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1 Introduction

In the present paper we consider weak solutions of the following system of equations:

u” (1) + Qu(t)) + @(x)W (u(t)) + H(t, x;u,z) + p(x)u'(t) = Fi(t,x;2), (1.1)
- i Djlaj(t,x, Dz(t),z(t);u)] + ao(t, x, Dz(t), z(t); u, z) = Fa(t, x; u), (1.2)
j=1

(t,x) € Qr = (0,T) x Q)

where () C R" is a bounded domain and we use the notations u(t) = u(t,x), u' = Dyu, u” =
D?u, z(t) = z(t,x), Dz = (aaTZl, . aa;n ), Q may be e.g. a linear second order symmetric elliptic
differential operator in the variable x; h is a C? function having certain polynomial growth,
H contains nonlinear functional (non-local) dependence on u and z, with some polynomial
growth and F; contains some functional dependence on z. Further, the functions a; define
a quasilinear elliptic differential operator in x (for fixed t) with functional dependence on u
fori =1,...,nand on u, z for i = 0, respectively. Finally, F, may non-locally depend on u.
The system (1.1), (1.2) consists of a semilinear hyperbolic functional equation and an elliptic
functional equation (containing the time t as a parameter).

This paper was motivated by some problems which were modelled by systems consist-
ing of (functional) differential equations of different types. In [4] S. Cinca investigated a
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model, consisting of an elliptic, a parabolic and an ordinary nonlinear differential equation,
which arise when modelling diffusion and transport in porous media with variable poros-
ity. In [6] ]J. D. Logan, M. R. Petersen and T. S. Shores considered and numerically studied a
similar system which describes reaction-mineralogy-porosity changes in porous media with
one-dimensional space variable. J. H. Merkin, D. ]J. Needham and B. D. Sleeman considered
in [7] a system, consisting of a nonlinear parabolic and an ordinary differential equation, as a
mathematical model for the spread of morphogens with density dependent chemosensitivity.
In [3,8,9] the existence of solutions of such systems were studied.

In [12] existence of weak solutions was proved for t € (0, T). In this paper existence and
some qualitative properties of weak solutions for t € (0, ) are proved.

In Section 2 the existence theorem in (0, T) will be formulated and in Section 3 we shall
prove existence and certain properties of solutions for t € (0, 00).

2 Solutions in (0, T)

Denote by (3 C R" a bounded domain having the uniform C! regularity property (see [1]),
Qr = (0, T) x Q. Denote by W?(Q)) the Sobolev space of real valued functions with the norm

n 1/p
ul| = [/Q (Z]D]-u|”+\u|”> dx] (2<p<o, Du=2).

j=1

The number g is defined by 1/p + 1/g = 1. Further, let V; C W2(Q) and V, € W7 (Q) be
closed linear subspaces containing Ci°(Q2), V* the dual spaces of Vj, the duality between V*

and V; will be denoted by (-, -), the scalar product in L?(Q) will be denoted by (-, -). Finally,
denote by L7(0, T; V;) the Banach space of the set of measurable functions u : (0, T) — V; with
the norm

T 1/p
lullory = | [ IOl

and L*(0,T;V;), L*(0,T; L*(Q)) the set of measurable functions u : (0,T) — Vj, u: (0,T) —
L%(Q)), respectively, with the L®(0, T) norm of the functions t [u(®)|lv;, t = u(®)2)
respectively.

First we formulate the existence theorem for t € (0, T) which was proved in [12], by using
the results of [11], the theory of monotone operators (see, e.g., [14,15]) and Schauder’s fixed
point theorem.

Now we formulate the assumptions on the functions in (1.1), (1.2).

(A1) Q: Vi — V[is alinear continuous operator such that
2
(Qu,0) = (Qu,u),  (Qu,u) = collully,
for all u, v € V; with some constant ¢y > 0.

(A2) @, ¢ : () — R are measurable functions satisfying
c1 < ¢(x) <cy, cg <t¢(x) <cp foraa.xeQ

with some positive constants cy, ¢3.



Nonlinear partial functional differential equations 3

(Az) h: R — R is a twice continuously differentiable function satisfying

h(n) >0, Ih"(17)| < const|y|*~!  for |5| > 1 where

1<A§A0=L2 ifn>3  1<A<oco ifn=2.

(Ay) H : Qr x L?(Qr) x LP(0,T;V2) — R is a function for which (t,x) — H(t, x;u,z) is
measurable for all fixed u € L2(Q)), z € LP(0, T; V), H has the Volterra property, i.e. for
all t € [0, T|, H(t, x; u,z) depends only on the restriction of u and z to (0, t). Further, the
following inequality holds for all t € [0, T] and u, u; € LZ(Q), z € LP(0,T; Va):

Htxuz 2dx < const |||z b +1 u)dxdt + u)dx +1
L (0,T;V2)

t t
/ [/ |H(t,x;u1,2) — H(T,x;uz,z)|2dx] dt < M(K,z)/ [/ lug — u2|2dx] at
0 [Ja 0 /o
if [[ujllL=(0,m1) < K
where for all fixed number K > 0, z — M(K, z) € R" is a bounded (nonlinear) operator.

Finally, (zx) — z in LP(0, T; V,) implies

H(t, X, le,Zk) — H(t, X; Uy, Z) — 01in Lz(QT) uniformly if ||uk||L2(QT) S const.

(As) Fi : Qr x LP(0,T; V2) — R is a function satisfying (¢, x) — Fi(t,x;z) € L?(Qr) for all
fixed z € LF(0,T; V») and (zx) — z in LP(0, T; V») implies that F; (¢, x;zx) — Fi(t, x;z) in
L*(Qr).

Further,
T
1B (2 ey < const [1+ 1205 1,0
with some constant g1 > 0.

(B1) The functions

a;: Qr x R"™! x L2(Qr) = R (j=1,...n),
a1 Qr x R"1 x [2(Q7) x LP(0,T; V2) — R
are such that aj(t, x,&u), ao(t,x,&; u,z) are measurable functions of variable (¢, x) € Qr

for all fixed ¢ € R"*!, u € L?(Qr), z € L¥(0, T; V») and continuous functions of variable
& € R™! for all fixed u € L?(Qr), z € LP(0,T; V») and a.a. fixed (t,x) € Qr.

Further, if (u;) — u in L?(Qr) then for all z € LF(0,T; V»), € € R"™!, a.a. (t,x) € Qr, for
a subsequence
aj(t,x,¢;ux) — aj(t, x, G u) (Gj=1,...,n),
ao(t, x, & ux, zx) — ao(t, x, G u,zx) — 0.
(Bp) Forj=1,...,n
|aj(t,x, & u)| < g1 () (87" + [ka ()] (¢, %),

where g1 : L?(Qr) — R is a bounded, continuous (nonlinear) operator,

ki : L*(Qr) — L7(Qr) is continuous and |[ky (1) ||1(q,) < const(1 + ””HZZ(QT));
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lao(t, x, & 1,2)| < g2(u,2) |51V~ + [ka (1, 2)] (8, x)

where
9 : L*(Qr) x LP(0,T; V2) = RT and ky: L*(Qr) x LF(0,T; V2) — L7(Qr)

are continuous bounded operators such that

a(,2) r(gy) < const [1+ [ul 72 g,
with some constant y > 0.
(B3) The following inequality holds for all ¢ € [0, T] with some constants c; > 0, § > 0 (not
depending on t, u):
n
/ Y laj(t,x, Dz(t),z(t);u) — aj(t, x, Dz*(t),z* (t);u)][Djz(t) — Djz*()]dxdt
Qr =
+ [ lao(t,x,Dz(t),z(t);u,z) —ag(t, x, Dz*(t),z*(¢); u,z*)][z(t) — z*(t)]dxdt
Qr
2

p
> B |z _Z*HLP(O,T;VZ)'
Tl

(By) For all fixed u € L?(Qr) the function
F : Qr x L>(Qr) — R satisfies (t,x) — F(t,x;u) € L1(Q7),
1Ea(t, ;) 1(gr) < comst 1+ [l g |
(see (By)) and
(ux) — u in L?(Qr) implies Fy(t, x; ux) — Fa(t, x;u) in LY(Qr).

Finally,
BB+
2 p—1 < 1.
Theorem 2.1. Assume (A1)—(As) and (B1)—(By). Then for all uy € Vi, uy € L?(Q) there exists

u € L*(0,T; Vq) such that
' € L2(0,T;L%(Q)),  u" € L*0,T;Vy) and z € LF(0,T;Vh)
such that u,z satisfy (1.1) in the sense: for a.a. t € [0,T], all v € V3

(u"(t),v) + <Q(u(t)),v>—|—/qu(x)h’(u(t))vdx+/QH(t,x;u,z)vdx—i—/le(x)u’(t)vdx

= /Q Fi(t,x;z)v)dx (2.1)

and the initial conditions
u(0) = uy, u'(0) = u. (2.2)
Further, u, z satisfy (1.2) in the sense: for a.a. t € (0,T), all w € V;

/Q [Z aj(t,x, Dz(t),z(t); u)

j=1

Djwdx+/Qao(t,x,Dz(t),z(t);u,z)wdx

= / F(t, x; u)wdx. (2.3)
0

Remark 2.2. Examples, satisfying the assumptions of Theorem 2.1 can be found in [12].



Nonlinear partial functional differential equations 5

Main steps of the proof

Now we formulate the main steps in the proof in Theorem 2.1 which will be applied in the
next section. (For the detailed proof , see [12].)

Consider the problem (2.1), (2.2) for u with an arbitrary fixed z = Z € LV(0,T; V). Ac-
cording to [11] assumptions (A;)-(As) imply that there exists a unique solution u = i €
L*(0,T; V4) with the properties ii’ € L®(0, T; L*>(Q)), #" € L*(0, T; V}) satisfying (2.1) and
the initial condition (2.2). Then consider problem (2.3) for z with the above u = . Ac-
cording to the theory of monotone operators (see, e.g., [14,15]) there exists a unique solu-
tion z € LP(0,T; V,) of (2.3). By using the notation S(Z) = z, it is shown that the operator
S: LP(0,T; Vo) — LP(0,T; V,) satisfies the assumptions of Schauder’s fixed point theorem: it
is continuous, compact and there exists a closed ball By(R) C L?(0, T; V,) such that

S(Bo(R)) C Bo(R). (2.4)

Then Schauder’s fixed point theorem implies that S has a fixed point z* € LP(0, T; V,). Defin-
ing u* by the solution of (2.1), (2.2) with z = z*, functions u*, z* satisfy (2.1)—(2.3).
Now we formulate some details of the proof which will be used in the next section.
According to [11] the solution # of (2.1), (2.2) with z = Z we obtain as the weak limit in
L?P(0,T; V1) of Galerkin approximations

m
t) =Y gm(t)w; where g, € W*(0,T)
=1

and wj,wy, ... is a linearly independent system in V; such that the linear combinations are
dense in Vj, further, the functions #,, satisfy (for j =1,...,m)

(T (1), w;) + (Q(im (1)), w)) +/ t))w;dx
+/ (t,x;0m, 2 w]dx~|—/ P(x )w]dx = /QPl(t,x;Z)w]-dx, (2.5)
U (0) = umo, 1y (0) = Uy (2.6)

where U0, Uy (m =1,2,...) are linear combinations of wy, wy, ..., Wy, satisfying (#,,0) — ug
in V; and (uy1) — ug in L2(Q) as m — .

Multiplying (2.5) by (gjm)’(t), summing with respect to j and integrating over (0,t), by
Young's inequality we find

S (Bl + 5(Q <ama>»am<w>+-/’¢<xﬂwam<w>dx

—i—/[/H(T, )i, dx]dr-l—/[/l,b

(0
3/Uarxz<m4w+n<w@);@ww»%@>
+/ ))dx < ;/ \|Fi(T,x;2 || / ||, ) Tconst (2.7)
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where the constant is not depending on m, k, t. (See [11].)

By using (Az), (A4), (As) and the Cauchy-Schwarz inequality, we obtain from (2.7)

I Ol e 42 + L m()ﬂzvlm/ah(ﬁm(t))dx

t
g/ ||F1(T,x;2)||%2(0)dr+const{1—i—/ ||, (T dr+/ [/
0 0

(2.8)

dx}dr}

where the constants are not depending on m, t, 2. Hence, by Gronwall’s lemma one obtains

15 (8) [y + [ i

b T
< COl’lSt/ |Fi(T, x; Z)H dT+C0nSt/ [/ [1 + ”Fl(T,x}Z)H%Z(Q)dT} ’ets} ds
0 o LJo

= const/ IE (T, %;2) |72 dT
0

where the constants are independent of m, t, Z. Thus by (2.8) and (As) we find

(1) < const [ 1Fy(5,32) gt < const [14 217 |
which implies (for the limit of (ii,,))
)32, < const [1 + 2P om)}

On the other hand, by (B3), (Bs) we have for the solution z of (2.3) with u = @
2
——————lzll} 0 1.
L[|y, T
< IRt )l 2(0p) |2l 0 1) + const [ ks (7) s(gr) + (@] 12]lr o v,
where the constant is not depending on i, further, by (B>)
k1 () |4y ) < const [1 + ||ﬁHZz<QT>} and (i) < const [1 + 18]l } .
The inequalities (2.11), (2.12) imply
Iz

1stmvsy < comst [T+ 180152 o) | - (1Bt % D)2y + 1+ 172,

thus by (2.10) and (By)

Bty

||ZHLp(0,T,.V2) < const {1 + ||ﬁ||£’2(1QT)] < const

/31(f5+7)
1+ ||Z||Lp UTVz)

where the constants are not depending on # and Z.
According to the assumption (By)

Bi(B+7)

<1,
2(p—1)

(2.9)

(2.10)

2.11)

(2.12)

(2.13)

(2.14)

(2.15)

0 (2.14) implies that there is a closed ball By(R) C L?(0, T; V) such that S(Byp(R)) C By(R).
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3 Solutions in (0, )

Now we formulate an existence theorem with respect to solutions for ¢ € (0,0). Denote by
LfOC(O, oo; V1) the set of functions u : (0,00) — Vj such that for each fixed finite T > 0, their
restrictions to (0, T) satisfy u oy € LF(0,T; V1) and let Qo = (0,00) x Q, L{ (Qo) the set of
functions u : Qe — R such that u|g, € L*(Qr) for any finite T.

Now we formulate assumptions on H, F, aj, F.

(A4) The function H : Qw X L? (Qo) X LI (0,00;V2) — R is such that for all fixed u €
1OC(QOO) z € LIPOC(O, o0; V3) the function (t,x) — H(t, x;u,z) is measurable, H has the
Volterra property (see (As)) and for each fixed finite T > 0, the restriction Hr of H to

Qr x L*(Qr) x LP(0, T; V) satisfies (Ay).

Remark 3.1. Since H has the Volterra property, this restriction Hr is well defined by the
formula

Hr(t,x;4,2) = H(t,x;u,z),  (t,x) € Qr, i€ L*(Qr), £€LP(0,T;Va)

where u € L (Qw), L

z (0 c0; V) may be any functions satisfying u(t,x) = ii(t,x),
z(t,x) = Z(t,x) for (t,x) €

loc

(As) Fi : Qoo X LfOC(O, c0; Vo) — R has the Volterra property and for each fixed finite T > 0,

the restriction of F; to (0, T) satisfies (As).

(B) aj : Qoo x R"™! X 2 (Q) = R (j = 1,...,n) and a4 : Qe X R™ x L2 (Qc) X
loc(0 o0; V2) — R have the Volterra property and for each finite T > 0, their restric-
tions to (0, T) satisfy (B1)—(B3).

(Bs) B : Qe x L2 (Qw) — R has the Volterra property and for each fixed finite T > 0, the
restriction of F, to (0, T) satisfies (By).

Theorem 3.2. Assume (A1)—(A3), (A4), (As), (B), (By). Then for all ug € Vi, u; € L*(Q) there
exist

u € Lige(0,00;, V1), z€ Ly (0,00;Vp) such that

' € Ligo(0,00,L%(Q)),  u" € L§,(0,00; V),
(2.1) and (2.3) hold for a.a. t € (0, 00) and the initial condition (2.2) is fulfilled.

Assume that the following additional conditions are satisfied: there exist H®, F° € L?(Q)), e €
V1, a bounded function B, belonging to L*(0, c0; L2(Q))) such that

Quw) = Fi° — H%, (3.1)
[H(t,xu,z) — HY(x)| < B(t,x),  |R(tx;z) — F(x)] < Bt x) (32)
for all fixed u € L2 (Qw), z € LI (0,00; V). Further, there exist functions

e QxR x V) - R, j=1,...,n
X OXxR™ xVixV, - R, E°:QxV; =R

such that for each fixed zo € V, and wy € V; with the property

tim [a(t) — woll 120 =0,



8 L. Simon

tlgg |a;(t, x, Dzo, zo; u) — a5°(x, Dzo, zo; wo) | 1a(a) = 0, j=1,...,n, (3.3)
tlgglo l|ao(t, x, Dzo, zo; 4, 20) — ag’ (x, Dzo, zo; wo, 20) || 11() = 0, (34)
tim [[Ea(t, ;) — E5*(x00) 130 = 0. 65)

Finally, (B3) is satisfied such that the following inequalities hold for all t > 0 with some constants
c2 > 0, B > 0 (not depending on t):

/Q i[aj(t, x,Dz(t),z(t);u) — a;(t,x, Dz*(t),z*(t);u)][Djz — D;z"]dx
j=1

—i—/ﬂ[ag(t,x, Dz(t),z(t);u,z) — ag(t, x, Dz*(t),z*(¢); u,z*)][z(t) — z*(¢)]dx
> ©2
= 1 Jull,

Iz = z*I}, (3.6)
Q\Qt—0)
with some fixed a > 0 (finite delay).
Then for any solution u, z of (2.1)~(2.3) in (0, c0) we have
u € L*(0,00; V1), (3.7)

|/ (t)||g < conste 1T (3.8)
where ¢y is given in (Ap) and there exists wy € Vi such that
u(T) — wp in L*(Q) as T — oo, |lu(T) — wol||g < const e™1T (3.9)
and wy satisfies
Qawo) + h (wo) = F° — H™. (3.10)

Finally, there exists a unique solution zo € V; of

n
Z/ a}?o(x/DZOIZo;wo)D]-vder/ ay’ (x, Dzo, zo; wo, 2o )vdx
j=179 0

= / E°(x; wo)vdx  forallv € V, (3.11)
0
(where wy is the solution of (3.10)) and

lim [z() = zo][v, = 0. (3.12)

Proof. Let (Tx)kew be a monotone increasing sequence, converging to +co. According to The-
orem 2.1, there exist solutions uy, z; of (2.1)—~(2.3) for t € (0, T). The Volterra property of H,
Fi, aj, F, implies that the restrictions of uy, z to t € (0, T;) with T < Tj satisfy (2.1)-(2.3) for
te (0, T)).

Now consider the restrictions ux|(o1,), Zkl(0,1,), kK = 2,3,... Applying (2.14) to T = T and

z = Z = zi|(o,1,), by (2.15) we obtain that the sequence
(zk\m))k , is bounded in LV (0, Ty; V2). (3.13)
€

The operator S : L¥(0, Ty; Vo) — LF(0, Ty; V) is compact thus there is a subsequence (z1x)ken
of (zx)ren such that the sequence of restrictions (z1x|(o,1,))ken is convergent in L7 (0, Ty; V2).
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Now consider the restrictions zix|(o,r,) By using the above arguments, we find that there
exists a subsequence (zox)ren Of (Z1k)ken such that (zox|(o 1,) Jken is convergent in L7 (0, Tp; V7).
Thus for all | € IN we obtain a subsequence (zj)ren Of (zx)ren such that (zi|(o7,))ken is
convergent in L7 (0, Tj; V). Then the diagonal sequence (zi)ren is @ subsequence of (zx)ken
such that for all fixed I € N, (Zkk|(0,T,))kelN is convergent in LF(0,T;;V2) to some z* €
lOC(O c0; V). Since zj is a fixed point of S = S; : LF(0,T;;V2) — LF(0,T;; V) and S; is
continuous thus the limit z*|(o 7,y in L7(0, Tj; V2) of (zkk|(,1;))ken is a fixed point of S = ;.

Consequently, the solutions u} of (2.1), (2.2) when z is the restriction of z* to (0,T;) and
the restriction of z* to (0, T;) satisfy (2.1)~(2.3) for t € (0, T;). Since for m < I, uj|q1,) = up,
(by the Volterra property of H, Fi, aj, F,), we obtain u* € Ll - (Qeo) such that for all fixed I,
u*|(0,1), 2"l (0,y) satisfy (2.1)~(2.3) for t € (0, T), so the first part of Theorem 3.2 is proved.

Now assume that the additional conditions (3.1), (3.2) are satisfied. Then we obtain (3.7)-
(3.10) for u = u*, z = z* by using the arguments of the proof of Theorem 3.2 in [11]. For
convenience we formulate the main steps of the proof.

Let u, z be arbitrary solutions of (2.1)~(2.3) for t € (0,00) and z = z|(o,1,), Uk = tl0,1,)-
Then zy, uy are solutions of (2.1)—~(2.3) for t € (0,T;) if k > I, hence the sequence (zik)|ren
is bounded in L?(0, Tj; V») for each fixed I (see, e.g., (3.13)), consequently, from (2.7) (with
Zr = zi) we obtain for the solutions uy of (2.1), (2.2) with Z = zy; (since uy is the limit of the
Galerkin approximations)

1 1
§||”I,<k<t)||%i+§<Q(ukk , Uk ( +/ h(u(t))dx

+/t [/ 1P(x)!u,’<k(r)|2dx] dr+/0 [LH(T,x;ukklzkk)uLk(T)dx dr
— / [/ By (T, % zig ) ug (T )dx] dT+%"u;<k(0>’|2PI+%<Q(ukk(0)),ukk(t)>
/ (14 (0))dx (3.14)

for all t > 0. Hence we find by (3.1), (3.2) and Young's inequality for wy, = u; — Ueo

1 C t
ﬂwmmam+pmwm&+qLMww»w+wmﬂ[mewﬁw

< const {/Ot | Fy (T, %5 zje ) — Ff"H%z )T+ /t | H(T, x; ugezir) — H”\]%Z(Q)dT}
—|-g/0t [/ Iwkklzdx] dt + = Hukk( )1z <Q(ukk(0)),ukk(0)> +Cz/0h(ukk(0))dx
< 8/0t [/Q ]w;(k|2dx} dt + const + C(E)H‘BH%Z(O,OO;LZ(Q))' (3.15)
Choosing sufficiently small ¢ > 0, we obtain

t
/0 [/Q |w,’<k]2dx] dt < const (3.16)
and thus by (3.15)
t
i) By + € [ (7 By <

with some positive constants ¢ and c* not depending on k and t € (0, o0). Hence by Gronwall’s
lemma we obtain (3.8) for the weak limit of the sequence (1) and by (3.15) we find (3.7).
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It is not difficult to show that

T,
[u(T2) — u(T1) |2 S/T [t/ (1)]] 12 (ay it (3.17)

1

(see [11]), thus (3.8) implies (3.9) and by u € L*(0, o0; V7), the limit wy of u(t) as t — co must
belong to V.

In order to prove (3.10) we apply equation (1.1) to vxr, (f) with arbitrary fixed v € V;
where limy_,,(T) = 400 and

1
xn() =x(t=T), xeCy, suwppxc 01, [ x(at =1,

Then by (3.8) one obtains (3.10) as k — oo.

Now we show that there exists a unique solution zy € V; of (3.11). This statement follows
from the fact that the operator (applied to zp € V) on the left-hand side of (3.11) is bounded,
demicontinuous and uniformly monotone (see, e.g. [14,15]) by (B1), (B2), (3.9) (3.3), (3.4), (3.6).

Finally, we show (3.12). By (3.6) we have

2
L+ lull 20010

n
< / Z[aj(t, x,Dz,z;u) — a;(t, x, Dzo, zo; u)](Djz — Djzo)dx
O
j=1

I2(t) = zoll{,

+/ [ao(t,x,Dz,z;u,z) — ao(t, x, Dzg, zo; 4, 20)](z — zo)dx
Q
= /Q[Fz(t, x;u) — F°(x,wo)](z — zo)dx

n
— /Q Z[aj(t, x, Dz, zo; u) — a;-"’(x, Dz, zo;wo)](Djz — Djzg)dx
j=1

—/ [a0(t, x, Dzo, zo; u, z9) — ag (t, x, Dz, zo; wo, 20)](z — zo)dx
Q
< [[R(t x;u) — F3>(x,wo) | ooy [12(t) — 2ol e ()

n
+ Z laj(t, x, Dzo, zo; u) — a3°(x, Dzo, zo; wo) || 1y | Djz(t) — Djzoll e ()
=1

+ [lao(t, x, Dzo, zo; 4, z0) — ag (x, D20, z0; wo, z0) || Lo [12(t) — Zoll e (2)- (3.18)

Since p > 1 and |ju is bounded for t € (0,00) by (3.9), thus (3.3)—(3.5), (3.18)

imply (3.12).

p
HLZ(Qr\Qt—a)
Remark 3.3. Assume that the inequalities (3.3)—(3.5) hold such that for j =1,...,n

aj(t,x, & u) — a5 (x, & u)| < const [[u(t) = wollrgna, +1(1)] [1+1"7],
lao(t, x,&u,z0) —agy (x,&;u,z)| < const [Hu(t) — w0||Lp(Q,\Qt_a) + q(t)} [1 + mr’—l} ,
[E2(t, ;1) — F5°(x;0) | < const | [[u(t) = wollusgg,0) +71(8)]

Then
|z(t) — zo||€2_1 < const [e ™" +7(t)], t>0.
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The above inequalities are satisfied e.g. if

t
ai(t, %, &) = gi(x, ) [1+ /

—a

]u(T,x)|dT+17(t)], j=1,...,n

ao(t,x, & u,z) = go(x,¢) [1 + /tt

—a

|u(T,x)|dT+17(t)]

where
8j(x,§)| < const[|g]P' +§(x)],  §eLN(Q), 520 limy=0,
Y 18i(x,8) = 8i(x, &) — &7) > el — &7
i=0
with some constant ¢; > 0. O
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