1(n,n). It follows from r(T) = 1i_r)n | T2/ ™
m—00
that
r(T) < aMB(n,n) < 1.

This yields that the unique solution of operator equation (2.5) is given by
x=I+T) o= -T+T*+ -+ (=1)"T" +---)g.

Substituting (2.6) into the above equality, we get (2.3) and the proof is complete. O

Lemma 2.10. Suppose that x € C"|0, 1] satisfies
(=) x (1) > —Mx(t), 0<t<1, n>2 1<k<n-—1,
xXD0) >0, ifi e I*; xD(0) <0, ifieI; xD(0) =0, ifi g ITUI,
(1) 20, ifje ] <) <0, ifje ] x0(1) =0, ifj¢ ] U],
where the nonnegative constant M satisfies (2.2),

M3a?B?B(n,n)B(k+1,n—k+1) B

1 — M?a?B?B?(n, n) Shov @7)

B(k,n —k) | Map +

NM3a?BB(n,n)B(k,n —k) 1
MNa o+ = B ) <l (2.8)

in which

N:max{/ols”_k_l(l—s)k_ly(s)ds: ye{l, iel" Ul yu{lJj, je ]+U]_}}.

Then x(t) > 0 for t € [0,1].
Proof. Let o(t) = (—1)"*x(")(t) + Mx(t) and
a;=x"(0), 0<i<k-1 b=xV(1), 0<j<n—k-1
Then o(t) > 0 and
4;>0,ificl;a <0, ificl;a=0ifiglUl;
{b]->0, ifje Tt b <0, ifje];bj=0ifj g U

By Lemma 2.9, (2.3) holds in which (¢t) > 0 for t € [0,1]. It follows from the expression of
G (t,s) that Gy (t,s) < 0 when m is odd and G (t,s) > 0 when m is even. Thus, we obtain
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form =3,5,..., by using Lemma 2.1,
1 1
Gm(t,s) = — Mm/o o '/0 G(t,r1)G(r,12) - - G(rm—2,7m-1)G(rm—1,8)dry - - - drpy 1
1 1
> =M [ [ (ag =) ) - () T ) )
o 0 0
X (zxr’fﬂ_z(l — Pa)" R R (1 - rm_l)k_1> . (55”_"(1 - s)k) dry---dry—q
1
= — M"a" 1Bg(t)s" (1 - s)k/ r’f‘l(l — )" tdn
0
1

1
X /0 rg_l(l — )" Ydr, - '/o rzf_lz(l — T2)" o

1
—k—1 k-1
x/o oy (1 =rpq) dry

= — M"a" 1Bg(t)s" *(1 —s)*B"2(n,n)B(k,n — k).

Consequently, we have

H(t,s) = G(t,s) +/1 O, 1)G(t,s)dt = Gtys) + 3 /l Gu(t,T)G (1, 5)dT
7 - 7 0 7 7 - 7 — 0 m 7 7

1 +o0 1
> G(ts) —M/ G(t,7)G(t, s)dT + Z/ Gomar (,T)G (1, 8)dT
0 = Jo

> P ()5 (1 = s)F — MaBg(t)s" (1 — s)* / " prkel(q _ kg
“—n—-1 0

- ;fl M2 2m 820 (151K (1 — 5)KB2m=1(30 1) B(k, 1 — k) /0 ' k(1 — 1)y
— g5 K1 - 9| B~ Mg b
— iw ML 2mg2p2m=1(y 1)B(k,n —k)B(k+1,1n —k + 1)] .
and for y € {I;, :Zlﬁ} U{-L,icI }u{J,je] yu{-J,jeT },
y(0)+ [ Qe s)yls)is

> y(0) M [ Glts)y(s)ds + f [ Ganate )yt

v
o
=

! n—k—=1¢q9 _ \k—1 v [
ucg(t)/o s (I1—5)"""y(s)ds+ Z_:l/o Gom+1(t,8)y(s)ds

\%
=
<

aglt) [ 51— s y(s)is
1

— io Mg 2m g2 (1 1) B(k, n — k)g(t) /0 s"K(1 — )y (s)ds
m=1

400
> éf) — MNag(t) = N Y M*" o BB* (1, n)B(k,n — k)g(t)
! m=1

—+00
= g(t) [nl' — MNa— N Y M*" 10" BB>" 1 (n,n)B(k,n — k)] .
. m=1
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Thus, by (2.8), we have that x(¢t) > 0 for t € [0,1], and the lemma is proved. O

3 Main results

In this section, we prove the existence of extremal solutions of differential equation (1.1).

Theorem 3.1. Let f € C([0,1] x R,R); vy, wo be lower and upper solutions of (1.1) such that
vo(t) < wo(t) on [0,1]. Suppose further that there exists M > 0 such that

flt,x) = f(ty) > —M(x —y), (3.1)

whenever vy(t) < y < x < wo(t) and M satisfies (2.2), (2.7) and (2.8). Then there exist monotone
sequences {vy (t)}, {wm(t)} which converge uniformly on [0,1] to the extremal solutions of problem
(1.1) in the order interval [vy, wo] = {u € C[0,1] : vo(t) < u(t) < wo(t), t € [0,1]}.

Proof. For any 1 € [vp, wp], we consider the linear differential equation

{(1)”"x<">(t) = —Mx(t)+ f(L(t))+My(t), 0<t<1l,n>2 1<k<n-—1, .
32

xD0)= xV1)=0, 0<i<k-1, 0<j<n—k-1.

By Lemma 2.9, (3.2) has a unique solution x(t) = f01 H(t,s)[f(s,n(s)) + Mn(s)]ds in C[0,1].
Define the mapping A by Ay = x with operator A : [vy, wo] — C[0, 1] given by

(An)) = [ HE ) (sm(s)) + M)l
and use it to construct the sequences {v,,(f)}, {wm(t)}. Let us prove that
(i) vo < Avg, Awo < wo;
(ii) A is a monotone operator on [vg, wy).

To prove (i), set Avy = vy, where v; is the unique solution of (3.2) with # = vy. Setting
p = v1 — vy, we see that

(=) *p™W () > —Mp(t), 0<t<1, n>2, 1<k<n-—1,
p(0) >0, ifi e IT; p@(0) <0, ifiel; pP(0)=0,ifigITUI,
pUl(1) >0, ifje T4 p(1) <0, ifje ] pP(1) =0, if j & THUT .

This shows, by Lemma 2.10, that p(t) > 0 on [0,1] and hence vy < Avy. Similarly, we can
show that Awy < wy.
To prove (ii), let 71,12 € [vo, wo] such that 777 < 1. Suppose that x; = Ay, and x, = Anp.
Set p = x — x1 so that
(=1)"*p(t) > —Mp(t), 0<t<1l, n>2 1<k<n-—1,
. 4 (3.3)
pD0)=pV(1)=0, 0<i<k—1, 0<j<n—k—1,

here we have used the condition (3.1). By Lemma 2.10, (3.3) implies that An; < A, proving
(ii).
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Now let v, = Avy1, Wy = Awpy—1, m = 1,2,.... From the foregoing arguments, we
conclude that

<01 <Ly < KWy S S Wy < wp. (3.4)

Obviously the sequences {vy,}, {wy, } are uniformly bounded on [0, 1], and by (3.1), we have

f(t,00(t)) + Moo (t) < f
F(t,wp(t)) + Mwy, () < f(t,wo(t)) + Mwo(t), meN, tel0,1].
This together with the continuity of H(t,s) on [0,1] x [0,1] imply that {v,, }5_, = {Av,}5_,
and {wy, }o_, = {Awn}_, are two sequentially compact sets. As a result, there exist subse-
quences {vy, }, {wy, } that converge uniformly on [0,1]. In view of (3.4), it also follows that the
entire sequences {vy,}, {wy} converge uniformly and monotonically to their limit functions
v*(t), w*(t) respectively, that is,

lim v, (t) = v*(¢), lim w,,(t) = w*(t), uniformly on [0, 1].

m—00 m—00

It is now easy to show that v*,w* are solutions of conjugate boundary value problem (1.1),
using the corresponding integral equation

K(6) = (An) (1) = [ H(t,5)[F(5n() + My()]ds
for (3.2).

Next, we prove that v*, w* are extremal solutions of (1.1) in [vg, wp]. In fact, we assume
that x is any solution of (1.1). That is,

(=) *xM (1) = f(tx(t), 0<t<1,n>2,1<k<n-1,
{x(i)(O) = x0(1)=0, 0<i<k—-1, 0<j<n—k—1.
By (3.1) and Lemma 2.10, it is easy by induction to show that
Om < x < Wy, m=1,2,3.... (3.5)
Now, letting m — oo in (3.5), we have v* < x < w*. That is, v* and w* are extremal solutions

of (1.1) in [vg, wo). O

4 Examples

Consider the following (2,2) conjugate boundary value problems:

(4.1)
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Let f(t,x) = $(* —x)® — i#°. Obviously, f € C([0,1] x R,R). Take wy(t) = > —3t3/4,
vo(t) =0, then vy(t) < wy(t) for t € [0,1] and we have

Wy —g>_ o _ Lo 3 1y
wy () =02> 320t 5(t wo(t))] 5t, 0<t<],
wo(0) = wh(0) = 0, wo(1) = 7 >0, wp(1) = —; <0,

6 9
Wy g bt _ 1o 3_1g
o) =0< Eol = LR —w(0) - g, 0<t<,
v0(0) = vp(0) = wo(1) = vp(1) =0

Consequently, by Definition 2.8 and Example 2.5, vy, wg are lower and upper solutions of (4.1)
respectively. If vp(t) < v < u < wy(t), we have

Ftu) = f(t,0) = g (P~ w)® = go( ) > ~2(u— ).

ItisclearthatM:%,oc: ,B=1n=4k=2,

NI—

1
N = max {/ s(1—s)y(s)ds: y € {263 =32 +1, 21> + 32,1 — 2> +-t,1> — t3}} =
0
and so, it is easy to show that inequalities (2.2), (2.7) and (2.8) are satisfied.
By Theorem 3.1, problem (4.1) has extremal solutions in [vg, w].
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