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Abstract
This paper deals with the existence of a bounded nonoscillatory solution of
nonlinear neutral type difference systems. Examples are provided to illustrate
the main results.
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1 Introduction

Consider nonlinear neutral type difference systems of the form

A? (x1(n) — ay (n) 21 (n — k1)) = p1 (n) fi (22 (n — £2)) + €1 (n) (1)
A? (x3 (n) — az (n) x2 (n — k2)) = pa (n) fo (x1 (n — £1)) + €2 (n)

where A is a forward difference operator defined by Az (n) = z(n+1) — z(n),
n € N(ng) = {no,no+1,---}, ng > 0, k;,¢; are non negative integers {a; (n)},
{pi (n)},{ei (n)} are real sequences and f; : R — R is continuous function for i = 1, 2.

Let 6 = max {kq, ko, ¢1,02}. By a solution of the system (1) we mean a function
X = ({z1(n)},{z2(n)}), defined for all n > ng — @ , and which satisfies the system
(1) for all n > ny.

In this paper, we obtain some sufficient conditions for the existence of a nonoscil-
latory bounded solutions of the system (1) via fixed point theorems and some new
techniques. Here we allow the sequences {p; (n)} and {e; (n)},i = 1,2, to be oscilla-
tory. The existence of nonoscillatory solutions of neutral type difference equations has
been treated in [1, 2, 6, 12] and in papers cited therein.
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2 Main Results

In this section, we obtain sufficient conditions for the existence of bounded nonoscilla-
tory solutions of the system (1). We consider the following cases:

(i)0<a;i(n) <1, (i) 1<a =a;(n) <oo,i=1,2, and their combination.

In this sequel we use the following fixed point theorem.

Lemma 2.1 [Krasnoselskii’s fized point theorem] Let B be a Banach space. Let S be
a bounded, closed, conver subset of B and let F', T be maps of S into B such that
Fe+TyeS forallz,y € S. If F is contractive and T is completely continuous, then
the equation

Frx4+Tx=x

has a solution in S.
The details of Lemma 2.1 can be found in [1] and [4] .

Theorem 2.1 Assume that 0 < a; (n) < a; <1,

e}

S nlpi ()] < o0 o

n=ng
and

<o0,i=1,2 (3)

Z ne; (n)

Then the system (1) has a bounded nonoscillatory solution.

Proof. In view of conditions (2) and (3), one can choose N € N (ng) sufficiently large

that
g n|p'(n)|<1 ! E ne; (n) <1 Li=1,2
eN ‘ 5Mz ’ ~ ! 10 T

where M; = max {|f; (ys—; (n))] : 2% < y3_; (n) < 1},i=1,2.
Let B (ng) be the set of all real valued sequences X (n) = ({z1 (n)}, {x2 (n)}) with
the norm ||z (n)|| = sup (|z1 (n)|, |z2 (n)]) < co. Then B (ng) is a Banach space. We

n>ng
define a closed, bounded and convex subset S of B (ng) as follows:

2—2ai

le(n) S ]-72.:172777/2710}-

S = {x(”) = ({z1 ()}, {2 (n)}) € B (no) :
Let maps F' = (F1, Fy) and T' = (T1,T3) : S — B (ng) be defined by

7-7&2‘
(Ex)(n): ai(n)xi(n_ki)+ ,n>N,
(ESL’)(N),TI,O S’I’I,ST,Z:LQ,
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and
(T;z) (n) = E(S—TL*U( pi (8) fi(w3_i (s —l3_5) +ei(s))),n >N,
(Tiw) (N, ng<n<Ti=12.

First we show that if z,y € S, then Fa + Ty € S. Hence, for x = {x(n)} and
y={y(n)} € Sand n > N, we have

7 — 7aZ

(Fiz) (n) + (Tiy) (n) < a; (n) zi (n — ki) + +Z (s =n+1)[pi (s)]

o0

Z(s—nJrl)ei(s)

S=n
Z “se; ()
sS=n

7 — Ta; >
<a;+ 10 +Mi23|pi<3)‘+
< a;+ + + t=1,i=1,2.

7-7&2‘ 1—ai 1—aq;
- 10 5 10

|fi (y3—i (5 — l5-3))| +

Further we obtain

(Eix) (n) + (Tiy) (n)

7—Ta; > >
25 <Z (s =0+ 1) [p; ()] fi (g3 (s = L)) + | D (s =+ D)es (8))
Z 7—7(1,2 _1—(1,2‘_1—(% :2—2(11’221’2
10 3 10 5

Hence Fx +Ty € S for any z,y € S, that is, FSUTS C S. Next we show that F'is
a contraction on S. In fact for z,y € S and n > N, we have

|(Fiz) (n) = (Fiy) (n)] < a; (n) [2; (n = ki) = y; (n = ki)
<max () |z; (n— k) —y; (n— k)|, i=1,2.

This implies that
[Fz = Fy|| < af lz — y]|.

Since 0 < |a| < 1,a = (a1, az) , we conclude that F' is a contraction mapping on S. Next
we show that T is completely continuous. For this, first we show that 7" is continuous.

Let zp = ({21 (n)}, {z2x (n)}) € S and xy (n) — z; (n) as k — oo,i = 1,2. Since S is
closed, © = (21 (n),xz2 (n)) € S. For n > N, we obtain

|(Tizy)(n) — (Tiz)(n)]
< Z (s =n+1) |pi ()] fi (ws—ik (s = ls—s)) — fi (23-i (s — l3-4))]

< ZS i (8)| | fi (z3—in (5 — l35)) — fi (w35 (s — €33))] i = 1,2.
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Since | fi (x3_i (s — l3-;)) — fi (x3-i (s — l3_;))| — 0 as k — oo, for i = 1,2, we have T
is continuous.

Next we show that T'S is relatively compact. Using the result [[3], Theorem 3.3],
we need only to show that 7S is uniformly Cauchy. Let z = ({x1 (n)},{x2(n)}) be
in S. From (2) and (3) it follows that for € > 0, there exists N* > N such that for
n> N,

N (s =+ D) lps ()] 1fi (i (s — G| + | (s —n+ 1) e (s)| < g,izl,z

Then for ny > ny > N*, we have
[(Tix) (n2) — (Lizx) (n1)| <e.

Thus T'S' is uniformly Cauchy. Hence it is relatively compact.

Thus by Lemma 2.1, there is a 2 (n) = ({zo1 ()}, {xe2 (n)}) € S such that Fxo+
Tz, = x9. We see that {zy(n)} is a bounded nonoscillatory solution of the system (1).
The proof is now complete.

Theorem 2.2 Suppose that 1 < a; = a;(n) < oo and conditions (2) and (3) hold.
Then the system (1) has a bounded nonoscillatory solution.

Proof. In view of conditions (2) and (3), we can choose N > ny sufficiently large that

[e.9]

a; — 1 a; — 1
> sne) < G5 | 2 ses)] <
s=N+k; s=N+k;
where D; = max { fi (37:@@) } ,0=1,2.

ai—1<a{™ <24,
Let B (ng) be the Banach space defined in the proof of Theorem 2.1. We define a
closed,bounded and convex subset S of B(ng) as follows:

S={x={Hzr1(n)},{za(n)}) € B(ng):a;, —1 <z;(n) <2a;,i=1,2,n>ng}.

Let maps F' = (F1, Fy) and T'= (T1,T») : S — B (ng) be defined by

3a; — 3 1
: ) kz ) >N7
(Fa)m) =4 ~ 2 Tamunthlmz
(Fix) (N),ng<n<N,i=12.

(Tix) (n) ={  a; zn) D (s=n—k) (i (s) fi(ws-i (s —ls-i)) +ei () n 2 N,
(7};)15{7]6)1, no<n<N,i=1,2.
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Now we show that F' is a contractive mapping on S. For any =,y € S and n > N, we

obtain
|(Fiz) (n) — (Fy) (n)| < ﬁ i (n+ ki) — yi (n + k;)|

1 1
< s lo—yl <max{ L=yl i= 12
a; a

7 7

This implies that
1
IPo = Pyl < ma{ 2i = 1,2} o -],
a<

)

1
Since 0 < max < —,7 = 1,2 < 1 we conclude that F'is a contraction mapping on .S.

Next we show that for any x,y € S, Fx + Ty € S. For every x,y € S and n > N,
we have

3a; — 3 1
(Fiw) () + (Tg) (n) < 5= s (n + )
1 o0
e D (s ki ) Ip ()] 1 (i (5 = £s-0)
a; (n)
s=n-+k;
+ Z (s —ki—n+1)e;(s)
s=n+k;
<3(li_3—|—2+(D- i s|pi (s)| + i se(s))
— 2 (3 pl 1
s=N+k; s=N+k;
=2 3 6 T o
Further, we obtain
3a; — 3 1
(Fiz) (n) — (Tiy) (n) > a2 o n)xi(n+ki)
1 o0
ey [ D (s =i nt 1) [pi ()] 1fi (i (5 — a-)]
s=n+k;
+ Z (S_ki_n+1)€i(8)]
s=n-+k;
3&2‘—3 > °
e G R C R Rty
3ai_3 a/z‘—l (1,2‘—1 .
=z - - =a;—1,i=12
z 5 5 a; — 1,1 ,
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Hence
a; — 1 < (Fiz) (n) + (Tyy) (n) < 2a;,i = 1,2 for n > ny.

Thus we proved that Fz + Ty € S for any x,y € S.

Proceeding similarly as in the proof of Theorem 2.1, we obtain that the mapping T
is completely continuous. By Lemma 2.1, there is a xq € S such that Fxg+ Txg = xg.
We see that {z((n)} is a non oscillatory bounded solution of the system (1). This
completes the proof of Theorem 2.2.

Theorem 2.3 Suppose that 0 < a; (n) < a; < 1,1 < ay = ay (n) < oo and conditions
(2) and (3) hold. Then the difference system (1) has a bounded nonoscillatory solution.

Proof. In view of conditions (2) and (3), we can choose a N > ny sufficiently large

that
in| (n)|<ﬂ ine (n) <1—a1
Privl= =g ="
n=N n=N
and
> < 2oL S e ()] < 2
Rt D2 =~ 3D2 ) < 2 > 6 .
n= > n=N-+ko

Let B (ng) be the Banach space defined as in Theorem 2.1. We define a closed, bounded
and convex subset S of B (ng) as follows:

S = {o={a )} fr2 () € Blng): > _;al <ap(n) <1,

ay — 1 < z5(n) < 2as,n >ng}.

Let maps F' = (F1, Fy) and T' = (T1,T») : S — B (ng) be defined by

(Fiz) (n) = { ay (n) z1 (n — ky) + 7_7a1,n > N,
(Fiz) (N), ng <mn <N,
(Tyx) (n) = i(s —n+1)(pi (s) fi (w2 (s — ky)) +e1(s)),n > N,
(Thx) (N), no <n < N,
and 1 3 3

(For)(n) = 4 ay(my 2 k) + a22 n>N.

(F) (N), no <n < N,
(Trx) (n) = - szib (s —n—ky+1)(p2(s) fo(z1(s—ky1)) +ea(s)),n > N,
(Trx) (N), ne <n < N.
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As in the proof of Theorems 2.1 and 2.2 one can show that Fj, F, are contractive
mappings on S. It is easy to show that for any x,y € S. It is easy to show that for any
x,y € S, Fiz+Tyy € S and also Fyx +Thy € S. Proceeding as in the proof of Theorem
2.1, we obtain that the mappings 77,75 are completely continuous. By Lemma 2.1,
there are xg1, xgo € S such that Fixg + 11201 = To1, Foxoe + Toxgs = Tg2. We see that
zo(n) = ({xo1 (n)},{zo2 (n)}) is a nonoscillatory bounded solution of the difference
system (1). The proof is now complete.
In the following we provide some examples to illustrate the results.

Example 2.1 Consider the difference system

) 1 1, 27
8% (21 - Lo - 1)) = Latn-1) - 2
2 3n 34n A
I 1 3 )
A? .1'2(”)—51'2(”—1) = Q—nxi’(n—l)—%,nz L.
It is easy to see that all conditions of Theorem 2.1 are satisfied, and hence the system
1 1
(4) has a bounded nonoscillatory solution. In fact x (n) = ({Q—n} : {@}) is one
such solution of the system (4).
Example 2.2 Consider the difference system
—~12 2
8% (a1 (1) = 201 (0= 1) = e (0~ 1)~ o
2 _ —(26n 2n
A* (22 (n) — 222 (n - 2)) = (D +2)(n+3) (g d) 1 (n—1) - Do) ey 2 L

—~
Ot
~—

By Theorem 2.2, the system (5) has a bounded nonoscillatory solution. In fact x (n)
! ! ' h solution of the system (5)
il (R o is one such solution of the system (5).

Example 2.3 Consider the difference system

A? (a: () — 51 (n — 1>) 1)+
A2 9 1) — 1 ! 2 (n+6) 1 (6)
(22 (n) =222 (n = 1)) = goggan (n = 1) = Loy Sy~

It is easy to see that all conditions of Theorem 2.3 are satisfied, and hence the system

1 1
(6) has a bounded nonoscillatory solution. In fact x (n) = <{2—} , { 1 }) is one
" n

such solution of the system.

Remark 2.1 [t is easy to see that the difference system (1) includes different types of
(ordinary, delay, neutral) fourth order difference equations, and hence the results ob-
tained in this paper generalize many of the existing results for the fourth order difference
equations, see for example [5, 7, 8, 9, 10, 11] and the references cited therein.
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