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Abstract. In this work, we investigate the existence and multiplicity results for positive
solutions to a singular (p1, p2)-Laplacian system with coupled integral boundary condi-
tions and a parameter (y,A) € IR%.. Using sub-super solutions method and fixed point
index theorems, it is shown that there exists a continuous surface C which separates
R% x (0, 0) into two regions O and O; such that the problem under consideration has
two positive solutions for (y,A) € O, at least one positive solution for (y,A) € C, and
no positive solutions for (y,A) € O,.
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1 Introduction

Nonlocal boundary conditions appear when the information on the boundary are connected
to values inside the domain. Various types of boundary value problems involving nonlocal
conditions have been extensively studied by various methods such as fixed point theorems on
cones and the Leray—-Schauder alternative, etc. We refer the reader to [11, 14, 15,24,30-33,37]
and the references therein.

For example, Ma [24] considered

u’'(t) = g (t,u(t),u'(t)) +e(t), ae t € (0,1),
' (0) =0, u(l) = ;zxiu(éi),

where g1 : [0,1] x R> — R is continuous, e € C[0,1], m € N, & € (0,00) with0 < & < -+ <
&m < 1,and «; € (0,00). Using the Leray-Schauder alternative, the existence of at least one

™ Corresponding author. Email: cgkim75@gmail.com


http://www.math.u-szeged.hu/ejqtde/

2 J. Jeong, C.-G. Kim and E. K. Lee

solution is obtained for two cases:
m
Y a; #1 (Nonresonance)
i=1

and

m

Y aj=1 (Resonance).

i=1
Webb and Infante [31, 32] studied the existence of multiple positive solutions of nonlinear
differential equations of the form

—u"(t) = w1 (t)ga(t,u(t)), ae.te(0,1)

with various nonlocal boundary conditions involving linear functionals on C|0,1] including
the following conditions: either

u(0) =mfu], u(l)=axfu] or u(0)=wufu], u'(1)=azul.

Here, w; € L'((0,1),Ry), Ry := [0,00), g2 : [0,1] x R — R} is continuous, and for i € {1,2},
a; is bounded linear functionals on C|0, 1] involving Stieltjes integrals with signed measures.
Recently, Zhang and Feng [37] studied the following one-dimensional singular p-Laplacian
problems of the form

Mep('())) + wa(t)gs(t,u(t)) = 0, t € (0,1),

au(0) — bu' (0) = [} ws(H)u(t)dt, u'(1) =0,
where A is a positive parameter, ¢,(s) = s|P=2s, p > 1, a,b > 0, and wy, w3 € L'((0,1),R}).
Using fixed point index theory on cones of Banach spaces, they obtained several results about
the existence, multiplicity, and nonexistence of positive solutions under various assumptions
on the nonlinearity g3(t,s) which satisfies L!-Carathéodory condition.

The systems of differential equations equipped with a variety of boundary conditions have
been extensively studied by many authors, see, e.g., [2-7,10,19,21,23,25,26,34]. For example,
in [25], do O et al. considered a class of system of second-order differential equations of the
form

—u" = gu(t,u,v,a,b), in (0,1),
—0" = g¢5(t,u,v,a,b), in (0,1), (1.1)
u(0) =u(1) =v(0) =0(1) =0,

where the nonlinearities g4 and g5 are superlinear at the origin as well as at infinity, and
a,b € Ry. Using fixed point theorems of cone expansion/compression type, the upper-lower
solutions method and degree argument, it was shown that there exists a continuous curve I
which splits the positive quadrant of the (a-b)-plane into disjoint sets S; and S, such that (1.1)
has at least two positive solutions in Sj, has at least one positive solution on the boundary
of S1, and has no positive solutions in S,. The result was applied to establish the existence
and multiplicity of positive radial solutions for a certain class of semilinear elliptic systems in
annular domains.

We are concerned with the existence of positive solutions to the following singular (p1, p2)-
Laplacian system with coupled integral boundary conditions

{(CID(u’(t ) + Ah(t) e f(t,u(t)) =6, te(0,1),

u(0) = alul, u(1) = 1, Fan)
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where ®(s1,52) = (@p,(51), @p, (
origin of R?, & [0,1] x [ /1

$2)), @p,(s) == [s|Pi"2s with p; > 1 fori € {1,2}, 0 is the
. C ]
u € C[0,1] x C[0,1],

¢
— RR? is a linear transformation which is defined by, for

and k = (kij)2x2 with k;j € L'((0,1),Ry) for i,j € {1,2}, (1, A) = (p1,p2,A) € R} is a
parameter, and e denotes the entrywise product, i.e., (a1,a2) ® (b1, by) := (a1b1, a2b2).

Throughout this paper, we assume the following hypotheses are satisfied unless otherwise
stated:

(Hy) f = (A, f2) : [0,1] x R? — (0,00)? with f; € C([0,1] x R?,(0,00)) and h = (hy,hy) :
(0,1) — (0,00)2 with i; € C((0,1), (0,00)) satisfying h; € A; for i € {1,2}, where

1

AiZ{fli/O%‘P;al(/sz dT)dS—f—/ </% dr)ds<oo};

(Hy) forie {1,2}, [} (1—s)ky(s)ds € [0,1);

(H3) detK > 0, where

1
K:=1- </ (1- s)k(s)ds) and [ is the identity matrix of size 2.
0

For convenience, we identify (a,b) € R? with the 1-by-2 matrix (a2 b) if necessary. Con-
sequently, a[u] is well defined for u € C[0,1] x C[0, 1].

The main purpose of this paper is to study the existence and multiplicity results for posi-
tive solutions to problem (P, ;) using sub-super solutions method and fixed point index theo-
rems. For sub-super solutions method concerning semilinear problems with nonlocal bound-
ary conditions, we refer to [27-29]. It seems not obvious that sub-super solutions method can
be applicable to our problem with (p1, p2)-Laplacian due to the coupled integral boundary
condition in (P, ;). Thus we prove a theorem for sub-super solutions (see Theorem 2.12), and
it is shown that there exists a continuous surface C which separates R% x (0,00) into two
regions O; and O, such that (P, ;) has two positive solutions for (y,A) € O, at least one
positive solution for (y,A) € C, and no positive solutions for (¢, A) € O, (see Theorem 3.10).

Deng and Li [9] considered a semilinear elliptic problem of the form

Au+ A(x)u? =0in Oy,
u>0in Oy, u € HL (1) NC(y), (1.2)
ulpn, =0, u = py > 0as |x| — oo,

where O; = RN \w is an exterior domain in RN, w C RY is a bounded domain with smooth
boundary, N > 2, and g > 1. Among other results, when g = (N+2)/(N—-2)and 0 < A €
L'(Q)) satisfies certain additional conditions, it was shown that there exists u* > 0 such that
(1.2) has at least two positive solutions for y; € (0, *), exactly one positive solution for iy =
u*, and no positive solutions for y; € (u*,00). The existence, multiplicity and nonexistence of
positive radial solutions to p-Laplacian problems similar to (1.2) were studied in [16-18].
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As applications, we study existence results for positive radial solutions to p-Laplacian
systems defined in an exterior domain as follows:

div (|Vz1|P2Vz1) + AK (|x]) fi(|x],21,22) =0 in Q, (1.3)
div (|Vz2|P~2Vzy) + AKa(|x]) f2(|x],21,22) =0 in Q, '
subject to coupled integral boundary conditions
{zl<x> = Jalm(lyhz1 () + B (y])z2())dy - on 3] = ro, "
22(x) = Jolha(lyDz1(y) + ba(lyDz2(y)ldy - on [x| = ro,
or
{zmx) = Jalln (D21 () + ln(lyDz2(W)ldy  as |x| = oo, L5)
22(x) = Jolha(ly))z1(y) + la(ly))z2(y)ldy  as [x| = oo,

where O = {x € RN : |[x| > ro}, 0 > 0, N > p > 1, K; € C((ro,0),(0,0)), l;j €
LY((rg,00),IR4), and f; € C([ro, ) x RZ, (0,0)) for i,j € {1,2}.

Using the main result (Theorem 3.10), we investigate the existence, multiplicity and nonex-
istence of positive solutions z = (z1,22) to (1.3)+(1.4) (resp. (1.3)+(1.5)) satisfying z(x) — yu as
|x| — oo (resp. z(x) = p on |x| = o) for given u € R% and A € (0, ) (see Corollary 4.1).

For u,v € R?, u < v (resp. u < v) means u; < v; (resp. u; < v;) for all i € {1,2}, where
u; and v; are i-th coordinates of u and v, respectively. For functions w!,w? : [0,1] — R" with
n e {1,2}, w' < w? (resp. w! < w?) also means w!(t) < w?(t) (resp. w'(t) < w?(t)) for
t € [0,1]. We also denote 6 the zero function from [0, 1] to IR? as well as the origin of R2.

This paper is organized as follows. In Section 2, well-known theorems such as generalized
Picone identity and a fixed point index theorem are recalled, and a solution operator and a
theorem for sub-super solutions related to problem (P, ;) are also introduced. In Section 3,
the main result in this paper is given (see Theorem 3.10). Finally, in Section 4, applications for
problem (1.3)+(1.4) or (1.3)+(1.5) are given (see Corollary 4.1).

2 Preliminaries

For semilinear problems, we usually use integration by parts twice in order to obtain the
useful information for solutions such as a block for parameters A and a priori estimates for
solutions. However, it is not effective for the p-Laplacian problem. The following generalized
Picone identity can be used to overcome the difficulty (see Lemma 3.1 and Lemma 3.3). The
identity can be verified by straightforward differentiation, but for completeness, we give the
proof of it.

Theorem 2.1 (generalized Picone identity, see, e.g., [13,20]). Let us define
Iyl = (¢p(¥")" + b1 () pp(y),

Lplz] = (¢p(2') + b2(t) @p(2),

where ¢p(s) = s|P=2s, s € R, p > 1 and by, by are continuous functions on an interval I. Let y and
z be functions such that y, z, ¢,(y'), ¢p(2’) are differentiable on I and z(t) # 0 for t € I. Then the
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generalized Picone identity can be written as

4 {W - y(ﬂp(y/)} = (b1 — by)|y|?

dt ¢p(2)
‘" vZ|P (yZ
— WP =D e (T
~ bl + ULl CRY
¢p(2)
Proof. By straightforward differentiation,
d (!yl”q’p(Z’))
dt ¢p(z)
_ (yPep(z) 9p(2) = [yIP p (') (9p(2))’
(9p(2))?
_ Y)W (L —bagp(@) )
Pp(z) z
e (YE L I N v 1|2
= /o (L) + JHG Lol ~ a0l (p 1) | 2 22)
and p
2o W) = 1y'17 +y (vl = ba(B)gp(y))- (2.3)
Then subtracting (2.3) from (2.2) yields the identity (2.1). O
Remark 2.2. By Young’s inequality,
o () W (Y ]
M”(Z)‘ p Ul el
and the equality holds if and only if sgny’ = sgn(yz'/z) and |y/|P = |yz’/z|?. Thus,
1P /
WP+ -] e, () 20
which implies, by (2.1),
d [ lylPep() / } lyl”
— - < (b1 —b)|y|P =yl ly] + —=Ly[z]. 24
ot —ves6) ) < (= byl — il + D ES L 24

Now we recall a well-known theorem for the existence of a global continuum of solutions
by Leray and Schauder [22] and a fixed point index theorem:

Theorem 2.3 (see, e.g., [35, Corollary 14.12]). Let X be a Banach space with X # {0} and let P be
an order cone in X. Consider

x =H(A, x), (2.5)
where A € Ry and x € P.If H : Ry x P — P is completely continuous and H(0,x) = 0 for all
x € P, then C(P), the component of the solution set of (2.5) containing (0,0), is unbounded.

Theorem 2.4 (see, e.g., [12]). Let X be a Banach space, P be a cone in X and O be a bounded open set
containing 6 in X, where 0 is the origin of X. Let A : P N O — P be completely continuous. Suppose
that Ax # vx forall x € PNoO and allv > 1. Then i(A,ONP,P) = 1.
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2.1 Solution operator

In this subsection, we define an operator related to problem (P, ;) and prove the complete
continuity of it.

Denote X := CJ[0,1] x C[0,1] with norm || (u1,u2)||x = [[u1]lec + ||t12]|0, and P := {u =
(u1,uz) € X :uy,up € K}. Then (X, || - ||x) is a Banach space and P is a cone in X. Here, C[0, 1]
denotes the Banach space of continuous functions u defined on [0,1] with usual maximum
norm |[|u|e 1= maxeq [#(t)[ and K := {u € C[0,1] : u is a nonnegative concave function}.

By (H3), detK > 0 and

1 1-— /01(1 — s)kaa(s)ds /01(1 —s)kia(s)ds

| detK A%l—gbﬂ@@ 1—%%1—ghﬂg%

-1

Then all entries of K~! are nonnegative by (H,) and nonnegativity of k;; for i,j € {1,2}.
Define f: R% x X — R? by, for (1,v) € R2 x X,

Blio) = (Bl ol Bale)) = [ (0(s) + psk(s)K .

Then B[pn, vn] — Blpo, vo] in R? as (pn,vn) — (o, v0) in R% x X, and B[y, 0] € R2 for all
(n,v) € RZ x P.
Consider the following problem

{(CD(U’(t) — Blu, vl +p))" + Ah(t) e F(u,v)(t) = 6, t € (0,1), ?
)\,y)
v(0) =0(1) =6,
where F := (F, F) : R2 x X — X is defined by, for (i, v) € IR%r x X,
F(p,v)(t) := f(t,o(t) + (1 —t)Blu, 0] + tu), te€[0,1]. (2.6)

Then F(u,v) > 6, since f(t,s) > 6 for all (t,s) € [0,1] x R2.
For i = 1,2, define continuous transformations L : ]Ri x X — X by, for t € [0,1] and
(1), (1, 0) € R x X,

LY (g, u) (1) o= (Li(p 1), Ly (e, 1)) (£) = ua(t) — (1 = )acfu] + tp) 27)

and

L2(u,0)(¢) := (LT (1, ), L3 (1, 0)) (1) := o(t) + (1 — 1) B[, 0] + te). (2.8)
With the above transformations (2.7) and (2.8), we have the following lemma.

Lemma 2.5. Assume that (Hs) holds. Then a[u] = Blu, L' (u, u)] for (u,u) € R x X and B[, v] =
a[L?(p,0)] for (,v) € RZ x X.
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Proof. We only show that a[u] = B[u, L' (1, u)], since the other case can be proved in a similar
manner. For (y,u) € RZ x X,

B, L (4, u /Ll 10)(s) + s k(s) K~ ds

= (1 —s)afu]) k(s)K 'ds

— k(s)K 'ds — au ]/1(1—s)k(s)K‘1ds
(o) K7 =

( 01 1—-s)k alul,

and the proof is complete. O

By a non-negative solution (resp. a positive solution) u to problem (P, ;) or (13,\,;,), we mean
u = (u1,uz) is a solution to problem (P, ;) or (P, ,) which satisfies u;(t) > 0 (resp. u;(t) > 0)
forallt € (0,1) and all i € {1,2}.

Remark 2.6. (1) Let v = (vy,0;) be a solution to problem (P, ). Then for i € {1,2}, v} is
decreasing in (0,1), and v; is concave on (0,1). Since v(0) = v(1) = 6, v € P. Moreover, v is
a positive solution to problem (P, ) if A > 0, and v = 6 only if A = 0. Similarly, let u be a
non-negative solution to problem (P, ;). Then u € P, and u is a positive solution to problem
(Py) if A > 0.

(2) By Lemma 2.5, for fixed (A, 1) € R%, if v is a (non-negative) solution to problem (P, ,,),
then u = L?(j,v) is a non-negative solution to problem (P, ,), and conversely if u is a solution
to problem (P, ), then v = L'(y, 1) is a (non-negative) solution to problem (13)\,;,).

Lemma 2.7. Assume that (Hy)—(Hz) hold. For fixed (A, u,v) € (0,00) x RZ x X with yu = (u1, p2)
and i € {1,2}, there exists a unique constant M; = M;(A, u,v) € (0,1) satisfying

(Bilp, )M +/ Py, <<pp, Biln, 0] +A/ v)(t )dT> ds
=~ (Bilo] — p) (1 - M) 29
+ L ot (ot ol 42 [ m(RGo) (e ) ds

Proof. Let (A, pu,v) € (0,00) x RZ x X with u = (1, 42) and i € {1,2} be fixed. Define a
continuous function x; = x;(A, 1, v) : (0,1) = R by

xi(t) = Bilu, 0] — pi +x; (1) + x7(t),  te(0,1),

xj (t) = /Ot Py <¢p,~(ﬂ Bilp, v]) + A / )dr> ds
X7 (t) = /tl qv;,.l ((Ppi(,”i Bil )\/ )dT> ds.

We claim that x; is strictly increasing in (0, 1). Indeed, by (Hy), lim; o+ x}(¢) = lim; ;- x?(¢) =
0, lim; ;- x}(t) > p; — Bi[p, v}, and limy o+ x?(t) < p; — Bi[p, v]. Consequently,

where

and

lim x;j(t) <0 and lim x;(t) > 0.
Hm x;(f) <0 and  lim x;(#) >
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For 0 < t; < t < 1, one has

xi (t2) — xj () > /: Py (fppi(u Biln, vl +A/ )dr) ds
and
) =520 > = [t (= Bl o)+ [ (G 0) (e ) ds

1)
> —/t Py (qm-(u Bilu, o] +A/ )dT> ds.
1

Thus, x;(t2) — x;(t1) > 0for0 < t; < t, < 1, and there exists a unique M; = M;(A, u,v) € (0,1)
such that x;(M;) = 0. Consequently, M; satisfies (2.9). dJ

Fori=1,2, define T; : IR‘i x X — C[0,1] by, for (A, u,v) € 1R3+ x X,
(Bilw o) = )t + fy 93t (99 (i — B, 2))
+AfSth- -(y, )t )dr)ds 0<t< M,

~(Bilw ] - 0+ op (@ (—pi+ Bilh, o))
+AfM V() (t )dr)ds, M<t<1,

T:(A, p,0)(t) ==

where M; = M;(A, u,v) € (0,1) is a constant satisfying (2.9) for A > 0 and M; may be taken
arbitrary number in (0,1) for A = 0, since T;(0, 4, v) = 0 for all (y,v) € R% x X.

For i € {1,2}, by Lemma 2.7, we can see that T; is well-defined, ||T;(A,#,0)| o
Ti(A, pu,0)(M;), and (Ti(A, p,v))' (M;) = 0. Moreover, since h;(t)fi(t,s) > 0 for all (t,s)
0,1] x R?, (Ti(A, u,v))" is decreasing in (0, 1) for all (A, u,v) € R3 x X. Since T;(A, u,v)(0)
Ti(A, u,0)(1) =0, TH(R3 x X) C K.

Define T : R3 x X — P by T(A, u,0) := (Ty(A, 4, 0), Ta(A, 1, 0)) for (A, u,v) € RS x X.
Then T is well defined, and by standard argument we have the following lemma.

m 1l

Lemma 2.8. Assume that (Hy)-(Hz) hold. Let (A, ) € RS be fixed. Then problem (P, ) has a
(non-negative) solution v if and only if T(A, u, -) has a fixed point v in P. Moreover, if 0 is a solution
to problem (th)' then A = 0, and if A = 0, then 0 is a unique solution to problem (ISM,).

To show the complete continuity of T, we first prove the following lemma.

Lemma 2.9. Assume that (Hy)—(Hs) hold, let {(A", u",v")} be a bounded sequence in R x X and
let i € {1,2} be fixed. If MI' = M;(A", u",v") — 0 (or 1) as n — oo, then || T;(A", u",v")||c — 0
as n — oo,

Proof. We only prove the case M} — 0, since the other case can be proved in a similar manner.
Since {(A",u",v")} is a bounded sequence in R3 x X, there exists C > 0 such that u" +
AM|Fi(p", v") || + |Bi[n",0"]| < C for all n € IN. Here, p is the i-th component of y". Then

I T:(A", 1", 0") |0 = Ti(A", p", 0") (M)
= (Bi[u",v"] — ui )M}

M n non n ! non
s [ o (ont = il o)+ 0 [ mORG0) (ae s
My Mmr
< CM!+ ’y%/ <C + (ppil(C)gop]_1</ hi(T)dT>>dS,
pi—=1 JO H
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where v, =max{1,277'} for 4> 0. It follows from h; € A that, as n— oo, || T;(An, pn, Un)|[ee — O,
and thus the proof is complete. O

Combining Lemma 2.9 with the standard arguments (see, e.g., [1, Lemma 3] and [14,
Lemma 2.4]), we have the following lemma. We omit the proof of it.

Lemma 2.10. Assume that (Hy)—-(Hs) hold. Then T : R x X — P is completely continuous.

2.2 Sub-super solutions theorem
In this subsection, we give a theorem for sub-super solutions to problem (P, ;).

Definition 2.11. Let A > 0 and u € R2 be given. We say that { = ({1,») is a supersolution to
problem (P, ;) if {; € C'(0,1) with ¢y, ({}) absolutely continuous for i = 1,2, and

{(‘D(C’(f ) +AR(t) e f(t,0(t) <6, te(0,1),
¢(0) = afg], £(1) = p.

We also say that ) = (¢, §2) is a subsolution to problem (P, ,,) if ; € C'(0,1) with ¢, (¢)
absolutely continuous for i = 1,2, and it satisfies the reverse of the above inequalities.

To get a theorem for sub-super solutions to problem (P, ), we make the following hy-
potheses:

(H}) ig}%(} {/01(1 — 8)[k1i(s) +k2i(s)]ds} =:Cr€1[0,1);

F1) For fixed (t,u) € [0,1] x Ry, fi = fi1(t,u,v) is quasi-monotone nondecreasing with
q g
respect to v, i.e., fi(t,u,v1) < fi(t,u,v2) whenever 0 < v; < v,. For fixed (t,v) €
[0,1] x Ry, fo = fa(t, u,v) is quasi-monotone nondecreasing with respect to u.

Note that (H5) implies (Ha).
Now, a theorem for sub-super solutions for the problem (P, ;) is given as follows.

Theorem 2.12. Let A > 0 and u € R be fixed. Assume that (H), (H}), (H3) and (Fy) hold, and
that there exist 1 and {, respectively, a subsolution and a supersolution to problem (P, ;) such that
¢ < (. Then problem (P, ) has at least one solution u such that < u < (.

Proof. Define y : [0,1] x R? — R? by, for t € [0,1] and u = (u1,u2) € R?,
,)/(tlu) = (')’1(1',111),72(1’,142)),
where, for i € {1,2}, 9, :[0,1] x R — Ry by
Ci(t), s =2i(h),

Yi(t,s) == (s, Pi(t) <s < Gi(t),
Wi(t), s <i(t).

Let A > 0 and u € R? be fixed, and consider the following modified problem

{(@(u'(t ) +Ah(t) o f(t,y(tu(t)) =6, te(0,1),

(2.10)
u(0) = aul, u(l) = p,
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where a7 [u fo k(s)ds.
For g1ven veX, defme g : R2 — R? by

o(x) := /01 v(s,0(s) + (1 — 8)x + sp)k(s)ds.

Then g, is a contraction mapping on (R?,|-|g,). Here, for (x1,x2) € R?, |(x1,x2)|R, =
max(|x1],|x2]). Indeed, since |v;(t,s) —vi(t,T)| < |s— 7| for any 5,7 € R and t € [0,1], for
o= (01,02),0 = (01,72) € R?,

|v(t,3) — y(t,0)|r, = max{|yi(t,01) — y1(t,51)|, |v2(t, T2) — y2(t, T2)|}
< max{ |0y — 01, |02 — Da|} = [0 — O|R,.

Then, for s € [0,1] and x,y € R?,

[7(s,0(s) + (1 =s)x +sp) = (s,0(s) + (1 =)y +s5p)[r, < (1=5)|x = ylRr,,

and |g,(x) — g0(y)|R, < Cx|x — y|r,- Then g, is a contraction mapping on (R?, | - |r,) by (H5).
Thus, for given v € X, there is a unique solution f7[v] € R? of the equation x = g,(x), in
other words, it is the unique element of IR? which satisfies that

1
B[v] = /0 v(s,0(s) + (1 —s)B7[0] + sp)k(s)ds.

From this fact, it follows that
o’ [u] = B7[o]
under the transformations

u(t) :=ov(t)+ (1 —t)B"[v] +tu, v(t) :=u(t) — (1 —t)a"[u] + tu). (2.11)

Thus (2.10) can be equivalently rewritten as follows:

{(q’( v'(t) = B0 + )" + Ah(t) s F1(0)(t) =0, t € (0,1), (2.12)

0(0) = (1) =0,
where F7 := (PY, FW) X — X is defined by, for v € X,

F7(v)(t) = f(t, v (o) + (1= )B[0] +tp)), t€[01].

Consequently, v is a solution to problem (2.12) if and only if u is a solution to problem (2.10)
under the transformations (2.11), respectively.
Now, define T = (T}, T]) : X — P by, foreachi = 1,2 and v € X,

(BITo] =)t + Jy o1 (s (i — BT [0))

| +ALM?h- F/(0)(t)dt)ds, 0<t<M],
S RGOS 0+ I 9yt (o (=i + B [0))
+A fMW (1) (v )(T)dr)ds, MY <t<1,
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where M = M (v) is the constant satisfying
M7 M)
Bl M) + [ 9y (qom ~ Bl + A [ hi<~c>Fﬁ<v><r>dT> s

el == MD+ [ oy (on (ot BTD 4 A [ R @) () ) ds
i 1 i M? pi pi 1 i M? 1 i

Then v is a fixed point of T7 in X if and only if v is a solution to problem (2.12). It follows that
T7 is completely continuous on X and T7(X) is bounded in X. Then, by Theorem 2.4, T7 has
a fixed point v, and consequently (2.10) has a solution u under the first transformation (2.11).
Now if we prove that ¢ < u < (, then, by the definition of v, (P, ;) has a solution u such that
¢ < u < ¢ and the proof is complete. In order to show u < (, assume on the contrary that
uy £ g1 or uy £ {r. We only consider the case u; £ {1, since the case 1y £ > can be dealt in a
similar manner. Set Xi(t) := uq(t) — ¢1(¢) for t € [0,1]. Then, since X;(0) = u1(0) — 1(0) <
fol 212:1 [7i(s,ui(s)) — Zi(s)]kin(s)ds < 0 and X;(1) = u1(1) — 1(1) < 0, there exists ¢ € (0,1)
such that X;(0) = max,oq X1(t) > 0. Then Xj(c) = 0 and we may assume that there is
€ (0,1) such that X} (t) < 0 and X;(t) > 0 for t € (0, a], which imply that

ui (o) =gi(0), uy(t) <Zi(t), and wuy(t) > {i(t) fort € (0,4l (2.13)
By the quasi-monotonicity of f; and (2.13), for t € (0, 4],
—(@p, (uy (1)) = Al () fi(t, y1(t, ur (), v2(t, ua(t)))

)
= Ahy(t) fi(t, Qi (), v2(t u2(t)))
< A (8) fi(t, Ga (), G2()) < —(@p, (21(£)))"

For t € (0, a], integrating this inequality from ¢ to t, we get

P (1) = @p, (21(1)), fort € (o,a].

Since ¢, is monotone increasing, u}(t) > {{(t) for t € (c,a], and it contradicts (2.13). Thus
u; < {1, and we can show that u < {. In a similar manner, it is shown that ¢ < u, and thus
the proof is complete. O

3 Main results

First, we give a hypothesis which will be used in this section:

(Fx) For eachi € {1,2}, there exists an interval [; := [0},63] C (0,1) with ] < 6} such that

it
2= lim Li'lsz) =co uniformlyint € I;.
[s1]4|s2| =00 Sf;
Set
my, := min {hy(t), ha(t)} > 0. (3.1)
te Ul

Now we give a priori estimates for solutions as follows.

Lemma 3.1. Assume that (Hy)—(Hs) and (Fx) hold. Let « € (0,00) be given. Then there exists
M = M(a) > 0 such that ||u||x < M for any non-negative solutions u to problem (P, ) for all
A€ [a,00) and p € RZ.
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Proof. Assume, on the contrary, that there exists a sequence {(A", u",u")} C [a,00) x R% x X

such that u" = (uf,u}) is a positive solution of (P, ,) with A = A" and y = p" satisfying

|u"||x — oo as n — co. Without loss of generality, we may assume that ||| — 00 asn — 0.

Set A, := ﬁ ( Olﬂ P 101);7 ' +1, where 6}, 9% are the constants defined in (Fx), my, is the constant
h 0 =0

defined in (3.1) and

1

_ 27n(p1 —1)n
p1sin (%) '

By (Fw), there exists M = M(«) > 0 such that

7Tp1

f1(t,51,82) > Aasfl_1 for (t,s1,52) € [1 X [0M,00) x R, (3.2)

where 6 = min{6},1 — 01} > 0. For large 1, ||u}|« > M and it follows from the concavity of
uj that
ul (t) > 0)|ul ||l > M, te .

Combining this with (3.2), (¢p, ((u})'(t)))" + aAxmyep, (1} (t)) <0, t € I1. It is easy to check

that wy (t) = Sy, (J%G%(t —67)) is a solution of

(@n @O + (572%)" @nl@r(H) =0, ten,
wi (67) = w1(6;) =0,

where S, is the g;-sine function with % + qll = 1 (e.g., see [8,36]). Applying y = w;,

z = uf, by = (gffbl)pl and by = aA,my, in (2.4) and integrating it from 6} to 63, we have
1 2 1

f:f (( Ty )pl — aAgmy)|wi|Prdt > 0. Thus A, < i( 1 )pl. This contradicts the choice

T_pl T_pl
0,6 amp \ 6, —0;

of A,. O

Remark 3.2. (1) By Lemma 3.1, for any fixed & € (0,0), there exist a positive constant M
such that (P, ,,) has no positive solutions if A € [, 00) and p = (1, p2) with [pq| + |p2| > M.

(2) Combining Lemma 3.1 with Remark 2.6, for a fixed a« € (0,00), there exists M; =
M;(«) € (0,00) such that [|[o] x < M for any non-negative solutions v to problem (P, ,) with
A€ [, 00) and |p|R2 < a.

By (F), there exists by > 0 such that, fori =1,2,
fi(t,s) > bosf’_1 for (t,5) € I; x R% with s = (s1,52).

By similar arguments as in the proof of Lemma 3.1, we have the following lemma. We omit
the proof of it.

Lemma 3.3. Assume that (Hy)—(H3) and (Fs) hold. Then there exists a positive constant A > 0 such
that problem (P, ;) (or (15;\,;,)) has no non-negative solutions for all A > A and all y € R3.

Theorem 3.4. Assume that (Hy)—(H;) and (Fs) hold. For fixed u € R?., there exists A(u) € (0,A)
such that (Py ;) has two positive solutions it and u) for A € (0, A(u)). Moreover, ||it) | x — oo and
uh — L2[u, 0] in X as A — 0F. Here, L? is the transformation defined in (2.8).
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.

@ % A

Figure 3.1: A possible bifurcation diagram of C,(P) when y is fixed in R?..

Proof. Let u € R? be fixed. Define Hy, (A, v) = T(A, p,v), then by Lemma 2.10, H, : R_ x P —
P is completely continuous and H,(0,v) = 6 for all v € P. By Theorem 2.3, there exists an
unbounded continuum C,(P), the component of the solution set of H,(A,v) = v containing
(0,0) € Ry x X. Since H,(A,v) # 6 for A > 0, for any solutions (A,v) in C,(P), v is a positive
solution to problem (P, ) if A > 0. By Remark 3.2 (2) and Lemma 3.3, () ,,) has at least two
positive solutions @, and vy for small A > 0 satisfying that || ||x — co and v} — 6 in X as
A — 0T (see Figure 3.1). By Remark 2.6, the proof is complete. O

Define A* : ]Ri — (0,00) by, for u € RZ,
A*(u) = sup{A > 0: (P, ) has a positive solution }. (3.3)
Then, by Lemma 3.3 and Theorem 3.4, A* is well defined and A*(p) € (0,0) for all 4 € RZ.

Theorem 3.5. Assume that (Hy), (H}), (H3), (Fi) and (Fu) hold. Let y € R? be fixed. Then (P )
has at least two positive solutions for A € (0,A(p)), has one positive solution for A € [A(u), A* ()],
and has no positive solutions for A > A*().

Proof. Let 4 = (u1,2) € R3 be fixed. Clearly, there is no positive solutions for A > A*(u).
Now we prove that (P, ,) with A = A*(u) has a positive solution v* (). By definition of
A*(u), there is a sequence {A,} C Ry such that (P, ,) with A = A, has a positive solution
U, i.e., T(An, 4, 04) = vy in P and A, — A*(i). By Lemma 3.1, ||v,||x < C for some C > 0.
By compactness of T, {v,} has a convergent subsequence converging to, say v*(y) and by
continuity of T, we see that v* (i) is a positive solution to problem (P, ,) with A = A*(p),
since A*(y) > 0. Then u*(u) = L?(u,0*(p)) is a positive solution to problem (P, ,) with
A = A*(u). Since u*(p) is a supersolution and 6 is a trivial subsolution to problem (P, ,) for
A € (0,A* ()], by Theorem 2.12, (P, ,,) has at least one positive solution for A € (0, A*(u)], and
thus the proof is complete in view of Theorem 3.4. O

Lemma 3.6. Assume that (Hy), (H}), (H3), (F1) and (Fe) hold. Then:
(1) if ut < u?in R?, then 0 < A*(p?) < A*(ul);
(2) A*(u) — 0as |pulge — oo;

(3) if " — % in RZ, then limsup,, , . A*(p") < A*(u0).
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Proof. (1) Let u' < p? in R?. Then it suffices to show that (P, ,) has a positive solution for A =
A*(p?) and p = p'. Let u? be a positive solution of (P, ) with y = p? and A = A*(p?), then u?
is a supersolution and 0 is a trivial subsolution of (P, ,,) with y = p' and A = A*(y?). Then,
by Theorem 2.12, (P, ;) has a positive solution u' satisfying 6 < u! < u? for A = A*(y?) > 0
and p = u'. Consequently, A*(u?) < A*(u!) by (3.3).

(2) From Remark 3.2 (1), it follows that A*(u) — 0 as |p|g2 — co.

(3) Let u* — % in R% as n — co. By (1), {A*(u")} is a bounded sequence in R. Then
there exists a subsequence of {A*(u")}, denote it again {A*(u")}, such that, as n — oo,
A*(u") — limsup, . A*(p") > 0, and there exists a sequence {v"} such that v" is a posi-
tive solution to problem (P, ,) with A = A* (") and u = p", that is, T(A* ("), u",v") = v". By
Lemma 3.1, {(A*(u"), u",0")} is a bounded sequence in R3. x P. Then, by the complete con-
tinuity T, there exists a subsequence of {(A*(u"), 4", v")}, denote it again {(A*(u"), u",v")},
such that, as n — oo, v" = T(A*(u"), u",v") — V in X and T (limsup,,_,, A*(u"),u°, V) = V.
Thus, V is a positive solution to problem (PM,) with A = limsup, , A*(p") > 0and u = u°,
and by definition of A, the proof is complete. O

Lemma 3.7. Assume that (Hy), (H3), (F) and (Fs) hold. Assume in addition that

(Hé’) 0< Zggi)z(} {/Ol[kli(s) +k2i(s)]ds} <1

Let u° € RA be fixed. Then for any A € (0, A*(u®)), there exists a positive constant 6 = 6(A, u°)
such that { = u* + (8, 6) is a supersolution to problem (P) ,,) with y = ps. Here s = p° + (6,6) and
u* is a positive solution to problem (P ,,) with A = A*(u°) and p = p°.

Proof. Note that (H}) implies (H}). Let u° € R% and Ay € (0,A*(u?)) be fixed. Let u* be a
positive solution to problem (P, ,,) with A = A* (%) and p = p°. Put

. <A§ﬂ°> _ 1) min {fi (£, u* (1)), fo(t, u* (£))} > O. (3.4)
0

t€[0,1]
Then there exists 6 = 6(Ag, #°) > 0 such that, for i = 1,2,
|fi(t,u+(6,6)) — fi(t,u)| <e forte[0,1] and wu € [0, ||u"|x] x [0, | u*|x] (3.5)

Set { := u* 4 (6,9). Then, by (3.4) and (3.5), for i € {1,2},

(@p: (Ci (1)) + Aohi(t) fi(t, (1))
= AT (Uit filt,u* (1)) + Aohi(1) fi(1, £ (1))
< A (O hi(8) fit w* (£)) + Aohi(E)[fi(t, u* () + €]
* (4,0
= —Aohi(t) [(A /gzl )

— 1> fi(b,u™(t)) — e] <0,
which implies
(D2 (1)) + Aoh(t)f(t,C(t)) <6, te(0,1). (3.6)

By (HY), {(0) = 01 u*(s)k(s)ds+ (6,6) > fol {(s)k(s)ds, and since {(1) = u+ (6,8) > u, Cisa
supersolution to problem (P, ;) with A = Ag and p = ;. Thus the proof is complete. O
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Remark 3.8. (1) If we assume that

(HY') 0 < max { /0 e (5) +k2i(s)]ds} <1

ie{1,2}

holds in Lemma 3.7 instead of (HY), then the supersolution { satisfies {(0) > fo
(2) Assume (Hj’) holds. Then (H)) and (Hj) are satisfied. In fact, clearly (HY ) is satlsfled.
Since

1 1 1
1 —/ (1—=s)kp1(s)ds > 1 —/ k11(s)ds >/ ko1 (s)ds
0 0 0
and

1- /01(1 — $)kp(s)ds > 1 —/O'1 ko (s)ds > /01 K1z (s)ds

(H3) is also satisfied.
On the other hand, if k11 = k»» = 0 and

1 1
/ kip(s)ds =1 and 0 g/ kon (s)ds < 1,
0 0

then (HY) and (H3) are satisfied, but (HJ}") is not satisfied.

Proposition 3.9. Assume that (Hl),(Hé’),(Hg) (F ) and (Fs) hold. Then AT RZ — (0,00) is
a continuous function satisfying 0 < A*(p?) < A*(ut) for any u' < p? in R% and A*(u) — 0 as
‘M]Ri — oo (see, e.g., Figure 3.2).

Proof. Let u° € R? be fixed and let m € N be fixed such that A,, = A*(u°) —1/m > 0. Then
by Lemma 3.7, there exists 8, = (A, u°) > 0 such that problem (P, ,,) has an upper solution
u(6y) for A = Ay and u = pg,. Here, ps, = u°+ (6, m). Let {u"} be a sequence in R%
such that u" — u° in R2 as n — oo. For sufficiently large n, u" < u;,, and u(6,) is also a
supersolution to problem (P, ;) with A = A, and u = p". Since 0 is a trivial subsolution to
problem (P, ,,) for all A € (0,00) and y € R?%, by Theorem 2.12, (P, ,) has at least one positive
solution for A = Ay, and y = p". Thus A, < A*(u") for all large n and

A (u°) — % = Ay < liminf A*(p").

n—o0

Letting m — oo, A* (%) < liminf, e A*("). Combining this with Lemma 3.6 (3), it follows
that A* : R2 — (0,00) is a continuous function. Thus the proof is complete in view of
Lemma 3.6 (1) and (2). O

Let C := A*(IR?%). Then, by Proposition 3.9, C is a continuous surface in R%, and it separates
R3 into two regions

Or:={(w,A) €RL: A € (0,A"(p)), p € RE}

and
Or:i={(p,A) €RE : A > A" (), p € R% }.

Moreover, by Theorem 3.5, (P, ;) has at least one positive solutions for (1,A) € O; UC and no
positive solution for (y,A) € O,.
Finally we give the main result in this paper.
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A*(©)

Cc()

, where C(I) = {(x,Ix) : x > 0}

Figure 3.2: A possible graph of A* on C(I)
={0y):y =0}

for I € Ry and C(0)

Theorem 3.10. Assume that (Hy), (Hy),(H3z), (F1) and (Fs) hold. Then (P, ,) has two positive
solutions for (u,A) € O, at least one positive solution for (u,A) € C, and no positive solutions for

(“I/l,/\) € O,.

Proof. For fixed y € R%, we will show that (P, ,,) has at least two positive solutions for A €
(0,A*(p)), and thus the proof is complete by Theorem 3.5.
Let p € ]R%r be fixed. Define T, : Ry x P — P by, for (A,u) e Ry xPand t € [0,1],

Tu(Au)(t) :==T(Au, LY, u))(t) 4+ (1 — t)afu] + tu.

Here, L' : R x X — X is the continuous mapping defined in (2.7), and it maps bounded sets
in Ry x X into bounded sets in X. Then T}, is completely continuous, T, (A, u)(0) = a[u] and
T,(A,u)(1) = p. Moreover, by Lemma 2.5 and Remark 2.6, T;,(A,u) = u in P if and only if u
is a non-negative solution to problem (P, ;).

Let Ag € (0,A*(p)) be fixed and u* be a positive solution to problem (P, ,,) with A = A*(p).
Then, by Lemma 3.7, there exists 41 € (0,1) such that { = u* + (J1,01) is a supersolution to
(Py,;) with A = Ag. Moreover, by (3.6), { satisfies

{(CP(C’(t)))’ +Aoh(t) e f(£,¢(1)) <6, te(0,1), 37)
§(0) = u(0) + (01,61) = a[¢], £(1) = p+ (61,61) > p.
Consider the following problem
{@(u'(tm' +Aah(t) o f(1,7(u(0) =0, te (0,1) .
u(0) = a¥ul, u(l) = p,

where a7[u] and vy are defined in the same way as in the proof of Theorem 2.12 with y = 6
and { = u* + (é1,61). Then if u is a solution to problem (3.8), then 6 < u < { by the same
argument as in the proof of Theorem 2.12, and (¢, u(t)) = u(t) for t € (0,1). Thus u must be
a positive solution to problem (P, ) with A = A,.

SetI' ={u e X:—(61,01) <u < {}. ThenT is an open set containing 6 in X. Now we will
show that if u is a solution to problem (3.8), then u € I' N P. Let u be a solution to problem
(3.8). First, we show that u(t) < {(t) for t € (0,1]. If not, since u(1) = u < pu+ (é1,61) = {(1),
there exist £y € (0,1) and j € {1,2} such that u;(to) = {;(t0), uj(to) = Cj(to) and u;(t) < g;(t)
for t € (t,1]. We take j = 1 for convenience. By (3.7), for fixed t, € (to,1),

max {(¢p, (71()))" + Aok () fa(t, L))} =: —e1 < 0. (3.9)

telto,ty)
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Since f; is uniformly continuous on [0,1] x [0, [|u] || + 1] X [0, ||#1 || + 1], there exists 5, > 0
such that if [v — w|r: < & and v, w € [0, ||{1]|e] X [0, ||02]|co], then

[fi(t,0) = At w)| < e, (3.10)

where €, = €1(Ag maXge r, 1] hl(t‘))_1 > 0. Then there exists t; € (fo,t})) such that —d, <
up(t) — ¢1(t) < 0for t € [to, 1] and uj(t1) < {7 (f1), which imply

Pp (11 (t0)) — @, (Z1(t0)) = 0, 9p, (u1 (1)) — @, (T3 (1)) < 0. (3.11)

By (F;) and (3.10), for t € [to, 1],

At ut) = fi(t,4(1) < fltua(t), E2(8) = fi(t, Ea(F), G2(F)) < €2, (3.12)

since up < (. By (3.9), (3.11), (3.12) and the choice of e,

0> 95 (15(11)) = 9y (E4(11)) = 9 (3 (10)) + 9, (E1 (1),
= [ {(on () ~ (pn (@ (®))}

= [ 1= Aam (030,000 ~ (g (G40
> [ A (O(4,80)) + e2) — (g (T4(0)))')

fo
t

= | (=Aom(t)ez = [(p, (C1(1)))" + Aol () fi (1, £(4))]) dt

fo

t
> / 1(—/\0h1(t)€2 + €1)dt > 0.
to
This is a contradiction, and thus u(t) < {(t) for t € (0,1].

Now we show that #(0) < {(0). We only show that u1(0) < 1(0), since the case u»(0) <
{2(0) can be proved in a similar manner. If k11 = ko1 =0, u(0) =0 < 6 = £31(0). If k;1 # 0 or
ko1 % 0, then

u1(0) — ¢1(0) = /01[(“1(5) — C1(8))k11(s) + (u2a(s) — Ca(s) ka1 (s)]ds < 0.

Thus u € T'N P for any solution u to problem (3.8).
Define T' : P — P by, foru € P and t € [0,1],

T7(u)(t) = T7(Ly () (8) + (1= )T [u] + tp,

where T7 is the operator with A = Ay defined in the proof of Theorem 2.12 and L}Y is an
operator defined by L] (u)(t) := u(t) — ((1 — t)a”[u] + tu). Then T" is completely continuous
on P, and T" has a fixed point in P if and only if u is a non-negative solution to problem (3.8).
Moreover, there exists a positive constant R such that Tv(u) < Rforallu € Pand I' C Bg,
where By is an open ball with center § and radius R in X. Applying Theorem 2.4 with O = Bg,
i(T",Bg NP, P) = 1. Since all fixed points of T" are contained in T, by the excision property,
i(T",TNP,P) = i(T', Bk N'P,P) = 1. Since problem (P, ,) with A = A is equivalent to
problem (3.8) on ' NP, (P, ;) has a positive solution in T NP for A = Ag € (0,A*(p)). Assume
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that T, (Ao, -) has no fixed points in oI' N P, otherwise we get second positive solution to
problem (P, ,) with A = A¢ and the proof is done. In that case,

i(Tu(Ao,-), TNP,P)=i(T,TNP,P) =1 (3.13)

On the other hand, by Lemma 3.3, there is A;(> Ag) such that (Py,;) has no positive
solution at A = A;. This implies that T} (A4, -) has no fixed point in P. Thus for any open set
U in X, we have

i(Ty(A1,-),UNP,P) =0. (3.14)

By Lemma 3.1, we may choose R; > 0 such that I C Bg, and all possible solutions u of
(Pay) for any A € [Ag, Ay] satisfy u € Bg,. Here, Bg, is an open ball with center 6 and radius
Ry in X. Define a homotopy ¢ : [0,1] x (Bg, "P) — P by g(t,u) = Tu(tA1 + (1 — 7)Ao, u).
Then g is completely continuous on [0, 1] x P. Furthermore, by Lemma 3.1, g(7, 1) # u for all
(t,u) € [0,1] x (0Bg, NP). Thus by homotopy invariance property and (3.14), we have

Z’(TH(/\O/ ')r BR] N 7)/7)) - i<TH(A1/ ')/ BR1 NP, P) =0. (315)
Combining (3.13) and (3.15) with the additive property, we have
i(Ty(Mo, ), (B, \T)NP,P) =—1.

Consequently (P, ,,) has another positive solution in (Bg, \T) NP for any A = Ag € (0,A*(u)),
and this completes the proof. O

4 Applications

In this section, we investigate the existence of infinitely many positive radial solutions to
problems (1.3) + (1.4) or (1.3) + (1.5).
We assume the following assumptions hold in this section.

(A1) Fori e {1,2}, there exists « > p — 1 such that / r*K;(r)dr < oco.

1o

(42) 0.< max { [ flxl) + ()l f <1
ic{12} Ja
(Fy) For fixed (r,u) € [rg,00) x Ry, fi = fi(r,u,v) is quasi-monotone nondecreasing with
respect to v, i.e., fl(r, u,v1) < fl (r,u,v2) whenever 0 < v; < wv,. For fixed (r,v) €
[ro,00) x Ry, fz = fz(r, u,v) is quasi-monotone nondecreasing with respect to u.

(Fs) Foreach i € {1,2}, there exists a non-degenerate compact interval J; C (g, o) such that

m fi(r,s1,52)

—— =0 uniformly inr € J;.
[s1l+]s2] >0 5P

By applying consecutive changes of variables, r = |x|, w(r) = z(x) and t = 1— () 7",

u(t) = w(r), problem (1.3) + (1.4) with z(x) = (z1(x),z2(x)) — u € ]Ri as |x| — oo is
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equivalently transformed into problem (P, ;) with p; = p» = p > 1. Here f;, h; and k;; for
i,j € {1,2} are given by

(p=1)

fi(t,s1,82) = fi <70(1 — l‘)iN:” ,31,52) ,
—1\7 —p(N-1) ~(p-1)
hi(t) = <II\9]—;9> rb(1—t) N7 K (ro(l—t) N=p ),

N-1

- —p(N-1) —(p-1)
kl](t) = WN <I€[—]r-)> 7’(])\](1 — t)pl\/fpllj <r0(1 _ t) N’i; > )

where wy is the surface area of unit sphere in RY.
Assume that (A1), (A), (F1) and (Fs) hold. Then (H), (HY), (Hs) and (F) hold. In fact,
if K; (i = 1,2) satisfies (A1), then there exists B < p — 1 such that

/01(1 —5)Phi(s)ds < oo,

which implies that h; € A;, and thus (H;) holds. Since

o0 1
[ txhdx = wx [ 100N = [Cks)ds,
@) ro 0
if we assume (Aj) is satisfied, then (HY’) is satisfied, and (H}) and (Hz) are satisfied by
Remark 3.8. If we assume (F}) and (Fs) are satisfied, then (F;) and (Fx) are satisfied.
In a similar manner, by applying consecutive changes of variables, r = |x|, w(r) = z(x)

—N+
and t = (%)ﬁp, u(t) = w(r), problem (1.3) + (1.5) with z(x) = (z1(x),z2(x)) = u €
R? on |x| = rg is equivalently transformed into problem (P, ,) with p1 = p, = p > 1. Here,

fi, hi and k;; are given by
filts1,82) = i <V0fw,sl,sz>
hi(t) = (H)prgt%’vp” K; <r0t§f,}>> /
kij(t) = wn (f,:;) R lij <rot1(f—;)> ,

Then if (A1), (Az), (F1) and (Fs) hold, then (Hy), (HY), (Hs), (F) and (Fx) hold by similar
arguments as above.

By Proposition 3.9, A* : RZ — (0,00) is a continuous function satisfying A*(u!) > A*(u?)
for u! < u? and A*(u) — 0 as |u|gz — o (see, e.g., Figure 3.2). Thus the inverse image
(A*)71({A}) is a nonempty connected component in R2 for all A € (0,A*(6)), and we denote
it E(A). Then the connected component E(A) separates IR? into a bounded region U; () and
an unbounded region U;(A) which are open relative to R?, and by Theorem 3.10, (P, ;) has
at least two positive solutions for y € U;(A), at least one positive solution for y € C(A), and
no positive solutions for u € Ux(A) (see, e.g., Figure 4.1). Moreover, U;(Ay) C U;(Aq) for
0 < A1 < Ay < A*(0). Thus we have the following corollary.

Corollary 4.1. Assume that (A1), (Az), (F1) and (Fx) hold. Then the following statements hold.
(1) For A € (0,A*(0)), E(A) is a connected component in R?%. which separates R?. into a bounded

region Uy () and an unbounded region U, (\) which are open relative to R3. such that the followings
hold:
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(i) problem (1.3) + (1.4) (resp. (1.3) + (1.5)) has infinitely many positive radial solutions z\, ;K
with 2 # 2\ satisfying
lim 2= lm = (e Z(0) =2 =p forlxl =n) forp € (M)
(ii) problem (1.3) + (1.4) (resp. (1.3) + (1.5)) has infinitely many positive radial solutions ZK
satisfying
lim zi(x) =p (resp. z(x) =p for|x| =19) forp €Cy;

|x|—o0

(iii) problem (1.3) + (1.4) (resp. (1.3) + (1.5)) has no positive radial solutions zﬁ satisfying
|l‘im Zh(x)=pu (resp.z(x) =u for|x| =r9)) foru € Ua(A);
X|—r00
(iv) moreover, Uy (Ay) C Up(A1) for 0 < Ay < Ay < A*(6).
(2) For A = A*(0), problem (1.3) + (1.4) (resp. (1.3) + (1.5)) has at least one positive radial
solution z* satisfying
lim z*(x) =6 (resp.z*(x) =0 for |x| =rp).
|x| =00
(3) For A > A*(6), problem (1.3) + (1.4) (resp. (1.3) + (1.5)) has no positive radial solutions z
satisfying
lim z(x) =pu (resp.z(x) =pu for |x| =ry) foranypy € R2.

|x|—o0

2]
EQ)

BB

W)

i
Figure 4.1: A possible picture of E(A), U;(A) and Uz(A) for A € (0,A%(0)).

Finally, we give the examples satisfying the hypotheses (A1), (Az), (F1) and (F) to illus-
trate Corollary 4.1.

Example 4.2. Let rp = 1 and Q = {x € RY : |[x| > 1}, where N > p > 1. Fori € {1,2},
let K;(r) = rPi for r € [1,00), where B; < —p. Then p—1 < —B; — 1, and there exists &
such that p — 1 < & < min{—p1, —B2} — 1. Consequently, « + B; < —1, and ;" r*K;(r)dr =
[ r*Pidr < oo. Thus (A;) holds. For i,j € {1,2}, let a;; be constants satisfying a;; > N.
Let [;j(r) = Cjr % for r € [1,00), where 0 < Cj; < "é;i\]’ and & = min;jc g {a;j}. Then

2C;:
0 < maxieq) { Jolhi(|x]) + Li(|x]))dx} < Cyjwnmaxieqio) {iiy + men )t < N < L,

and thus (A;) holds. Let fi(r,u,v) = e "[u? —uP~' +1+0v] and fo(r,u,v) = r [u 4+ P~1? —
vP~1] for (r,u,v) € [1,00) x R%, where g > p — 1. Then it can be easily verified that (F;) and
(£x) hold.
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