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1 Introduction

We consider the second order half-linear differential equation
L(x) := (r()@(x")) + c(Hd(x) =0, (1.1)

where ®(x) = |x|P~2x is the odd power function and c,r are continuous functions with
r(t) > 0.1t is known that the linear Sturmian theory extends almost verbatim to (1.1), see [1,9],
the classical Sturm-Liouville linear differential equation is the special case p = 2 in (1.1). In
particular, (1.1) can be classified as oscillatory or nonoscillatory similarly as in the linear case.

The terminology half-linear equation was introduced by Hungarian mathematicians
I. Bihari and A. Elbert and reflects the fact that the solution space of (1.1) is only homo-
geneous but not generally additive, so it has just one half of the properties characterizing
linearity.

A “prominent position” in the half-linear oscillation theory has the Euler half-linear dif-
ferential equation

(@(x)) + tlpcb(x) =0 (1.2)

which is a typical example of the so-called conditionally oscillatory half-linear equation. Recall
that equation (1.1) with Ac(t) instead of ¢(t) is said to be conditionally oscillatory if there
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exists a constant Ag (the so-called oscillation constant) such that (1.1) is oscillatory for A > Ay
and nonoscillatory for A < A¢. Oscillation constant of Euler equation (1.2) is 7, := (’%1);’ .
The conditional oscillation of (1.2) together with the Sturmian comparison theorem im-
mediately imply the Kneser type (non)oscillation criteria for (1.1) with r(f) = 1, namely, this
equation is oscillatory if
LiminftPc(t) > v,

t—o0
and it is nonoscillatory if

limsup tPc(t) < ;.
t—co
These (non)oscillation conditions show that Euler equation (1.2) with the oscillation constant
7p is a kind of borderline between oscillation and nonoscillation of half-linear equations and
suggests the investigation of the limiting case lim; oo tPc(t) = 5.

In our paper we investigate the influence of perturbations of the critical Euler equation (i.e.,
of (1.2) with v = 7;) on the oscillation behavior of perturbed equations. We are motivated by
the recent papers [6-8,10,12,15,17] where a similar problem was investigated. In the general
setting, we consider the half-linear equation

[(r(t) +7(1)@(x")]" + (c(t) + (1))@ (x) = 0 (1.3)

as a perturbation on the nonoscillatory equation (1.1). The situation when a perturbation is
also allowed in the differential term was treated in the linear case in [16]. An extension of the
results of [16] to (1.3) is given in [4,5,15]. In [6], the differential equation

(1 + i L ) D(x')

= Logi(t)

is considered, where the notations

/

1 - B _
+5 (ryp +j21 L0g2(t)> d(x) =0 (1.4)

i

k
log, (t) = log,_,(logt), log, (t) = logt, Log,(t) = Hlog]-(t)
j=1

are used. It was shown that oscillation of (1.4) depends on the value of the constants
Bj — vp&j — pp, where p, = %(p;l)p ! This statement is proved in [6] using the transfor-
mation theory of the so-called modified Riccati equation associated with (1.4).

As one of the main results of our paper we offer an alternative proof which is simpler and
more straightforward than that given in [6]. As another main result, we prove a conjecture
presented in [2] which concerns perturbations of the half-linear Riemann-Weber differential

equation (sometime also called Euler—Weber equation).

2 Preliminaries

In the oscillation theory of (1.1), an important role is played by the associated Riccati type
differential equation

R[w] :=w' +c(t) + (p — 1)r' 1 (t)|w|T = 0, ;1g + ; =1, (2.1)
related to (1.1) by the substitution w = r®(x’/x). More precisely, the following statement

holds (see [9, p. 50]).
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Proposition 2.1. Equation (1.1) is nonoscillatory if and only if there exists a solution of Riccati equa-
tion (2.1) which is defined on some interval [T, o) (the so-called proper solution).

We will also need the so-called modified Riccati equation. Let & be a differentiable function
and let
o(t) = WP (Hw(t) — G(t),  G(t) := r(t)h(t)D(H (1)), (2.2)

where w is a solution of (2.1). Then v is a solution of the modified Riccati equation

R[v] := 0"+ C(t) + (p — D)r' () 1(t)H(v,G(t)) = 0, (2.3)
where

H(v,G) = [v+G|1—g® }(G)v— |G|T =0,

®~1(x) = |x|772x being the inverse function of ®, and

C(t) = h(t)L(h(t)) = h(t) [(r() (M (t)) + c(t) D ((t))]. (24)
The modified Riccati operator R is related to (1.1) and (2.1) by the identities

xL(x) = x’R[w] = R]v],

where w = r®(x'/x) and v = xPw — G, G = rx®(x’), see e.g. [3].

The basic paper dealing with perturbations of the Euler equation is [12]. In that paper,
following the linear case, see [14, Chapter XI], the generalized Riemann-Weber half-linear
differential equation

(@(x))’ +tlp D(x) =0

n ’3],
WY — 5
' ]; Log?(t)

is considered. It was shown that if

1/p—1\"" ,
‘B]:l,{p,:2<pp> ’ ]:1,...,7’1_1,

then (3.13) is oscillatory if and only if B, > pp,. This result was extended in [6], where
oscillatory properties of (1.4) were investigated, i.e., a perturbation of (1.2) with v = 1, was
also allowed in the term containing ®(x’). It was shown that if Bi—vpj=Mp,j=1,...,n—1,
then (1.4) is oscillatory if and only if B, — ypan > yp.

The next part is devoted to the existence of proper solutions of the modified Riccati equa-
tion (2.3).

Proposition 2.2. ([6, Proposition 2.2]). Let h be a continuously differentiable function such that
W (t) # 0 for large t. We denote R(t) = r(t)h?(t)|h'(t)|P~2. Suppose that

/ RY(t) dt = oo 2.5)
holds and that
li{ginf|G(t)| >0, (2.6)

where G is given by (2.2).
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(i) If C(t) < 0 for large t, where C is given by (2.4), then (2.3) possesses a proper solution, i.e., a

solution which exists on some interval [T, c0).

(ii) Let C(t) > 0 for large t and [T C(t)dt < 0. If

lim inf (/tR_l(s)ds> </tooC(s)ds> > 21q

then (2.3) possesses no proper solution, i.e., for any solution v of (2.3) and any T € R there

exists Ty > T such that v(Ty—) = —oo.

(iii) If [ C(t)dt is convergent and

limsup </t R—l(s)ds> </tooC(s)ds) < Zlq
li{gglf (/t R_l(s)ds> (/tooC(s)ds> > _230]'

then (2.3) has a proper solution.

3 Oscillation and nonoscillation criteria

As an immediate consequence of propositions from the previous sections we have the follow-
ing oscillation criteria for (1.3) viewed as a perturbation of nonoscillatory equation (1.1). We

denote

a

Lix) == (()@(x")) + &) D(x).
Associated with equation (1.3) the Riccati equation is
w +c(t) +e(t) + (p—1)(r(t) +7(t)) Tw|T =0
and the modified Riccati equation
o'+ C(t) +C(t) + (p—1)(r(t) +#(t)) "h™9(t)H(v, Q) =0,

with

C given by (2.4), and

N

C(t) = h()L(h(1)) = h() [(F(D(H (1)) + () D(h(t)).

(3.1)

(3.2)

(3.3)

Theorem 3.1. Let h be a continuously differentiable function such that ' (t) # 0 for large t. Suppose

that (2.5) holds with R defined now as

R(t) = (r(t) + 7)) R (1) |H (1)~

and
liminf |Q(f)] > 0.
t—o0

(3.4)
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(i) Suppose that C(t) + C(t) > 0 for large t and [T[C(t) + C(t)]dt < oo, where C,C are given
by (2.4) and (3.3). If
t %) R 1
o . 1 L
liminf </ R (s)ds> (/t (C(s) +C(s))ds> > 50 (3.5)

then (1.3) is oscillatory.

(ii) If the integral [“[C(t) + C(t)] dt is convergent and

e+ ) (i)
/s s

lim inf
t—o0

then (1.3) is nonoscillatory.

Proof. The proof immediately follows from Proposition 2.2. First, suppose that (3.5) holds,
and, by contradiction, that (1.3) is nonoscillatory. Then (3.1) has a proper solution w and
v = hPw — Q) is a proper solution of (3.2), a contradiction. Conversely, suppose that (3.6)
holds. Then (3.2) possesses a proper solution v and w = h~7(v + Q) is a proper solution of
(3.1) which means, by Proposition 2.1, that (1.3) is nonoscillatory. O

Now we apply the previous result to the perturbed Euler equation (1.4). Recall that
equation (1.2) with ¢ = 1, is nonoscillatory and one of its solutions is x(f) = tp=17/p,
Any solution linearly independent of this function asymptotically behaves as the function
x(t) = Ct=D/Plog!/Pt, C € R, see [11].

If oy = 0and B; = pp, j = 1,...,n in (1.4), it is shown in [12] that this equation has a
solution asymptotically equivalent to x(t) = tP~1)/P Log!/P(t). The function of this form is
used in the modified Riccati substitution in the main part of the proof of the next statement.
As we have already mentioned earlier, this statement is proved in [6] using relatively awkward
transformation theory of modified Riccati equation. Our proof here is technically substantially
easier.

Theorem 3.2. Consider equation (1.4).

(i) If B1 — ypa1 > pp, then (1.4) is oscillatory and if By — ypa1 < pp then (1.4) is nonoscillatory.

(ii) If B1 — ypa1 = pp, then (1.4) is oscillatory if Bo — ypa2 > yp and it is nonoscillatory if
P2 — 12 < pip.

(iii) If B2 — vptx2 = pp, then (1.4) is oscillatory if B3 — ypaz > wpp and it is nonoscillatory if
Bz — vpasz < pp.

(n) If Bj — vpaj = pp for j = 1,...,n—1, then (1.4) is oscillatory if By — ypan > yp and it is
nonoscillatory if B, — yp&n < Yp.

(n+1) If Bj — ypaj = pp forall j =1,...,n, then (1.4) is nonoscillatory.
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Proof. Observe that we have for n > 2 and large ¢ the obvious inequalities
Log ,(t) > --- > Log,(t) = logt > --- > log,(t). (3.7)

We also have (log,(t))" = 1/(tLog, ,(t)) and
r Log,(t) /1 1 1
(Loga0)' = 252 (i o+ g .

First, let B1 — ypa1 # pp. In this case we take h(t) = t(P=1)/P_ Then, using the notation
T, := (52)" " and (37), 3.8)

p
— . ] /I - ]
C+C= h( Z‘{ ]2(t> (W) Z; ]2()]
et
1L ]2) 1 sz(t)
I e 151
B tlogpt *olt” Hog !

as t — oo. We have for h(t) = t(P=1/p

n o , B
= (1 +]§Log]]2(t)> W2 ()| (t)[P~2

=< Zn: . ) ()P (1) =Tp(1+0(1))

-1 Lo j(t)

/t R71(s)ds = (T)z_p logt(1+0(1))

and substituting into (3.5) and (3.6) we have oscillation if

1 (p—1\"2 1/p-1\""_
Pr- ’9“1>2q< p > _2< p ) —

and nonoscillation if 1 — a1 < pp. Note that the second limit in (3.6) is not needed in
our case since the term (B1 — ypa1)t ! log 2t dominates other terms in C 4 C so this term is
eventually of one sign. If it is negative, the statement follows from (i) of Proposition 2.2.

Now, let n € IN, B —7pa; = pp, j = 1,...,n—1, and B, — Yypan # pp. Let h(t) =
tp=1)/p Logl/_p (t). Then using (3.8),

iy Pl 1 1 1
Wi = P Lo 1()(”<p—1>1ogt+<p—1>Logz<t>+ *(;o—l)Lognl(t))

Il
N
<
—_
~_
N
N
—~~
—_
+
o)
—
N—
N—

and

as t — oo. Hence
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Denote F = (®©(1'))". Then

—1

o =
F=t""rLog, t (1 + (p—1)logt + (p—1)Log, () o (p— 1)L08n1(t)>

X {—7 <1+ ! + L +ot L )
: (p—1)logt = (p—1)Log,(t) (p—1)Log,_,(t)
1 1 1
MR <1ogt T Tog, T Logn1<t>>

x <1+ ! + L + L >
(p—1)logt = (p—1)Log,(t) (p—1)Log, 4(t)

1 1 1 1

logt | Log, (1) <1ogt " Logzm) e

T )
Logn 1(t) \logt Log, (t)

2+ = 1 1 1 p-2
= Log, 740 (14 g + Log,® T Logn1<t>>

wd_ +7P(p_2)( 1 +...+1>_ R S
r p—1 \logt Log, () r log?t Log?_,(t)

_FP(p_z) Z, 1 }

P 1<ifZao Log;i(t) Log;(t)

Denote by A the expression in {-} in the last computation and let

B:= <1 + 1 + ! +- 4+ ! >P—2
' (p—1)logt  (p—1)Log,(t) (p—1Log, (1))
Then using (3.7)

R 1 (p-2(p-3)( 1 , Ly
P <logt +Logn1(t)>+ 2(p—1)? <10gt+ +Lognl(t))

O(log™*t)

and

B o o wp=2) 1 1
AB=—mp+ p—1 logt+ * Log, 4(t)

e
p—1 \logt """ Tog, ()

e logzt Logfl(l‘) (p—1)> \logt Log, (t)

T(p—2)(p—3) [ 1 1 2
- 2(p—1)2 <10gt+m+ LOgM(t))
T(p—2) 1

P 1<ifZao1 Logi(t) Log(t)
O(log™>t)
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_ L (p=2? (p-2)(p-3) I 1
= '}’P‘f")’p( 1(P_1)2 2(]9—1)2 > (10g2t + + Log%_l(t)>

. <2(P—2)2 (P—2)(P—3)) 5 1

(p—12  (p-1p 1<icizn—1 Log;(t) Log (t)

Ip(p—2) 1 3
I +O(log "t
P 1§i<%n—l Log ;(t) Log ;(t) (log ")

o (pmY &
T ( p > 2(P—1)ZL0gf(t)

j=1
T rp) 1 -3
t(p—2 ( _p +O(log™>t
(p ) p—1 P/ <iiZna Logi<t) Logj(t) ( & )
nil 1 ( 3
S — +O(log 7 t)
p p = Logjz(t)

as t — oo. Hence

n—1
h(o(h')) = _Logﬂtl(t) (yp + iy Zl Log12(t) +0(log™® t)> .
= ]

Next we estimate the term Log, ,(t)/(tlog’t). To do this, observe that for ¢ € (0,1) we
have forn > 2
as can be shown by a direct computation and hence for large ¢

o T, [<9) 1
[Py 1 const
t  slog’s t slog log' “t

Consequently, for any integer k > 2

[ lalo),
t

lim log, () Slog’ s

s =0. (3.9)
t—roo
This shows (see below) that we can neglect the terms O(Log,_(t)/(t log® t)) in some of the
next computations.
Using the previous computations

, p-1
(1) ] _ Mples Ll g (@)
Logjz'(ﬂ o logtLogJZ-(t) Ogjz'(t)
p=1
Lognpfl(t) ( = 1 -3
=—— -1 —nu ———+O(log 7t) | .
At T L agin POl

and so
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Denote
n ! 1 n :B
LE<h)=[<l+ : )(/) +— |y : ]()
& Tog?(0) v | & Tog2)
Then
ypLog, ((t) "=l (up+ajy,)Log, (t)  ypanLog, ()
hLE(h)Z—p%—Z 4 JP2 i\ Tp 3 1
A sl fLog2 (1)
Lo Lo
_i_r)/l’ gn 1 gn l()

+0(Log,_,(t)t Tlog >t
]:1 tLog () ( ! )

(B —evp)Log, 1 (t) | (Bn— vpen) Log, ()
- ]; tLog 7 (t) i tLog ()

Bn — Tpltn —17,..-3
+ O( Lo )t " lo t),
tLog, (t)logh(t) (Logy (1)t log 1)

which means, in view of (3.9), that

e+ Cds = [T h)Lemis) s = (1 +o(1) P

log, (t)

We finish this part of the proof by applying Theorem 3.1. We have by a direct computation
— (p-1)/ 1/p () — &
for h(t) = tP~V/P Log ‘" (t) and #(t) = Y Logljz(t)

B 2
RO = (E1) tLos, (1 +0(1),

ie.,

R (s)ds = (1+0(1)) (P_l)z_plogn(t).

Consequently,

tim ([ R19)as) (([T106) +eolas)) = (E2) " (8- vpmn)
tm ([ 7 @s) ( )-(57)

p

Since 5- ; (= pl)p 2= = Wy, the statement of the theorem follows from Theorem 3.1
If the equality B; — ypa; = pp holds for j =1,...,k — 1 and B — ypax = pp for some index

k < n —1, we use the transformation function % (t ) = =1/ Log IZ’; (t). A computation, quite
analogous to the previous one with n = k, gives

hLg(h) = (ﬁk_“:ﬁ;;g;‘%k-l(t) N i (Bj — vpwj) Log 4 (t)

jkt1 tLog? (t)
+0(Log, ,(t)t 'log™>t)
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as t — co. By a direct computation similar to that proving (3.9) we find that

00 n R . L
lim log, (¢) / < Z (Bj — 1pt)) Zng—l(5)> ds — 0.
fee Tt \jE sLogj(s)

Hence the term (B — ypax)/(tLog,_,(t) log?(t)) dominates other ones in hLg(h) and the
statement follows from Theorem 3.1 since

/°° 1 Js — 1
t sLog, ,(s)log;(s) logy (t)’

Finally, suppose that B; — y,a; = pp for all j = 1,...,n. In this case we use the transfor-
mation function h(t) = +P~1/? Log 1/7(t) with the result

hLg(h) = O(Log ,(t)t *log > t)
and nonoscillation of (1.4) follows from Theorem 3.1 and considerations prior to (3.9). O

Now we turn our attention to the second main result of the paper, (non)oscillation criteria
for the perturbed generalized Riemann-Weber equation. In [2], influence of perturbations of
the half-linear Riemann-Weber equation with critical coefficients

7 Hp
() + [+ ®(x) =0 3.10
(@(x)) (tp ot ) oW @10
on its oscillatory behavior were investigated. It was shown [2, Corollary 1] that the equation
i H

() + [ L+ =Tt e(t) | @(x) =0 3.11

is oscillatory provided
/ c(t)tPlogtdt = oo (3.12)

and it is nonoscillatory provided the integral [~ c(¢)tP~!logtdt is convergent and

lim sup logZ(t)/ c(s)sP logsds < pp,
t

t—o0
imi " o(s)sP! _
h{r_tgflogz(t)/t c(s)s? " logsds > —3pip.

It was conjectured that under the assumption that c(t) > 0 for large f, equation (3.11) is
oscillatory provided

. . * p—1
hgi?flogz(t)/t c(s)sP™ " logsds > pp.

We will prove this conjecture in the general case, when oscillation of perturbed generalized
half-linear Riemann—-Weber equation with the critical coefficients

(@(x)) ( thPLog] B c(t)) d(x) =0 (3.13)

is investigated.
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Theorem 3.3. Suppose that the integral [~ c(t)tP~! Log  (t) dt is convergent.
(i) If

(1) /too c(s)s”—1 Log, (s)ds < pp,

(1) /too c(s)sP ' Log ,(s) ds > —3uy,

then equation (3.13) is nonoscillatory.

limsuplog,
t—r00

li{g g\f log, .4

27pp(p—2)

30-1) such that

(ii) Suppose that there exists a constant 7y >
c(t)tPlog>t > for large t.
If

liminflog, ., (t)

t—o0

then (3.13) is oscillatory.

/ c(s)s" ' Log ,(s) ds > up,
t

11

(3.14)

(3.15)

(3.16)

Proof. We again use the modified Riccati substitution v = h?w — G with h(t) = tP~1)/? Log  (t).
In addition to the computation in the proof of Theorem 3.2, we will also compute explicitly

the coefficient by log > t in the formula for h(t)Lg(h(t)). We have for

1 1 1

Bim (14

the expansion

+ oot
—1)logt (p—1)Log,(t) (p—1)Log, ;

2(p—1)

(p—=2)(p—3)(p—4)
6(p—1)°

1
logt

1

Log,, (t)

_|_

(

('f))p_2

)3 +o(log3t)

as t — oo. Multiplying this expansion by the expression A from the proof of Theorem 3.2 we

find that the coefficient by log > t is

y _(p=2)(p=3)(p—4) (p—2%(p-3) P—Z] _ 2mpp2—p)
’ 6(p —1)° 2(p - 1)° p—1 3(p-1)2
Denote
N | T v H
Lrw(x) := (@(x")) + t—;’ +]-_Z1 Log’%(t) —i—c(t)] D(x).
Then
W) L (1)) = 2P PY L8R L oyntog () 4 o(Log,, 1)/ (Hlog )

3(p—1)% tlog*(t)
_ Log,,(t) [2%19(2 —-p)
tlog’t [ 3(p—1)2

+c(t)tP log’ t + 0(1)} .
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In part (i) of Theorem 3.1 we need no sign restriction on the function k[L(h) + L(h)] which
equals hLgw (h) in our case. Similarly as in the proof of Theorem 3.2

[ = o) (21) o0

and

* Log ,(t)
fimlog, () || 5105 =0

Then (3.14) is rewritten as (3.6). In the oscillation part (i) of Theorem 3.1 we need h[L(h) +
L(h)] > 0 for large t which leads to restrictions (3.15). Formula (3.16) is then rewritten as
formula (3.5). O

4 Remarks and comments

(i) Perturbations of the critical Euler equation

m e _
(@(x)) + o ®(x)=0
investigated in our paper contain iterated logarithms as appeared in (1.4). A natural question

is whether one can investigate also other perturbations which “match together” similarly as

% /5/
Loglz(t) and t? Lo g

the pairs in (1.4). Consider the equation

[(1+ Aa(®) ()] + [1 + up(t)] @(x) =0, (1)

where A,y are real-valued parameters. The modified Riccati substitution (2.2) with h(t) =
t(r=1)/r applied to (4.1) yields the modified Riccati equation (as can be verified by a direct
computation)

v+ Arptp%l <(x(t)tpv1> + utP1B(t) + t(lﬁx_(:))q_lH(v,rp) =0. 4.2)

Under the assumption «(t) = 0(1) as t — oo (in order to have the function 1 + Aa(t) positive
for large t for any A € RR) the limited expression in Theorem 3.1 is

logt/t00 [/\Fpsp;l (uc(s)s_p;’l)/—f—ysplﬁ(s)] ds.

Consequently, if

® p1 1/
lim logt/ s (zx(s)s 2 ) ds =: L,
t—ro00 t
limlogt/ sP1B(s)ds =: Lg

t—o0

exist finite, by Theorem 3.1 (non)oscillation of (4.1) depends on whether

1
ATpLo +plp 2 2
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(i) In [4], a general approach to two-parametric conditional oscillation of half-linear equa-
tions was treated. More precisely, the half-linear equation

[(r(£) + A2(4))@(x)]" + [e(t) + pe(D]@(x) = 0 (4.3)
was investigated as a perturbation of (1.1). It is shown that if & is a positive solution of (1.1),

then under (2.5) and (2.6) the pair 7, ¢ form a matching pair (oscillation of (4.3) depends on the
value of a linear combination of A, ) provided there exist limits (the second one being finite)
R ()[P

o FOIOP L ROR((1)]
e c(BRP(E) T e E(HD(F(H)

where f(t) = h(t)(ftR_l(s) ds)l/p with R = rh?|l'|P~2. Using the transformation approach
we can suggest another condition for a matching pair, namely the existence of the finite limits

lim (/t R—l(s)ds> (/tooh(s)(?(s)@(h’(s)))/ds),

tlgg (/t R71(s) ds) (/too hP(s)é(s) ds) .

(iii) We have used in Theorem 3.3 as a transformation function in the modified Riccati
substitution the function h(t) = t(P~1)/PLogl/P(t). This function asymptotically approx-
imates the so-called principal solution of (3.13) with c(t) = 0, see [12,13]. In [12], it is
shown that nonprincipal solutions of this equation behave asymptotically as the function

h(t) = CtP=D/P Log /P (t) logiipl(t), C € R. This suggests to use this function in the modi-

fied Riccati substitution as well. This would lead to (non)oscillation criteria where the limited
formulas in Theorem 3.3 are replaced by

1 /t -1 2
——— [ ¢(s)s"7* Log (s)lo s)ds.
10gn+1(t) ( ) gn( ) gn+1( )

This problem is a subject of the present investigation. Note that in case n = 0 criteria of this
kind are given in [10].
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