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Abstract

We consider the system of Volterra integral equations

ui(t):/o 9i(t, 8)[P;(s,u1(s),ua(s), -, un(s))
+ Qi(s,u1(s),uz(s), -, un(s)))ds, t€0,T], 1<i<n

where T' > 0 is fixed and the nonlinearities P;(t,uy,ug, - -, u,) can be singular at
t =0 and uj = 0 where j € {1,2,---,n}. Criteria are offered for the existence of

*

fized-sign solutions (uf,u3,---,uk) to the system of Volterra integral equations,

Le., Qui(t) >0 for t € [0,1] and 1 < i < n, where 6; € {1, —1} is fixed. We also
include an example to illustrate the usefulness of the results obtained.

Key words and phrases: Fixed-sign solutions, singularities, Volterra integral equa-
tions.
AMS (MOS) Subject Classifications: 45B05

1 Introduction

In this paper we shall consider the system of Volterra integral equations

ul@) = /O gi(tv 3)[Pi<87 u1(8>7 u2<8>7 T un<3)) + Qi(sv u1<8)7 u2<3)7 e ,un(s))]ds,

where T' > 0 is fixed. The nonlinearities P;(t, u1,us, -+, u,) can be singular at t = 0
and u; = 0 where j € {1,2,--- ,n}.
Throughout, let u = (uy,ug, - - -, u, ). We are interested in establishing the existence

of solutions u of the system (1.1) in (C[0,T])" = C[0,T] x C[0,T] x --- x C[0,T] (n
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2 P. J. Y. Wong

times). Moreover, we are concerned with fized-sign solutions u, by which we mean
O;u;(t) > 0 for all t € [0,7] and 1 < i < n, where 6; € {1,—1} is fixed. Note that
positive solution is a special case of fixed-sign solution when 6; =1 for 1 <i < n.

The system (1.1) when P, =0, 1 < i < n reduces to

ui(t) = /0 9i(t,8)Qi(s,u1(s), ua(s), -+, un(s))ds, t€[0,T], 1 <i<n. (1.2)

This equation when n = 1 has received a lot of attention in the literature [12, 13,
14, 16, 17, 18, 19], since it arises in real-world problems. For example, astrophysical
problems (e.g., the study of the density of stars) give rise to the Emden differential
equation

y' —tPy? =0, t€[0,T]

y(0)=y'(0)=0, p>0, 0<g<1

which reduces to (1.2)],=1 when g;(¢,s) = (t — s)s? and Q1 (t,y) = y?. Other examples
occur in nonlinear diffusion and percolation problems (see [13, 14] and the references
cited therein), and here we get (1.2) where g; is a convolution kernel, i.e.,

u;(t) = /0 gi(t — 8)Qi(s,u1(s),us(s), -, un(s))ds, te€[0,T], 1 <i<n.

In particular, Bushell and Okrasiriski [13] investigated a special case of the above
system given by

y(t) = / (t — 5 QUuy(s))ds. t € [0,T]

where 7 > 1.

In the literature, the conditions placed on the kernels ¢g; are not natural. A new
approach is thus employed in this paper to present new results for (1.1). In particular,
new “lower type inequalities” on the solutions are presented. Our results extend,
improve and complement the existing theory in the literature [1, 2, 3, 4, 11, 15, 20, 21,
22]. We have generalized the problems to (i) systems, (ii) general form of nonlinearities
P;, 1 <i < n that can be singular in both independent and dependent variables, (iii)
existence of fixed-sign solutions, which include positive solutions as special case. Other
related work on systems of integral equations can be found in [5, 6, 7, 8, 9, 10, 23].
Note that the technique employed in singular integral equations [10] is entirely different
from the present work.

2 Main Results
Let the real Banach space B = (C[0,T])" be equipped with the norm

lull = max S i ()]
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Volterra Integral Equations 3

Our main tool is the following theorem.

Theorem 2.1 Consider the system
t
u;(t) = ¢;(t) +/ gi(t,8) fi(s,u(s))ds, t€[0,T], 1<i<n (2.1)
0
where T" > 0 is fivred. Let 1 < p < oo be an integer and q be such that % + % =1.
Assume the following conditions hold for each 1 < i < n:
(C1) ¢; € C[0,TY;

(C3) fi :]0,T] x R" — R is a Li-Carathéodory function, i.e., (i) the map u — f;(t,u)
is continuous for almost all t € [0,T], (i1) the map t — f;(t,u) is measurable for
allw € R™, (iii) for any r > 0, there exists p,; € LU0, T] such that ||u|| < r (||ul|
denotes the norm in R"™) implies | f;(t,u)| < p,..(t) for almost all t € [0,T7;

(Cs) gi(t,s) : A — R, where A = {(t,s) e R? : 0 < s <t < T}, gi(s) = gi(t, s) €
LP[0,t] for each t € [0,T], and

¢
sup / lgi(s)|P ds < 00, 1<p<oo
t€[0,7] J0

sup_ess sup |g;(s)| < 0o, p = o0;
te[0,7 s€[0,t]

and
(Cy) for any t,t' € [0,T] with t* = min{t,t'}, we have
t* /
/ lgi(s) — gt (s)[P ds = 0 ast —t, 1<p<oo
0

ess sup |gt(s) — gl ()P =0 ast —t, p=oo.
s€[0,t*]

In addition, suppose there is a constant M > 0, independent of X\, with ||u|| # M for
any solution u € (C[0,T])" to

w;(t) = ¢;(t) + )\/0 gi(t, ) fi(s,u(s))ds, t€[0,T], 1<i<n (2.2),

for each X\ € (0,1). Then, (2.1) has at least one solution in (C[0,T])".
Proof. For each 1 < i < n, define
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4 P. J. Y. Wong

Then, (2.1) is equivalent to

w;(t) = ¢(t) +/0 gr(t,s) fi(s,u(s))ds, t€[0,T], 1 <i<n. (2.3)

Now, the system (2.3) (or equivalently (2.1)) has at least one solution in (C[0, T])™ by
Theorem 2.1 in [23], which is stated as follows: Consider the system below

w;(t) = ¢(t) —i—/o gi(t,s) fi(s,u(s))ds, t€]0,T], 1<i<n (%)

where the following conditions hold for each 1 < i < n and for some integers p, ¢ such
that 1 < p < oo and %+% =1: (Cy), (Cy), gi(t,s) € [0,T)> — R, and gi(s) = gi(t, s) €
LP[0,T] for each ¢t € [0,T]. Further, suppose there is a constant M > 0, independent,
of A, with ||u|| # M for any solution u € (C[0,T])" to

w;(t) = ¢;(t) + )\/0 gi(t, s) fi(s,u(s))ds, t€[0,T], 1<i<n

for each A € (0,1). Then, (*) has at least one solution in (C0, 7). O
Remark 2.1 If (Cy) is changed to

(Cy)" for any t,t' € [0,T] with ¢* = min{¢,¢'} and t** = max{¢,t'}, we have for 1 <
p < 09,

t* £
| latts) - g ordst [ ot s)pds o0
0 t*
as t — t', and for p = oo,

€8S sup |g2<t7 S) o gi<t/7 8)‘ +ess sup ‘gl<t**7 8)‘ — 0

s€[0,t%] SE[t*,t**]
ast — t,
then automatically we have the inequalities in (Cj).

We shall now apply Theorem 2.1 to obtain an existence result for (1.1). Let 6; €
{—1,1}, 1 <i < n be fixed. For each 1 < j < n, we define

[0,00), 0]‘ =1
0, 00); = { (—00,0], 6, =-1

and (0, 00); is similarly defined.

Theorem 2.2 Let 0; € {—1,1}, 1 < i <mn be fized and let the following conditions be
satisfied for each 1 < i <n:
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Volterra Integral Equations 5t

(I) P;: (0, 7] x (R\{0})™ — R, 6,P;(t,u) > 0 and is continuous for (t,u) € (0,T] x
_1(0,00), Qi : [0,T] x R* = R, 0;Q;(t,u) > 0 and is continuous for (t,u) €
[0, 7] % [T}-110, 00) 3

(L) 6,P; is ‘nonincreasing’ in u, i.e., if 6;u; > 0;v; for some j € {1,2,---,n}, then

eipi(t7u17'“7uj7"'7un) Seipi(tuuh”'7Uj7"'7un)7 te <O7T]7

(I3) there exist nonnegative r; and ~y; such that r; € C(0,T], v; € C(0,00), v > 0 is
nonincreasing, and

0:Pi(t,u) = ri(t)yi(luil), (t,u) € (0,T] x [ (0,00

Jj=1

(1) there exist nonnegative d; and h;j, 1 < j < n such that d; € C[0,T], hi; €
C(0,00), hi; is nondecreasing, and

Fi(t, u)

< di(t)har (Jus Y hia(Jua]) - - hin(Junl),  (£,0) € (0,T] x [](0,00)

J=1

() gi(t,s) : A = R, gi(s) = g:(t,s) € L'0,¢t] for each t € [0,T], and

t
sup / gt (s)|ds < oo;

t€[0,7] J 0

(Is) for any t,t" € [0, T] with t* = min{t,t'}, we have fot l9t(s) — g (s)|ds — O as
t—t;

(I;) for each t € [0,T], gi(t,s) >0 fora.e. s € [0,t];
(Is) for any ti,ty € (0,T] with t; < ty, we have

gi(t1,8) < gi(te, s), a.e. s €[0,t];

(Iy) for any kj € {1,2,...}, 1 <j <n, we have

t 91 0,
sup gl(t s)0; P; k g ds < oo,
te[0,7 1 n

sup [ g, 0)n(e)ds < o
1J0

s€(0,T
/ gi(s,z)ri(x)de > 0, a.e. s€[0,T],
0
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6 P. J. Y. Wong

sup /t gi(t, 8)0:Pi(s,6101(s), -+, 0,0,(5))ds < 00

tefo,7] Jo

where

for s € [0,T] and

for z >0, with G;(0) = 0 = G;(0);

(L) there exists p; € C[0,T] such that fort,z € [0,T] with t < x, we have

/0 gi(z,8) — gi(t, 8)|0:Pi(5,0151(5), -+, OnBn(s))ds < |pi(z) — pi(t)];
and

(li1) if z > 0 satisfies

zSKJrL{lJrlrgfglL:té%d ][th ]}

for some constants K, L > 0, then there exists a constant M (which may depend
on K and L) such that z < M.

Then, (1.1) has a fized-sign solution u € (C[0,T])" with

Oiui(t) = B5(t)
fort €[0,T] and 1 <i <n (B; is defined in (Iy)).

Proof. Let N = {1,2,---} and k = (ky, ko, -+, k,) € N". First, we shall show that
the nonsingular system

0.

ui(t) = k—z —i—/o gi(t,s) [P (s,u(s)) + Qi (s,u(s))]ds, te[0,T], 1<i<n (24)F

has a solution for each £k € N", where

Pr(tun, - up) = { (ii(t,vh...’vn)’ iig)’T]
with 1
uj, Qju; > —
k—, Hju] < k_

<.
<.
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Volterra Integral Equations 7

and
Q:<t7u17 o Wun) = Qi<t7w17 e 7wn)7 te [OaT]
with
Uy, Hjuj > 0
wj =
O, Hjuj S 0.

Let k € N™ be fixed. We shall use Theorem 2.1 to show that (2.4)* has a solution.
Note that conditions (C;)—(C,) are satisfied with p = 1 and ¢ = co. We need to consider
the family of problems

0; ¢
uilt) = o~ + /\/ git, ) [Py (s, u(s)) + Qi (s, u(s))]ds, t€[0,T], 1<i<n (25)§
i 0
where A € (0,1). Let u € (C[0,T])" be any solution of (2.5)%. Clearly, for each
1 <1< n,

Oiu;(t) > ki 0, t€[0,7T]
and so P (t,u(t)) = P;(t,u(t)) for t € (0,T] and Q;(t,u(t)) = Q:(t,u(t)) for ¢t € [0,T].
nd (1), we find for ¢t € [0,7] and 1 < i < n,

Applying (I,) a
()]

=

|u; O;u; (
/ V[0:P (s, u(s)) + 0,Q% (5. uls))] ds
: / tsepsu()){uw]ds

91 0.,
<1+ P, L

<1+ Ci(1+ Dy)

where
t 91 0,
C; = sup 9i(t, $)0; P, ooy — | ds
te[0,T] Jo kl k,
and
D; = | sup d( hi;(]|w
Lem ]H ().
Thus,

|lul| <1+ <max CZ) <1 + max DZ)
1<i<n 1<i<n

and so by (I31) there exists a constant My, with ||u|| < Mj,. Theorem 2.1 now guarantees
that (2.4)" has a solution u* € (C[0,T])" with f;uf(t) > &+ fort € [0,T] and 1 < i < n.
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8 P. J. Y. Wong

Consequently, Py (¢, u(t)) = Pi(t,u*(t)), Q: (t,u*(t)) = Q;(t, u*(t)) and u* is a solution
of the system

w;(t) = Z—z /0 gi(t, 8)[Pi(s,u(s)) + Qi(s,u(s))]ds, t€[0,T], 1<i<n. (2.6

Moreover, ;u¥ is nondecreasing on (0,7, since for t,z € (0,T) with t < x,
Osuk(z) — Ouk(t)

- / (0u(.8) — gi(t, )] [P, u(5)) + :Qu(s, u(5))] ds

+ /t:v gi(z, s) [Hipi(s,uk(s)) + 6;Qi(s, uk(s))] ds
>0

where we have made use of (1), (I7) and (Ig).
Next, we shall obtain a solution to (1.1) by means of the Arzéla-Ascoli theorem, as
a limit of solutions of (2.4)* (as k; — oo, 1 < i < n). For this we shall show that

{u*}enn is a bounded and equicontinuous family on [0, 7. (2.7)

To proceed we need to obtain a lower bound for f;uf(t), t € [0,T], 1 <i < n. Using
(I3) and the fact that f;u’ = |u¥| is nondecreasing on (0,T), we get

or equivalently

Gk (r)) = 1 (“'D > [ e snspis

B %(|Uf<t)

Noting that G; is an increasing function (since +; is nonincreasing), we have
t
Oul(t) = |uF(t)] > G;! (/ gi(t, s)ri(s)ds) =0i(t), t€[0,T], 1<i<n (2.8)
0
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Volterra Integral Equations 9

for each k € N™.
We shall now show that {u®} ey« is a bounded family on [0, T]. Fix k € N™. Using
(Iy), (2.8) and (I4), we obtain for ¢t € [0,7] and 1 <i < n,

ui(®)] = Bauf(®)
:ki / tsHPsu()){1+mTlfés);}d8

/ (t,8)0;P; (5,0101(8), -+, 0nBu(s
+ E;

(1+ Dy)
where

E; = sup / 9i(t, $)0:Fi (5,0151(s), - - -, 6nfn(s)) ds

t€[0,7] J 0
It follows that
|u¥|| <1+ (max EZ) (1 + max Di)
1<i<n 1<i<n
and by (Ij;) there exists a constant M (independent of k) with ||u*|] < M. Thus,
{u*}renn is bounded.
Next, we shall show that {u*}reny= is equicontinuous. Let k € N™ be fixed. For

t,x € [0,T] with t+ < =, using the fact that f;u¥ is nondecreasing and an earlier
technique, we obtain for each 1 <1 < n,

uf(z) —uf(t)] = Oui(x) — Giuf(t)
= /0 [gi(, 8) — gi(t, 5)]0; Ps(s, u"(s)) [1 + W

N /t gl 0P (5, uH(s)) {1 + %] *

< {/0v [gl(ﬂf, 8) - gl<t7 S)]elpl (37 9161(‘9)7 Ty 9”5”(‘9)) ds
+ /tm Gi(7,8)0;P; (5,0151(5), -+, 0n0,(5)) ds}

x{l Supd ]th }

< {|Pz‘($) —pi(H)] + /tx 9i(T', $)0:P; (5,6151(s), - - -, 0 0n(5)) ds}

o [ ] 1)

T
s€l0, j=

[y
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10 P. J. Y. Wong

where we have used (Io) and (Ig) in the last inequality. This shows that {u*}rcnn is
an equicontinuous family on [0, 7.
Now, the Arzéla-Ascoli theorem guarantees the existence of a subsequence N* of
N, and a function u* € (C[0,T])" with u* converging uniformly on [0,7] to u* as
ki — 0o, 1 < i < n through N*. Further,
BGi(t) < Qui(t) <M, te0,T], 1<i<n. (2.9)

It remains to show that u* is indeed a solution of (1.1). Fix ¢ € [0,7]. Then, from
(2.6) we have for each 1 < i < n,

) = Tt [ gt P (9) + Qo ()

Let k; — oo through N*, and use the Lebesgue dominated convergence theorem with
(Ig), to obtain for each 1 <i <n,

¢
wi(t) = [ 9t P u(9) + Quls,(s)lds
0
This argument holds for each ¢ € [0, 7], hence u* is indeed a solution of (1.1). 0
Remark 2.2 If (I) is changed to

(Ig)" for any ¢,¢ € [0,T] with ¢* = min{¢,¢'} and ¢** = max{¢t,t'}, we have

t* t**
/)mm@—wﬂﬂ@+/ (6, $)|ds — 0
0 t*

as t — t,

then automatically we have sup,¢p fot |gk(s)|ds < oo which appears in (I5).

Remark 2.3 If Q); = 0, then we can pick d; = 0 in (1), and trivially (I;;) is satisfied
with M = K + L.

Remark 2.4 Let p and ¢ be as in Theorem 2.1. Suppose (Cy4) and

(Cs) /0 [0;P; (5,6151(), -+, 0,0n(s))]? ds < o0

are satisfied. Then, (Iy0) is not required in Theorem 2.2. In fact, (I39) is only needed
to show that {u*}renn is equicontinuous. Let k € N™ be fixed. For ¢,z € [0,T] with
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Volterra Integral Equations 11

t < x, from the proof of Theorem 2.2 we have for each 1 <7 <n,
|ui(z) —uf(t)] = Ouf(x) — Oiui(t)

< /0 [gi(x,8) — gi(t, $)]0:P; (5,0101(8), -+, 0n5n(s)) ds

+ /j 9i(2,8)0;P; (5,0131(5), - -, 0,3u(5)) ds}

x{l supd ]th }

([t ds); (/OT[@H (5. 006,(5). - 0B (D] dS);
* ' e 0,8,(s)) ds

Hence, in view of (C4) and (Cjs), we see that {u*}renn is an equicontinuous family on

[0, 7).

3 Example

Consider the system of singular Volterra integral equations
) = [ (=) @ + @] + () ()"} ds, ¢ € 0.7
ua(t) = /O (t =) {[ua ()] 7" + [uz()] 7" + [ur(s)] [uz(s)]" } ds, t € [0, ]

(3.1)
where a;,b; >0, i =1,2,3,4 and T > 0 are fixed with
(1,1<]_, b2<]_, 2a2<bg+1,
1 (3.2)
2b1<&1+1, a1+a3+a4:bl+b3+b4:§.
(Many a; and b;, ¢ = 1,2, 3,4 fulfill (3.2), for instance a; = %, as < 1—72, as = %, ay = i,

blzL bgzbgzé, b4:%)

247
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12 P. J. Y. Wong

Here, (3.1) is of the from (1.1) with

g1(t,s) = ga(t,s) =t — s,
Pl(t7u17u2) = ul_al + u2_a27 Ql(taulv UZ) = utll3 Ug4,
Pg(t,ul, uz) = ufbl + ung, Qz(t,ul, Uz) = Ull)?’ 84.
It is clear that g;, ¢ = 1,2 fulfill (I5)—(Is). Suppose we are interested in positive
solutions of (3.1), i.e., when 6; = 65 = 1. Clearly, (I;) and (I,) are satisfied. Further,
(I3) and (1) are fulfilled if we choose

TH = T9 = d1 dg 1
T(2) =274, ( ) =27",
hi(z) = 2979, hya(z ) =
ha(2) = 224, hgy(2) =
Hence, we have
z z
Gi(z) = wtl Gy(z) = bl
&= =20

and subsequently

50 = 6 ([ oo )

/t@— )d ()T
; x)ax - 9 )

(3.3)
Bo(t) =

Now, noting (3.2) we see that

/0 Pi(s, Bi(s), Ba(s))ds
B (3.4)

T 82 a1+l 82 b2+1
-/ (5) +(5) ds < o
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Volterra Integral Equations 13

and

/0 Py(s, Bu(s), Bal(s))ds

T[ /g2 —4 52 et ;
= — — < 0.
/0 5 + 5 s < 00

Applying (3.4) and (3.5), we find for i = 1,2,

(3.5)

sup}/0 9i(t, ) Pi(s, B1(s), Ba(s))ds

tel0,T
T

<T / Pi(s, Bu(s), Ba(s))ds < oc.
0

Thus, the condition (Ig) is satisfied.
Next, to check condition (Ij), we note that for ¢,z € [0,7] with ¢t < z, on using
(3.4) and (3.5) we have

/0 191(,5) — g1t 5)] Py (5. 1 (5), Ba(s))ds

< (x—t)/o Pu(s, Bu(s), Ba(s))ds < (z— )

and

/0 (92(2,5) — ga(t, )| Pa(s, Bu(s), Ba(s))ds

< (x— t)/o Py(s, 1(s), B2(s))ds < (x—t)K,

where K7 and K, are some finite constants. Hence, condition (Ig) is satisfied.
Finally, the condition (Iy;) is equivalent to

([ if 2 > 0 satisfies z§K+L(1+z%>
for some constants K, L > 0, then there exists

(3.6)
a constant M (which may depend on K and L)

( such that z < M,

which is true since if z is unbounded, then obviously z > K + L (1 + z%) for any
K, L > 0. As an illustration, pick K = L = 1, then the inequality in (3.6) becomes

)

wl=

z§1+<1+z
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14 P. J. Y. Wong

which can be solved to obtain
0<2<3.5213 =M.

It now follows from Theorem 2.2 that the system (3.1), (3.2) has a positive solution
u € (C[0,T))? with u;(t) > Bi(t) for t € [0,T] and i = 1,2, where 3;(t) is given by
3.3).
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