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Abstract. We consider the following second order differential equation with delay

p

P
(Lx)(t) = x"(t) + ) a(6)x' (t = 7(t)) + Zlb]-(t)x(t —0;(t)) = f(t), tel0,w]
=

j=1
x(te) = mex(te —0), ' () = X' (5 —0), k=1,2,...,7.

In this paper we find sufficient conditions of positivity of Green’s functions for this im-
pulsive equation coupled with two-point boundary conditions in the form of theorems
about differential inequalities.

Choosing the test function in these theorems, we obtain simple sufficient conditions.
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1 Introduction

Let us consider the following impulsive equations:

P P

(Lx)(t) = x"(t) + X;aj(t)x’(f —7(t) + Z; bi(t)x(t—0;(t)) = f(t), te[0w] (L1
= =

x(tk) = 'ykx(tk—O), x'(tk) = 5kx'(tk—0), k= 1,2,...,7’, (12)

O=th<h<h< <t <t=uw,
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x()=0, (<0 (1.3)

where f,a;,b; : [0,w] — R are summable functions and 7;, 6, : [0, w] — [0, +-00) are measurable
functions for j = 1,2,...,p. Here p and r are natural numbers, 7y, and J; are real positive
numbers.

Let D be a space of functions x : [0,w] — R such that their derivative x'(t) is absolutely
continuous on every interval t € [t;,tiy1), i =0,...,7, X € L, there exist the finite limits
x(t; —0) = lim,_,,- x(¢) and x'(t; — 0) = lim,_,,- x’(¢) and condition (1.2) is satisfied at points
ti i =0,...,7). We understand solution x as a function x € D satisfying (1.1)—(1.3). For
equation (1.1) we consider the following variants of boundary conditions:

x(0) =ag,  X'(0) = Bo, (1.4)
x(0) =ag, X' (w) = Bo, (1.5)
x'(0) = o, x(w) = Bo. (1.6)

(1.7)

Differential equations with impulses have attracted the attention of many researchers.
Note the monographs [2,4, 18,22, 23,26], in which problems of existence, uniqueness and
stability are considered.

In the works [7,15,18,19,22,23,26], impulsive ordinary differential equations are consid-
ered. Let us assume that all trajectories of solutions to non-impulsive ordinary differential
equation are known. In this case, impulses imply only choosing the trajectory between the
points of impulses, but we stay on trajectories of corresponding solutions of a non-impulsive
equation between the points of impulses t; and t;,1. In the case of impulsive equation with
delay it is not true anymore. That is why properties of delay impulsive equations can be quite
different. Oscillation/nonoscillation and stability of delay differential equations are consid-
ered in [1,5,6,8,9,25]. Delay impulsive differential equations of second order are considered
concerning stabilization by impulses in [14,20]. For second order delay differential equations,
we note the paper [24] where their nonoscillation is studied. There are almost no results about
boundary value problems for impulsive differential equations of high orders. Note that sec-
ond order ordinary impulsive differential equations are considered in [3,7,15]. The Dirichlet
boundary value problem is studied in [21] and the generalized Dirichlet problem in [13,16,21].
For delay differential equations, there is only the paper [10].

Let us introduce a function C(t,s): C(-,s), as a function of t, for every fixed s : t;, < s <
ti+1 (is =0,...,7), satisfies the equation

x"(t) + iaj(t)x’(t —7(t) + i bi(t)x(t —6;(t)) =0, s <t (1.8)
j=1 j=1
x(tk) :'ykx(tk—O), x’(tk) :(5kx’(tk—0), k=i+1,...,r, (1.9)

tis <S<ti5+1 << B <y =w,
x(0) =0, g <s. (1.10)

and the initial conditions C(s,s) = 0, £C(s,s) = 1. Note that C(t,s) = 0 for t < s. It is clear
that for every s this function is defined uniquely. We call this function C(f,s) as the Cauchy
function of (1.1)—(1.3). From the formula of solutions’ representation for system of delay
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impulsive equations (see [9]) follows that the general solution of (1.1)—(1.3) can be represented
in the form

(1) = 01()x(0) + 0a(0) (0) + [ Ot ) f(s)ds (1.11)
where v, v, are the solutions of the homogeneous equation (1.12), (1.2), (1.3) where
(Lx)(t) =0, t € [0, w] (1.12)
satisfying the initial conditions
v1(0) =1, 01(0) =0, ©(0)=0, v5(0)=1. (1.13)

According to the definition of C(t,s) it is clear that C(¢,0) = va ().
Note for example, that for the auxiliary equation (1.14), (1.2), (1.3) where

X (1) = (1), (1.14)

we obtained in [11] the following formula for its Cauchy function Cy(t,s)

r i—1 i i i -1 i
Co(t,s) = Z H ’Yk(thrl —s)+ 2 n’yk H Oty — 1) + H Oe(t—t;)
i=1j=0 |k=j+1 I=j2k=l  k=ji1 k=it
X [Hti(t> - Hfz‘+1(t>][Hfj(S) - Hfj+1 (S)] (1.15)

+ i(:)Hs(t)(t —8)[Hy, (t) — Hy.,, (1)][Hy, (s) — Hs,,,, (5)],

where H; (t) is the Heaviside function

1, <t
Hy () = {0 t1<—t_ (1.16)
’ [

From the general theory of functional differential equations [2] we have the following
fact. If every one of the boundary value problems, of equation (1.12) with a corresponding
condition

x(0) =0, x'(0) =0 (1.17)
x(0)=0, x'(w)=0 (1.18)
x'(0) =0, x(w) =0 (1.19)
has only trivial solutions, then their solution can be represented in the form
t
x(t) = / G(t,5)f(s)ds, (1.20)
0

where G(t,s) is called the Green’s function of the corresponding problem. The form of Green's
function G(t,s) of every problem can be obtained using the representation (1.11) of general
solution of (1.1)—(1.3).

In this paper, we develop the approach of [9] for second order impulsive equations (1.1)-
(1.3). This approach is based on the construction of Green’s functions of auxiliary impulsive
equations. Note that for first order functional differential equations, these Green’s functions
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even for nonlocal boundary value problems are constructed in [12]. We construct Green’s
functions for two auxiliary boundary value problems for second order impulsive equations.
Our approach is based on a reduction of the impulsive boundary value problem to an integral
equation; and then corresponding Krasnoselskii’s theorems about estimates of the spectral
radius are used [17]. On this basis, we obtain theorems on differential inequalities allowing to
make the conclusion about sign constancy of Green’s functions. Choosing the test functions,
we get conditions of positivity /negativity of the Green’s functions.

Our paper is constructed as follows. After introducing the main questions in the introduc-
tion, we construct Green’s function of the auxiliary problems in Section 2. In Section 3, we
demonstrate graphs of Green’s functions of the axuiliary problems. Then we discuss negativ-
ity of these Green’s functions and their derivatives in Section 4. In Section 5, we obtain the
main results of the paper in the form of assertions about differential and integral inequalities.
Efficient tests are also obtained on this basis in Section 5.

2 About Green’s functions for the auxiliary boundary value
problem

We want to obtain a representation of the Green’s function G} (t,s) of the auxiliary boundary
value problem (1.14), (1.2), (1.3), (1.5). We use the second boundary condition x'(w) = By in
order to find a representation of x'(0) through ay and By. From the general solution (1.11) of
equation (1.1)—(1.3), we get

j+1

Y(w) = fo = sh(@ho+ | 5Co(t0)| +2/}[ Cots)] (o

t=

In [11] it was obtained that
r
=11 t € [t w]
i=1

and v} (w) = 0. From here, we obtain for problem (1.14), (1.2), (1.3), (1.5) that

BT g S Colt )y £(5)ds

x'(0)
[gCo(t,O)} t=w
where 3
9 gco(t,@, t# ty,
gCQ(t S)

d
— t — = ty.
5katC0( k—0,9), k

where J; defines the impulse of the derivative at the point t;. The general solution for the
auxiliary boundary value problem with (1.5) can be represented now in the form:

Bo
g + Co(t,0
EV o+ Co >[atCO(t O)Lw .
+/ Colt,s) — Co(t,0) 5], , F(s)ds, e (ttin) -
! 0 [atCO<tlo)L:w ’ e
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Thus the Green’s function G}(t,s) of problem (1.14), (1.2), (1.3), (1.5) is

El
M, t € (i tjs). (2.2)
t

=W

Go(t,s) = Co(t,s) — Co(t,0)

Summarizing, we have obtained the actual representation of Gé(t,s) and formulate the fol-
lowing lemma.

Lemma 2.1. The general solution for the auxiliary boundary value problem with impulses (1.14), (1.2),
(1.3), (1.5) can be represented in the form:

w
x(t) = Vi (t) + / Gl(t,5)f(s)ds,  te0,w] 2.3)
0
where the Green's function G} (t,s) of this problem is
1 [%Co(t,s)] t=
Go(t,s) = Colt,s) = Co(t,0) ————=== t € (4 tj11) (2.4)
[Eco(t'o)] t=w
where the Cauchy function Cy(t,s) of this problem is defined by (1.15) with Cy(t,s) = 0 for t < s and
i
Vl(t) :H’)’iﬂéo—}—Co(t,O)aL, t e [t]',tj+1), jZO,l,...,T, to = 0. (2.5)
i1 [;Co(t,o)} o

Let us describe a formula for Gl(t,s) using the formula of Cy(t,s) described by (1.15),
t € [titiy1), s € [tj, tjir1). We get

Crj(w,s) (A, (w) = A,y (W) 4 TTi=ji1 5

Gi(t,s) = Cii(t,s) — Ci(t,0 (2.6)
olt:5) = Cilt:s) = Colt, 005 5 6 Ay () = A (@) + TTos
where
i i -1
IT mCisa—=s)+ Y, TTwe T1 o(ti—tica)
k=jt1 I=j12k=1  k=j+1 o
Z. , Q>
Cij(t,s) = + I ot —t;) (2.7)
k=j+1
t—s, i=],
0, i<ij

and A, is the Dirac delta function.

Let us get a representation of the Green’s function G;(t, s) of a general second order linear
differential equation with (1.6). The general solution for this problem is presented in equation
(1.11). Let us use the second boundary condition x(w) = By in order to find a representation
of x(0) through ay and By. From the general solution of the problem, we get

Bo = () = x(0)1 (@) + ¥ (0)2(w) + [ Clew,8)f(5)ds.
From here, we obtain

02 (W)
v1(w) +Bo

x(0) = — /Ow C(w,s)f(s)ds — ag

v1(w)
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and the general solution can be represented in the form:

_ 02(w) 1 @ 1 (t)
x(t) = —“Ovl(f)m + agvp(t) + ﬁoﬁ(ﬂm —l—/o [C(t,s) — vl(w)C(w,s) f(s)ds.
Thus the Green'’s function G,(t,s) of this problem is
_ o1 (t)
Ga(t,s) = C(t,s) — Ull(w)C(w,s). (2.8)

For our specific case, we have v (t) = Hf.':l Yi, t € [tj, tiz1), va(t) = Co(£,0) and C(t,s) =
Co(t,s). Substituting v1(t), v2(t) and C(t,s) into this formula, we obtain the following lemma
for problem (1.14), (1.2), (1.3), (1.6).

Lemma 2.2. The general solution for the auxiliary boundary value problem with impulses (1.14), (1.2),
(1.3), (1.6) can be represented in the form:

w
x(O) =Va(t) + [ GR(t5)f(s)ds,  tefo,wl, (2.9)
0
where the Green’s function G5(t,s) of this problem is

i
l—I;’_llzll(:O(a)rS)/ te [t]/ tj-i-l)l (210)
1= 1

where the Cauchy function Cy(t,s) of this problem defined by (1.15) with Cy(t,s) = 0 for t < s and

G3(t,s) = Co(t,s) —

T, 7 T,
Va(t) = —apCo(w,0) =t 17’ + aoCo(t,0) + Bost 17’ tE [t tit1). (2.11)
i=1 I i=1 i

Let us construct a formula for G3(t,s) in another form. By using the formula of Co(t,s) we
obtain that for f € [ti, ti+1), s € [t]‘, t]'+1)

T, %
G3(t,8) = Cii(t,8) — Cyi(w,s) —k=L 1% (2.12)
3(65) = Cylt,9)— a0, ) D=t

3 Graphs of Green’s functions for auxiliary problems

Let us construct the graph of the Green’s function of (1.14), (1.2), (1.3), (1.5). According to
the properties of Green’s function (see [2]), the Green’s function G}(t,s) of the problem (1.14),
(1.2), (1.3), (1.5) is a solution of the equation x”(t) = 0. We obtain Figure 3.1 in the case r = 4.

Let us construct the graph of the Green’s function of (1.14), (1.2), (1.3), (1.6). According to
the properties of Green'’s function (see [2]), the Green’s function Gg(t, s) of the problem (1.14),
(1.2), (1.3), (1.6) is a solution of the equation x”(t) = 0. We obtain Figure 3.2 in the case r = 4.

4 Sign constancy of the Green’s functions and their derivatives for
the auxiliary impulsive equation

In this section, we prove positivity or negativity of the derivatives of Green’s function for one
and two-point impulsive problems with the auxiliary equation x”(t) = f(#).
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/\G:[t:s‘l
0 t, t s t t, ) K
”
Figure 3.1: G(t,s) for s € (0, w).
MG
0 t, t: 3 t t4 @ \t
-~

Figure 3.2: G(t,s) for s € (0, w).

Lemma 4.1. If1 < v, 1 <&, k=1,...,r, then the operators Cy : Lo — Leo a1d C| : Lo = Lo
defined by

(Cof)(t / Co(t,s)f (4.1)

(A =5 / Colt,s)f (4.2)

are positive.
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Proof. It is clear from (1.15) (see [11]) that Cp is a positive operator. Let us assume that ¢t €
(ti, ti+1) and s € (t]', t]'+1), where i 2 j, Z,] = 0,. R i’o =0.Ifi = j, then %Co(t,s) =1 2 0. If
i > j, then

0
87C0 t S H §k > O

t k=j+1
since 0y > 0,k =1,...,r. Since 1 < 74,1 < J; it is clearly to see that the operator C(’) is also
positive. Lemma 4.1 has been proven. ]

Lemma 4.2. If1 < 9,1 < &, k=1,...,7, then the operators G} : Lo — Leo and G} : Leo — Leo
defined by

w
(G)(E) = /O G (1) ()ds
@GN =5 [ atf)s
are negative.
Proof. Let us assume that t € (t;,t;11) and s € (t]-, t]-+1), where i < j, i,j =0,...,7,tp = 0.

Then [a }
d d 5Co(t,s)
atGO( s) = atCO(t'O)w

Fori > j, itis clear that %G})(t,s) = 0. For i = j we get %G(l)(t,s) < 0ift <sand %G(l)(t,s) =0
if s > t. From here, it is clear that the operator Gél is negative. Since 1 < 7, 1 < J, it is clear
that the operator G} negative (see for example Figure 3.1). Lemma 4.2 has been proven. [

= —H&kn" Sl g
Hk 15k

=w

Let us consider the following example demonstrating that this operator defined by (4.4) in
the case 0 < 71 < 1 is not negative.

The function ,
E42t, te0,2),
x(t)=42" 0.2) (43)
C—4t+6y+6, te[2,4],

is a solution of the problem

() =1, telo4]
x(0) =0, X( ) =0, (4.4)
x(2) = yx(2-0), x'(2) =x'(2-0).

It can be easily observed that the function x(¢) monotone on [0, 4] if and only if v > 1.

Lemma43. I[f 0 < v <1, 0< 6 <1, k=1,...,r, then the operator GS : Lo — Loo defined by
w
(@N(1) = [ G3ts)f(s)ds @5)
is negative and the operator Gé/ : Lo = Lo defined by

G NG =5 [ Girs)fe)s o)

is positive.
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Proof. From the formula of GZ(t,s) it is clear that $G2(t,s) = 2Co(t,s) for every t # t
and for almost every s. Hence, the operators C), defined by (4.2) and G2 defined by (4.6)
coincide. From Lemma 4.1 the operator Cj is positive, so the operator Gé’ is also positive.
Since 0 < 7, <1, 0 < & < 1, it is clear that the operator Gé is negative (see for example
Figure 3.2). Lemma 4.3 has been proven. O

5 Nonpositivity of Green’s function for the two-point impulsive
problems

In this section, we prove theorems about the negativity of the Green’s functions G (t,s) and
Ga(t, s) for the given problems (1.1)—(1.3), (1.5) and (1.1)—(1.3), (1.6). Then we will demonstrate
examples in order to find sufficient conditions for their negativity.

Theorem 5.1. Assume that aj > 0, bj >0forj=1,...,.p, 1 <y, 1 <, fork=1,...,r and
there exists the function v € D and € > 0 such that

(Lv)(t) < —e <0, o(t)>0, o'(t)>0, "(t)<0, te (0,w), (5.1)

where the differential operator L is defined by (1.1). Then the Green’s function G;(t,s) of (1.1)—~(1.3),
(1.5) satisfies the inequality G1(t,s) <0, (t,s) € [0,w] X [0, w].

Proof. Let v”(t) = z(t) where z € Lo, then we can write
w
o(t) = [ Gh(t,s)z(s)ds + VA (), (5.2)
0

where G| (t,s) is the Green’s function of the problem (1.14), (1.2), (1.3), (1.5). After substitution
we obtain

M-

Il
—_

M-

z(t) = (Kiz) () + (Lo) () = ) aj(O)Vi(t — 7j(t)) —

j=1 j

bj(t)Va(t —6;(t)), (5.3)
where

(Ki2) (1) == Las(t) [ S:Gh(E =50, 9)2(6)ds

P
— Y byt /Got—()(t) §)z(s)ds

J=1

where 2G}(t — 7i(t),s) = 0if t — 7j(t) < 0 and G{(t — 0;(t),s) = 0if t —0;(t) < 0. By
Lemma 4.2, in the case 1 < 7, 1 < &, we have positivity of the operator K; : Lo — Leo.
Now, from the condition about existence of v satisfying (5.1), we get that z(t) = v"'(t) <
0, Z(t) = —z(t) > 0 and then there exists € > 0 such that Z(t) — (K12)(f) = —(Lv)(t) +
E]r-’zl aj(t)Vi(t—7(t)) + E]r-;l bi(t)Vi(t —0;(t)) > €. We can write the assertion obtained in
[17, p. 86] for our case in the following form.

Lemma 5.2. If there exists a function z € Lo and positive € such that z(t) > €, z(t) — (Kyz)(t) > €
fort € (0,w), then p(K;y) < 1.
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From here, the spectral radius p(Kj) of the operator Kj : Leo — L is less than one.
Assume now that f > 0 and demonstrate that x < 0. After the substitution

x(t) = /0 Gl )z(s)ds + Vi (8), (5.5)
we obtain
(1) = (Ki2) () + £(0) - Y aOVilt - 5(0) - LBVt -60), 60
j=1 j=1

where Kj is positive operator and its spectral radius p(K;) < 1. Then

2(t) = (1= K) 7 f (1) = f() + K f (1) + KEF (1) + -+ (5.7)

is nonnegative, and x obtained by (5.5) is nonpositive. Since this is true for every nonnegative
function f, we can make a conclusion that the solution of problem (1.1)—(1.3), (1.5) exists for
every summable function f. Now it is clear that the solution of this problem has the integral
representation (see (1.20)) with the kernel G;(t,s) (Green’s function of (1.1)—(1.3), (1.5)). We
proved that, for every nonpositive right hand side function f, the solution x is nonpositive.
From here, it follows that G;(t,s) < 0.

Theorem 5.1 has been proven. ]

Example 5.3. Let us now find an example of a function v satisfying the condition of Theo-
rem 5.1. To this end, let us start with v(t) = t(2w — t) in the interval t € [0,t;) where € is a
small positive constant. The function v in the rest of the intervals will be of the form

o(t) =o(t) +0' () (t—t;) = (t=8)%, tE[ttinn), i=1...1 Hpu=w (5.8)
where
o(ti) = yiv(ti — 0), (5.9)
U,(ti) = 5iv’(t1- — 0)
Thus
v(t) =tQRw —t), te]0,t), (5.10)
o(t) =o(t) +0' () (t—t) — (t—t)%, tE [t tin),
where v(t;) and v/ (t;) can be presented in the forms
i i i
v(t) = (2w —t1) [T+ Yo' () (e — i) [ s
=1 k=2 j=k
i i (5.11)
- Y (b —t-)*T s
k=2 =k
U/(tl') = 2(6() — tl) H;':l (5] — 22;(:2 (tk — tkfl) H}:k 5]
Let us assume that v(t) > 0 and substitute this v(t) into condition (5.1) of Theorem 5.1.
For the next corollary, we use the following notation:
—_— / . p— .
0O = max [0'(t;) — 2], (5.12)
o'(t) |, ,
)y = max | max ©v +t; ), max o(t;)|, (5.13)
=12, 2 i=0,1,...,

where v(t,41) = v(w).
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Corollary 54. Ifa; > 0,b; >0, 1 <y, 1 < 6, j=1,...,p, v(t) defined by (5.10) is positive for
t € (0,w) and
p P
O ) ai(t) + ) bi(t) <2, (5.14)
j=1 j=1

then the Green's function Gy (t,s) of problem (1.1)—(1.3), (1.5) is nonpositive.

Proof. Let us substitute this v(t), defined by (5.10), into the assertion of Theorem 5.1.

24 iﬂi(t) max [0/ (t;) — 24]
1:1 1 oo

=1,2,..r

(5.15)

; (t)

+ g b;(t) max max v ==+t 'i:%}%.).(,,rv(ti) <0,
and we get the condition
P p

O ) ai(t) + Q) bi(t) <2. (5.16)

j=1 =1
O

Let us demonstrate this with two numeric examples.
Example 5.5. If r =1,71 =61 =12, = % and w = 1, then we get the following condition

0.1 Zp:a]-(t) +0.9fb]-(t) <2 (5.17)
j=1 j=1

for the nonpositivity of the Green’s function.

Example 5.6. If r = 2,971 =61 = 12 = 0 = 1.2, = %,tz = % and w = 1, then we get the

following condition

P P

0.933 Z aj(t) +1.114 Z b]'(t) <2 (5.18)
=1 =1

for the nonpositivity of the Green’s function.
In the particular case a;(t) =0, j = 1,..., p, we have the following corollary.
Corollary 5.7. Ifb; >0, 1 <y, 1 <6, j=1,...,r,and

0% i bi(t) <2, (5.19)
j=1

then the Green'’s function Gy (t,s) of problem (1.1)—(1.3), (1.5) is nonpositive.

Example 5.8. It is clear from the proof of Theorem 5.1 that our approach to study nonpositivity
of the solution x(t) for every nonnegative f(f) can be extended to equation with general
deviating argument (i.e. without the assumptions T > 0, 6 > 0). Consider the non-impulsive
equation x”(t) + x(1) = 0. The two-point boundary value problem for this equation with the
conditions x(0) = 0, ’(1) = 0 has the nontrivial solution x(t) = #(2 — t). This means that not
for every f(t) does there exist a solution for this problem and of course the Green'’s function
does not exist. Computing (), according to formula (5.13), we get () = v(1) = 1. We see
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that inequality (5.19) cannot be improved even in the non-impulsive case. For the equation
x"(t) + x(g(t)) = f(t) with g(f) “close” to 1, (5.19) will give “almost exact” estimate. The
same could also be obtained in the case of the impulses t; situated “close” to 1 with 7;,J;
“close” to 1.

We can estimate the interval [0, w], where the Green’s function is nonpositive. More ex-
actly, solving the initial value problem (Lv)(t) < 0, v(0) = 0, v/(0) = u > 0. If its solution
v(t) and its derivative v'(t) are positive, then the conditions of Theorem 5.1 are fulfilled and
G1 (t, S) S 0.

Theorem 5.9. Assume that aj < O,b]- >0forj=1,...,p, 0 <1 <1,0< <1fork=1,...,r
and there exists the function v € D and € > 0 such that

(Lo)(t) < —e <0, wo(t)>0, o(t) >0 "(t) <0, te (0,w), (5.20)

where the differential operator L is defined by (1.1). Then the Green’s function Gy(t,s) of (1.1)—(1.3),
(1.6) satisfies the inequality Gy (t,s) <0, (t,s) € [0,w] x [0, w].

Proof. Let v"(t) = z(t) where z € Lo, then we can write

o(t) = / Y G2t 5)z(s)ds + Va(t), (5.21)

0

where Gg(t, s) is the Green'’s function of the problem (1.14), (1.2), (1.3), (1.6). After substitution
we obtain

z(t) = (Kaz) (t) + (Lo)(t) — i ( Y3 (t — T] i b] YWal(t— t)), (5.22)
j=1 j=1
where
p w 9
(Kaz) (1) == La(t) | 5:GB(t = 5(8),9)2(5)ds

= (5.23)

P
— Y byt /Got—G(t) §)z(s)ds

j=1

where 2G3(t — 7j(t),s) = 0if t — 7j(t) < 0 and G2(t — 6;(t),s) = 0if t —6;(t) < 0. By
Lemma 4.3, in the case 0 < 7, < 1,0 < J; < 1 we have positivity of the operator K : Loo — L.
Now, from the condition about existence of v satisfying (5.20), we get that Z(t) = 0" (t) < 0,
z(t) = —Z(t) > 0 and then there exists € > 0 such that z(t) — (Kzz)(t) > €. From here, the
spectral radius p(K3) of the operator K; : Lo — Lo is less than one.

Assume now that f > 0 and demonstrate that x < 0. After the substitution

x(t) = /0 " Gt 5)2(s)ds + Va(b), (5.24)
we obtain
z(t) = (K2z) ( Z ai(t Ti(t)) — i bi(t)Va(t — 6;(t)), (5.25)



Sign-constancy of Green’s function of a two-point problem 13

where K is positive operator and its spectral radius p(K;) < 1. Then
2(t) = (1= Ka) U f (1) = f(8) + Kof () + K3f (1) + - - (5.26)

is nonnegative, and x obtained by (5.24) is nonpositive. Since this is true for every nonnegative
function f, we can make a conclusion that the solution of problem (1.1)—(1.3), (1.6) exists for
every summable function f. Now it is clear that the solution of this problem has the integral
representation (see (1.20)) with the kernel G,(t,s) (Green’s function of (1.1)—(1.3), (1.6)). We
proved that, for every nonpositive right hand side function f, the solution x is nonpositive.
From here, it follows that G,(f,s) < 0.

Theorem 5.9 has been proven. O

Example 5.10. Let us now find an example of a function v satisfying all conditions of Theo-
rem 5.9. To this end, let us start with v(t) = (w +t)(w — t) in the interval ¢ € [0,t;) where €
is a small positive constant. The function v in the rest of the intervals will be of the form

o(t) =o(t) + 0 (E)(t—t) — (t—1)%, tE[titin), i=1,...,r, by=w (5.27)

where
o(t;) = vio(ti — 0), (5.28)
U’(ti) = 51'0,(151' — 0)
Thus
t) = w—t), telot),
(0 = (@ w1, tef0n), 529
v(t) =o(t;) + 0 (4)(t—t;) — (E—t)%, tE€ [ty tiy1),
where v(t;) and v/ (t;) can be represented in the form
i i i
o(t) = (w+h)(w—t) [T+ Yo't (e — i) T T
j=1 k=2 =k
i i (5.30)
- Z (ke — tx—1)? H’Yj,
k=2 j=k
U/(ti) = —2t1 H}:l (5] — 22;(:2 (tk — tk—l) H}:k (5]
Let us assume that v(t) > 0 and substitute this v(t) into the assertion of Theorem 5.9
For the next corollary, we use the following notation:
01 = max |0'(f) —2t], (5.31)
i=1,2,...r
v'(ti)
)y = max [ max v< +ti), max v(ti)], (5.32)
i=1,2,...,r 2 i=01,...r

where v(t,41) = v(w).

Corollary 5.11. Ifa; <0, b; >0, 0 <1, <1, 0< 6 <1, j=1,...,p, v(t) defined by (5.29) is
positive for t € (0,w) and
4 4
Q1 ) |ai(t)] + Q2 ) bi(t) <2, (5.33)
j=1 j=1

then the Green'’s function Gy(t,s) of problem (1.1)—(1.3), (1.6) is nonpositive.
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Proof. Let us substitute this v(t), defined by (5.29), into the assertion of Theorem 5.9

|4
=2+ ) |ai(t)] max |v'(t;) — 2t
-1 i=1,2,...r (5 34)

+ibi(t)max[ max o (250 1), max ()] <0,

i i=1,2,...r 2 i=0,1,...,r

and we get the condition (5.33). O

Let us demonstrate this with two numeric examples.

Example 5.12. If r =1, 1 =61 =12, 1 = % and w =1, then ()1 = 2.2, (3, = 1 and we get
the following condition

2.2 i a;(t) +1Y_bi(t) <2 (5.35)
j=1 j=1

for the nonpositivity of the Green’s function.

Example 513. If r = 2, 71 = 61 = 12 = 6 = 12, H = %, t, = % and w = 1, then
0, =3.888, () = % and we get the following condition
P 16 4
. i(t — (t 2 .
3888j_zla]( )+ 15;@( ) < (5.36)

for the nonpositivity of the Green’s function.
In the particular case a;(t) =0, j = 1,...,p, we have the following result.
Corollary 5.14. Ifb; >0, 0 < 7 <1, 0< 6 <1, j=1,...,r,and

(03 i b](t) <2, (5.37)
=1

then the Green'’s function Gy(t,s) of problem (1.1)—~(1.3), (1.6) is nonpositive.

Remark 5.15. In the case of non-impulsive equation (1.1), wherea; =0, b; > Oforj=1,...,p,
we have () = max;—,._,+19(t;) = v(0) = w? and condition (5.33) will be of the form

P 2

3 bi(t) < 2 (5.38)

]

This condition cannot be improved. Actually, for the equation x”(t) + x(0) = f(¢),t €
[0, w], condition (5.33) is exact one, since the function x(f) = (w — t)(t + w) is a nontrivial
solution of the problem x”(t) +x(0) =0, t € [0, w], ' (0) =0, x(w) = 0.

It is clear that our condition will be close to optimal also for x”(t) + x(g(t)) = f(t), where
¢(t) is small enough.
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