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Abstract. In this paper, limit periodic and almost periodic homogeneous linear differ-
ence systems are considered. We study the systems in which the coefficient matrices
are taken from a given bounded group and the elements of the matrices are from an
infinite field with an absolute value. We show a condition on limit periodic and almost
periodic systems which ensures, that the considered systems can be transformed into
new systems having certain properties. The new systems possess non-asymptotically
almost periodic solutions. The transformation can be done by arbitrarily small changes.
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1 Introduction
We consider the homogeneous linear difference systems of the form
Xgp1 = Ak Xk, (1.1)

where Ay € X. We suppose, that X is a bounded group of square matrices over an infinite
field. The cases, when sequences { Ay} are limit periodic and almost periodic, are studied. We
are interested in non-asymptotically almost periodic solutions of the considered systems. Our
current research is motivated by the following two facts. The smallest class of systems (1.1),
which can have at least one non-asymptotically almost periodic solution and which generalize
the pure periodic case, is formed by the limit periodic systems. The most studied class is given
by the almost periodic systems.

Our main motivation comes from papers [7,12,13,22,23,26]. Papers [22] and [23] (and also
[20]) are devoted to unitary and orthogonal homogeneous linear difference systems (1.1). It
is shown in [22,23], that, in any neighbourhood of any orthogonal or unitary system, there
exists a system of the form (1.1) with a non-almost periodic solution. In papers [7,12,13,26],
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general systems of the form (1.1) are studied. In [7,13], it is supposed, that X is a commutative
group. In [12,26], transformable groups are studied. The results of these papers say that, in
an arbitrary neighbourhood of any considered system (1.1), there exists a system of the same
form without any almost periodic solution other than the trivial one. Our main goal is to
complement these results. We investigate more general situations and show, that the systems
of the form (1.1) with non-asymptotically almost periodic solutions form a dense subset of the
set of all considered systems as well. To prove this result, we improve the method based on
constructions introduced in papers [24,25].

The almost periodic (and also limit periodic) systems are studied closely. There are many
papers from the field of almost periodic linear systems. In this paragraph, we point out the
most relevant of them. In books [4,8,10,19,29], one can find the basic properties of limit
periodic and almost periodic sequences and functions. The linear almost periodic equations,
with regard to the almost periodicity of their solutions, are analyzed in, e.g., [1,30]. For
general difference systems, criteria of the existence of almost periodic solutions are presented
in [31,32]. Concerning linear almost periodic difference systems and their almost periodic
solutions, we can refer to [5,6,30] (and also [11,14]). We refer to papers [2,15,18] for other
properties of (complex) almost periodic systems. The findings about the skew-Hermitian and
skew-symmetric differential systems, which correspond to ones from [22,23], can be found
in [25] and [27], respectively. For almost periodic solutions of these systems, we can refer
to [16,17,21] as well. Further, if one considers limit periodic homogeneous linear difference
systems with respect to their almost periodic solutions, then the properties of such systems
can be found in [7,13,28].

This paper is organized as follows. In the next section, we introduce the notation that
is used in the whole paper, and we recall some elementary properties of infinite fields with
absolute values. In Section 3, we recall the definitions of limit periodicity, almost periodicity,
and asymptotic almost periodicity. To define these notions, we recall the Bohr and also the
Bochner concept. In the final section, we give the basic motivation explicitly and we formulate
and prove the main theorem.

2 Preliminaries

Let F be an infinite field. Let | - | : F — R be an absolute value on F. Then, the properties
@ |ff=0and |f| =0« f=0,
@) [f+gl < |fl+lgl,
(i) |f-gl = IfI-lgl

hold for every f, g € F, where symbol 0 stands for the real number and, at the same time, for
the zero element of F. Note that we will later denote also the zero vector and the zero matrix
by the same symbol. Let m € IN be arbitrarily given. We denote the set of all square matrices
of dimension m with elements in F by symbol Mat,,(F) and the set of all m x 1 vectors with
elements in F by symbol F". Using the absolute value, we can define the norms || - || on F",
Mat,, (F) as the sums of the absolute values of the elements. We have

i) ||All >0and ||A|| =0 A=0,

(i) A+ B[ < [lA[l+[B],
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(iif) [If - All = |£]- 1Al

forall f € Fand A, B € Mat,,(F) or A, B € F". We denote the identity matrix in Mat,, (F) as I.
The absolute value on F and the norms on F”, Mat,,(F) induce the corresponding metrics.
For simplicity, each of these metrics will be denoted by symbol 0(+,-). Then, we consider the
d-neighbourhoods in these metrics as

O5(A) ={B|e(B,A) <4},

where A, B € F, F"" or Mat,, (F).

Let X C Mat,,(F) be a bounded group. In particular, for every matrix A € X, there exists
the inverse matrix A~! € X and a number H > 0 satisfying ||A|| < H for every A € X. Let us
denote the set of all limit periodic and almost periodic sequences in X by symbol LP(X) and
AP (X), respectively. For the notion of limit and almost periodicity, see Definitions 3.1 and
3.2 below. In AP(X), we consider the metric

o ({Ax} {Bi}) = S‘;P | Ax — Bx]| -

For the reader’s convenience, the 5-neighbourhoods in this set are again denoted by O;. We
put Np = N U {0}.

3 Limit, almost, and asymptotic almost periodicity

We recall the definitions of limit periodic, almost periodic, and asymptotically almost periodic
sequences and we mention their properties, which we will need in the proof of the main
theorem. The general metric space (M, o) is considered. First, we recall the definition of limit
periodicity. Note that it can be defined in another equivalent manner (see [3]).

Definition 3.1. We say that a sequence { ¢y }ren, is limit periodic if there exists a sequence of
periodic sequences {¢} }ren, € M, n € N, such that lim, . ¢} = ¢ and the convergence is
uniform with respect to k € INj.

Next, we recall the concept of almost periodicity. It can be also defined in several equiv-
alent ways. As a definition, we remind the so-called Bohr concept of almost periodicity. We
also recall the so-called Bochner concept in the theorem below.

Definition 3.2. A sequence {¢}rez € M is called almost periodic if, for any ¢ > 0, there
exists r(e) € IN such that any set consisting of r(e) consecutive integers contains at least one
number | € Z satisfying

0 (Qri1,9x) <e, keZ.

Theorem 3.3. Let {¢i},., © M be given. The sequence { @y}, is almost periodic if and only if
any sequence {In}, ., € Z has a subsequence {I,}nen, C {In} e, such that, for any e > 0, there
exists K(e) € N satisfying

0 (gokﬂ-l_, gokH-j) <e ij>K(e), keZ 3.1)
Proof. See, e.g., [24]. O

To complete this section, we also recollect the definition of asymptotic almost periodicity.
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Definition 3.4. A sequence { ¢ }ren, € M is called asymptotically almost periodic if, for any
e > 0, there exists r(¢) € IN and m(e) € N such that any set consisting of r(e) consecutive
positive integers contains at least one number / € N satisfying

0(prs1, k) <e, k>m(e), keNN.

Note that, in Banach spaces, any asymptotically almost periodic sequence is the sum of an
almost periodic sequence and a sequence, which vanishes at infinity. Similarly, as in the case
of almost periodicity, we remind the equivalent concept of asymptotic almost periodicity.

Theorem 3.5. Let { ¢y}, © M be given. The sequence { @}y, 18 asymptotically almost periodic

if and only if any sequence {1}, ., € Z, limy o0 Iy = 00 has a subsequence {I, }nenN, € {In},cn,
such that, for any € > 0, there exists K(e) € IN satisfying

0 (9esry Pusry) <& ij>K(e), keNo. (3.2)

Proof. See [9]. O

4 Results

In the beginning of this section, we call up the most relevant known results. By doing this,
one can see, how our result complements our motivations.

Theorem 4.1. Let X C Mat,,(F) be a commutative group. Let, for every non-zero vector u € F™",
there exist ¢ > O such that, for every 6 > 0, there exist matrices My, ..., M; € X satisfying

MieOyI), ie{l,...,1}, |IM- M -u—ul|>Z¢ (4.1)

Let ¢ > 0 and a non-zero vector u € F"™ be arbitrary. For any {Ax}ren, € LP(X), there exists
{Sktken, € Oc({Aktken,) N LP(X) such that the solution of

Xpp1 = Sk-xx, k€No, xo=u
is not almost periodic.
Proof. See [13]. O

Theorem 4.2. Let X C Mat,,(F) be a commutative group. Let there exist ¢ > 0 such that, for
every & > 0, there exists | € IN such that, for every u € F" fulfilling ||\u|| > 1, there exist ma-
trices My,...,M; € X with the property that (4.1) is valid. Let e > 0 be arbitrary. Then, for
every {Axtren, € LP(X) and every sequence {uy,}nen of non-zero vectors u, € F", there exists
{Sktken, € Oc({Aktken,) N LP(X) such that the solution of

X1 = Sk - Xk, k€ Np, x0=uy
is not almost periodic for any n € IN.

Proof. See [7]. d
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Theorem 4.3. Let (F, o) be separable. Let X C Mat,,(F) be a bounded group. Let there exist { > 0
such that, for every & > 0, there exists I € IN such that, for every u € F" fulfilling ||u|| > 1, there
exist matrices My, ..., M; € X with the property that

M € O&(I), Mi+1 S O(g(Mi), i€ {1,...,Z — 1}, ||Ml ‘U — MH > C (42)

Let € > 0 be arbitrary. Then, for every { A }ren, € LP(X), there exists { Sy }ien, € Oc({ Ak Fren,) N
LP(X) such that the system
Xkp1 = Sk xk, k€ Np

does not have any non-zero asymptotically almost periodic solution.

Proof. See [28]. O

Theorem 4.4. Let (F,0) be separable. Let X C Mat,, (F) be a bounded group. Let there exist & > 0
such that, for every & > 0, there exists I € IN such that, for every u € F" fulfilling ||u|| > 1, there
exist matrices My, ..., M; € X with the property that (4.2) is valid. Let € > 0 be arbitrary. Then, for
every { Ax}kez € AP(X), there exists {Sk}rez € Oc({ Ak }kez) such that the system

xk+1:Sk‘xk, kENO
does not have any non-zero asymptotically almost periodic solution.
Proof. See [28]. O

For the reader’s convenience (see Theorem 4.6 below), we recall the definitions of trans-
formable and weakly transformable groups (for further informations, see, e.g., [12,26]).

Definition 4.5. We say that an infinite set X C Mat,,(F) is transformable, if it meets the
following conditions:

(i) for all A, B € X, it holds
A-BeX, A leux;

(ii) for any L € (0,00) and € > 0, there exists p = p(L,e) € N such that, for any n > p
(n € N) and any sequence {Cy,Cy,...,Cy} C &, L < 0(C;,0), i € {0,...,n}, one can
find a sequence {Dy,...,D,} C X for which

DieOg(Ci), iE{l,...,TZ}, D, ---D1=Cy;

(iii) the multiplication of matrices is uniformly continuous on X and has the Lipschitz prop-
erty on a neighbourhood of I in X’;

(iv) for any L € (0,00), there exists Q = Q(L) € (0,00) such that, for every ¢ > 0 and
C,D € X\ O.(0) satisfying C € O(D), it is valid that

C!'-D,D-C ' e O

The group X is weakly transformable if there exist a transformable group Xy C X', matrices
X1,...,X; € X, and dx > 0 such that the following conditions hold:
(i) any U € X can be expressed as U = C(U) - X; for some C(U) € Xy, j € {1,...,1};

(i) o(C-X;,D-X;) > oy forall C,D € Xy, i #j,i,j € {1,...,1}.
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Theorem 4.6. Let (F,0) be complete. Let X C Mat,,(F) be weakly transformable. Let there exist
a sequence {M;}nen C Xy such that, for any non-zero vector u € F™, one can find i = i(u) € N
satisfying M; - u # u. Let ¢ > 0 be arbitrary. If {Ax}rez € AP(X), then there exists {Sitrez €
O¢({ Ak }rez) such that the system

Xpp1 =Sk Xk, k€Z,
does not possess a non-trivial almost periodic solution.
Proof. See [12]. O

Before we formulate the main result of this paper, we recall some elementary properties of
the bounded group X. We use them in the proof of the main theorem.

Lemma 4.7. Let Vi, € X and My € X, k € {0,...,K}, be given matrices. Then, there exist matrices
Ty € X, k € {0,...,K}, such that:

(i) Mg---My-Vg---Vo=Vg-Tg--Vo-To;

(i) Mg---My-Vi--Vo=Tg-Vx---To-Vy
hold. Moreover, one can assume that Ty, € Opps(I) if My € Os(1), and T = 1 if My = L.
Proof. 1t is seen, that the matrices

Tx = Vi ' - Mg - Vg,
Txk—1 = (Vk - VKfl)_l “Mgk_1- Vg - Vi1,

To = (VK"'VO)il‘MO‘VK"‘VO
satisfy the equality in the part (i). Analogously, the matrices

Tx = Mk,
Tx—1 = (VK)fl “Mg_1-Vk,

To=(Vk---V4) "My Vk--- W
satisfy the equality in (ii). It holds
V= M- V=1 < [V (1M = 1] - V] < H? - [ My = ]
for every V € X, k € {0, ...,K}, which completes the proof. O

Remark 4.8. Let A,B,C € X. If |A—1I|| > ¢ and ||[C — B|| < {/(2H), then ||[A-B —C| >
¢/(2H) holds. It can be directly verified by the simple computation
¢<lA-1|=|A-BB™ ~BB'| < ||[A-B~B+C—Cl|-[|B']
<(A-B=Cll+|B-C])-H.
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Now, we can prove the announced result. We recall, that X is a bounded group.

Theorem 4.9. Let X have the property that there exists { > 0 such that, for every & > 0, there exist
matrices My, ..., M; € X with the property that

M;eOsI), ie{l,...,1}, |[IM- M —I|>¢ (4.3)

Then, for every {Ax}ren, € LP(X) and an arbitrary positive number ¢, there exists {Ty }ren, €
O ({ Ak }ken,) N LP(X) such that the fundamental matrix { Xy bken, of

Xe1 = T - xx, k€ Ny, (4.4)
is not asymptotically almost periodic.

Proof. Let € > 0 be arbitrary. We denote { = ¢/ (2H). We use the following construction. In

the first step of the construction, for
1 ¢
2
there exist matrices Mil),Mél),...,M(l) € O;,(I) (taken from (4.3)). Denote r1 = 2-1(d1),

1(61)
i(1,1) =0, p(1,1) = rq. Let us consider tlhe matrices M(()l’l): I, Mgl’l): M&l),. . .,Ml(jl(’ll,)l)f2 =1,

5 = (4.5)

M;l(ll )1)71 = Ml((lgl). Then, there exist matrices Tj(l’l), j€{0,...,p(1,1) — 1}, satisfying (see
Lemma 4.7)
(L1) (L1) _ =(1,1) =(1,1)
Mp(l,l)fl MY Ay Ao = Ay Tp(1,1)71 A T

and Tél'l) =1, Tl(l'l) c OH251(I)I---IT,§%11,3)72 =1, T,()%’llli)fl € Oppg, (I). We define the periodic
with the period p(1,1) in the following way. If [[A;;1)]| > 1 and

sequence { Tk(l’l) b .

| Ai1,1)4r -1 Ao — I|| < ¢, then we define T].(l’l) = ~j(1,1)’ j€{0,...,p(1,1) —1}. In the
other cases, we define Tél’l) =... = T;()Eili)—l = I. We denote Tk1 = T,El’l) and Vk1 = Ay - T,} for
k € No.

In the second step, there exists a positive integer i(2,1) divisible by 4 satisfying i(2,1) >
p(1,1). For

there exist matrices (see (4.3))

2)
(62)

Without loss of generality, we can assume that [(é;) > [(61). Denote ro = 16 -1(62) - 1(d1),
p(2,1) =[i(2,1) + 2] - p(1,1). We consider the matrices

MP MY, . M€ 0 (D).

_ a2y
My == Mg =1
21) _ 2n @1 _ A2
Mi(z,l) - Mi(2,1)+1 I Mi(2,l)+2 My,
2y  _ 2y _ 2y _ @y _ @
M(2,1)+3 I M1(2,1)+4_I’ Mi(2,1)+5_ ’ M(2,1)+6 MZ ’

(21) _ (21) _ (21) —_ @)
Mi(2,1)+4(l((52)71) L Mi(2,1)+1+4(l((52)71) =1 Mi(2,1)+2+4(l((52)71) - Ml(b‘z)’
21) _ _ a2
Mz‘(2,1)+3+4(1(52)—1) - Mp(2,1)71 =L
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Then, there exist matrices Tj( ,7€10,...,p(2,1) — 1}, satisfying (see Lemma 4.7)

21) 21) 11 1 =(2,1) 1 5(21)
M (21)-1 My Vo)1 Vo =V, p(21)-1 Tp(2,1)71 Vo - T
and
#(21) _ 0 _ 1) _
o — = Ti(2,l)71 =1
=(21) =(21) =(2,1)
Ti(z,l =1 Ti(2,1)+1 =1 Ti(2,1)+2 € OHZ&z(I)f
=(21) =(21) =(21) (2,1)
Ti(2,1)+3 o Ti(2,1)+4 =1 Tz‘(2,1)+5 =1 T1(2 1)+6 € Orrs, (1),
#(2,1) _ #(2,1) _ #(2,1)
Lataaen-n =L Tignaaey -y =L Tigiiasaaey-1) € Oms (D),
7(2,1) #(21)
Ti(2,1)+3+4(1(52)—1) T 21)-1— L

We define the periodic sequence {T,*"'};c, with the period p(2,1) in the following way.
V01H < (, then we put T],(zrl) _ T].(z’l),

If Vil > 1/4and [V, oo Ve = Vi
j € {0,...,p(2,1) —1}. Otherwise, we define Téz’l) =... = T;S%zli)—l = [. We put Vk(2’1) =
V- TV k€ Ny,

There exists a positive integer i(2,2) divisible by 8 satisfying i(2,2) > p(2,1). We define
the periodic sequence {Tk(z’z)}keNo with the period p(2,2) = [i(2,2) + 12 —r1] - p(2,1) in the

following way. Let us consider the matrices

(2.2) 22) _
My = - Mi(2,2)71 =1
22) _ _ M2 22) _ A2
Mi(z,z) - T i)+ T I M i(22)+4 — My,
21  _ _ (22 _ (2.2) _ @
Mi(2,1)+5 - = Mi(2,2)+11 =1 Mi(2,2)+12 =M,
(2.2) _ _ p(22) _ (22) _ @
Mz‘(2,2)—3+8(l(z52)—1) - Mi(z,2)+3+8(1(52)—1) =1 Mi(z,2)+4+8(1(52)—1) - Mz(az)f
(22) _ _ M2
Mi(2,2)+5+8(l(52)7 1y T Mp(Z,Z)fl =1L
We know that there exist matrices Tj( ,7€H0,...,p(2,2) — 1}, satisfying (see Lemma 4.7)
22) (22) 1,21 21) _ ,(21) =(2,2) 21) +(22)
Mp(2,2)71 My Vp(z,z)q V= Vp(2,2)71 ’ Tp(2,2)71 VT
and (2.2) (2.2)
=(22) =22
0o = - Ti(2,2)—1 =1
=(22) _ 5(22) . =(2,2)
Tiony = = Tonws =L Tigo) 4 € Ome, (1),
= =T =1 T € O (D),

i(2,2)+12
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L) sty = = Tiaayeassie) 1) = 1 Ti((é',zz))+4+8(l(52),1) € Opn(l),
Tz‘((zzl,Zz))+5+8(z(5z)_1) =...= T;%é%%)_l -1

! HVZ(é?)H > 1/4and ||Vi(é,,12))+r2—r1—1 o VO(M) - Vz(élz))—l T Vo(z'l) | < C, then we put Tj(m) =

Tj(Z'Z),j €{0,...,p(2,2) — 1}. We define T0(2,2) L ;}?22’;)_1 = I in the other cases. We put

T? = T}gz,l) _ T}Ez,z)/ Vk(z,z) _ Vk(2,1) , T}Ez,z)/ V2 = Vk(z,z)’ k e Ny,

We continue in the construction in the same way. Before the n-th step, we have
(V' en, = {Ax- T T2+ T ' }een,, Where the sequence {T} - T - - - T} ' }1en, has the
period

pm—1n—-1)=[in—1,n—-1)+r,1—rp2] -p(n—1,n-2).

We denote
a(x,y) = 2(X21)x+y, xeN, ye{l2,...,x}, (4.6)
5]‘:;}';3/ jeN, (4.7)
gj=H*-5, jeN, 4.8)
rj= li[“(S/S) 1(6s), j€EN. (4.9)
s=1

For the n-th step, there exists i(n,1) € IN divisible by a(n,1) such that i(n,1) >
p(n —1,n—1). Taken from (4.3), for J,, there exist matrices

M, MY, MY e O, (D), (4.10)

where [(6,) can be taken in such a way that 1(d,,) > 1(d,,—1). We denote
p(n,1) =[i(n,1)+r,) -p(n—1,n—1).

We consider the matrices

My = =My =1,
Ml((nnll)) - Mi(EZ,ll))+oc(n,l)/271 =1
Mi((nr;,ll))—&-a(n 1)/2 = My,

Ml((nf;/ll))ﬂ(nll)/zﬂ - Ml‘((nn/,ll))+a(n,1)+a(n,1)/271 =1
Mzgglr;,ll))+a(n,1)+a(n,1)/2 = Mén),
Mi((zl,ll))—w(n,l)/2+1+a(n,1)(z(5n)—1) - = Mi((nr;,ll))—i-oc(n,l)/2—1+¢x(n,1)(l(6n)—1) =1
Mz‘(gé,lf)+a(n,1)/2+a(n,1)(1(5n)—1) = M,(Z;)n),
miry IRy DR

i(n1)4a(n1)/24+1+a(n,1)(1(5,)—1) p(n1)—1
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1}, satisfying (see Lemma 4.7)

(n1) (n,1) n—1 -1 n—1 =(n,1) n—1 (n1)
Mooy Mo Vo Vo = Vi Tm—1 Vo - To
and o -
= (n,1 ~(n,1
0 T e e e T Ti(n,l)_l = 1/
=(n1) _ s(nd) .
Ti(n,l) - Ti(n,l)Jrac(n,l)/Zfl =1
F(n,1)
T( A)+a(n,1)/2 € 0s,,(1),
( )+“(” 1)/Z-H i(n,l)—O—a(n,l)—O—a(n,l)/Z—l ’
7(n,1)
i(n,)+a(n1)+a(n1)/2 € O5nn (I)/
T(”/l) L T(n 1) _
i(n1)—a(n,1)/2+1+a(n,1)(1(6,)—1) i(n1)+a(n,1)/2—1+a(n,1)(1(6,)—1)
7(n,1)
in)a(n1) /2w (n )10 —1) € Doun (1),
F(n,1) _ (%)
Ti(”r1)+04(71,1)/2+1+oc(n,1)(l((5n)—1) - Tp(m)_l = I

Next, we define the periodic sequence {Tk("’l)

-1 1
1/n* and anm o1 Vo = Vi

{0,...,p(n,1) — 1}. Otherwise, we define

Té”fl) - ...

We put Vk("’l) = V,f_l . Tk(”’l), k € No.

}een, with the period p(n,1).

I Vil

"V(?_lH < (, then we put T].(”'l) _ Tj("/l), j e

(4.11)

(4.12)

We continue in the n-th step in the same way. There exists i(n,n) € N divisible by a(n,n)

such that i(n,n) > p(

p(n/n) =

We consider the matrices

M(n,n)

i(nn)+a(nn)/2
— M(”/”) =1,

(n,n) o
Mi(n,n)+tx(n,n)/2+1 -

M(”f”)

i(nn)+a(nn)+a(nn)/2

() (1) /2414 (mn) (1(6) 1)
(n,n)

i(n,n)+a(nn)/2+a(nn)(1(5,)—1)

M(n,n)

i(nn)+a(nn)/24+14+a(n,n)(1(6,)—1)

n,n —1). Let us denote

[i(n/n) T = Tn,1] : P(nﬂ’l —1).

=M=,

( ,Vl)—l

_ M(n n) —1

i(nn)+a(nn)/2—1
=M,

i(nn)+a(nn)+a(nn)/2—1
=M,

— pmnm) _

i(nn)+a(nn)/2—1+a(nn)(1(6,)—1)

)
= My,

_ _ aq(nn) _
- = Mp(n,n)fl =L
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According to Lemma 4.7, there exist matrices Tj(n’"), j€{0,...,p(n,n)— 1}, satisfying

(n’n) (1’1,1’1) (11,71—1) (nrn_l) _ (1’1,71—1) ~(n,n) (n,n—l) ”‘(1’1,71)
MP(",ﬂ)—l My Vp(ﬂlﬂ)—l Vo - Vp(n,n)—l ' Tp(n,n)—l eV "o (4.13)
and
) _ _ qlnn)
0 o - Ti(n,n)—l =1,
F(mn) _ . _ A(nn)
Ti(n,n) - - T( n)+a(nn)/2—1 =1
7(11,1)
Tz(n n)+a(nn)/2 S O5nn (I)/

F(nn) _ flnn) _
T( n)+a(n, n)/2+1 T Ti nn)+a(nn)+a(nn)/2—1 L

—~

7(11,1)
Ti(”/”)"'“(”z”)"‘ﬂé(l’l,l’l)/Z < 051171 (I)/

) _ Fnn) -
Ti(”’n)_a("’”)/2+1+“(”f”)(1(5n)—1) o T( n)+a(nn)/2—1+a(nn)(1(8,)—1) — L
7 (nn)
T( )J"a(n n)/z“"lx(n n)(l((5 ) ]) E 057114(1)/

7(nn) )

T( m)+a(nn)/241+a(nn)(1(6,)-1) — Tp nn)—1 " L.
We define the periodic sequence {T ) teen, with the period p(n,n) as follows. If
||V”n 2 || > 1/n% and ||V nn-1) --Vo(n’nfl) — ynl) ERRA (n.n=-1) H < (, then we put

(nn)+ry—ry_1—1 i(nn)—1

T].(" ") = Tj(" ) forj € {0,...,p(n,n) —1}. In the other cases, we define

Tén,n) L Trgn/”) =L (4.14)

We put T = "D ... 7 ylmm) — =) pnm) e — y0m) ke N, We continue in the
same manner.
Let us define the sequence

T, = Ay - Tk T--', k € Np.

It follows directly from the construction that, for every k € Ny, there exists (k) € IN such
that

T =1, 1#q(k), l€N. (4.15)

In other words, T, = Ax- T q(k), k € INy. Especially, T € X for all k € INyp. One can also see
that
T;: S OJW(I), k€ Ny, ne&NN. (4.16)

Moreover, {Ay}ren, is limit periodic. Thus, we know that there exist periodic sequences
{B} }xen, € X satisfying (see Definition 3.1)

1
|Ax — BY|| < o keNy, neNN. (4.17)
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We denote the period of {T}}rew, as pi and the period of {B!}rcn, as p5 for any n € N.
Then, the sequence {B} - T} - - - T/ }xen, is periodic with the period p5 - pl---pl, n € N. It
holds that

ey

S“Tk—B?'T%"'Til""‘+‘B;?'ng"'Til"'—Bf'ng"‘Tf (4.18)
SHAk_BH.HTkl...Tg...H+’B]'(1.TI{1...T;€1 -‘T,?H---T:H---—I ,
where j € N, and
HT,}---T}:---HgH, ‘B;;-T,j---T;g < H. (4.19)

Now, from inequalities (4.17), (4.18), and (4.19), we get (see also (4.15), (4.16))

1
< —-H+H d(u1)(ns1)

IT - Bp-T T <

for all k € Ng, n € IN. From it follows (consider lim; ., J;; = 0 or see directly (4.7), (4.8))
that {Tj }xen, is the uniform limit of the sequence of periodic sequences {B} - T} - - - T} }rem,,
n € N. It means that {Tj }xen, € LP(X). Moreover (see (4.16) and also (4.8)), T} € O, (I)
for every k € INp, n € IN. From (4.15), we get (see (4.5), (4.8))

A — Ti|| < || Akl - I—Tq(k) SI_I'511:E
k 2

for all k € INy. Hence,

sup ||Ar — Tkl <,
keNg

ie., {Titren, € Oc({Ak}ren,)-
Since X is bounded, we know that infiep, || Xk|| > 0. We show that the fundamental matrix
{Xk}ken,, Xo = I of the system

Xkp1 = Ti - xx, k€ Ny, (4.20)

is not asymptotically almost periodic. By contradiction, we suppose that the fundamental
matrix is asymptotically almost periodic. From infycp, || Xk|| > 0, it follows that, there exists
b € N satisfying || X¢|| > 1/b2, k € Nj.

Considering the construction in the steps b,b +1,..., we get (see (4.15))

HXi(b,l)-i-rb — Xi(b1) H

-

Tiwp)+r,—1° 7 To— Tipy—1- - ToH

_ ||yp-1 (b1) b—1  7(b1) b—1 (b1) b—1  p(b1)
- ’ Vi(b,l)—o—rh—l ) Ti(b,l)-i—rb—l Vo Ty = Vz‘(b,l)—l ) Ti(b,l)—l Vo T H
_ (b1) (b1) b1 b—1 (b1) (1) yb-1 b—1
sz‘(b,1)+rbf1 - Wo Vi( A)rp—1 " Voo — Wi(b,l)fl e Wo Vi(b,l) eV ’
where the matrices W].(b’l), j€A{0,...,i(b,1) +r, — 1}, satisfy (see Lemma 4.7) the identities
b—1 (b,1) b—1  p(b1) _ ar(b1) (b1) ysb—1 b—1
Vi -1 Tonsn-1""V0  "To " =Wiptyn—1"Wo " Vie1)sn-1 Vo -
b—1 (b1) b—1  p(b1) _ (1) (b1) b1 b—1
Vz’(b,l)—l Ti(b,l)—l Voo ' Ty’ = Wi(b,l)—l W Vz’(b,l) 1 Yo
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If
b—1 b—1 b—1 b—1
’ Vi(b,l)—i—rb—l Vo - Vi(b,l)—l W H > G,
then
W =1 =1, je{o,...,i(b1)+n—1},
and
Hxi(b,1)+rb — Xi(p,1) H >(>0. (4.21)
If
b—1 b—1 b—1 b—1
‘ Vionyan-—1Y%  —Vipn-1W H <
then Wi((%}l))_l e Wéb’l) = [ and (see (4.11) and Lemma 4.7)
(b1) (b1) _ 5 ,(b) (b)
Wi(b,1)+rr1 e Wo = Ml(&,,) My
Considering Remark 4.8, we have
HXz'(b,1)+rb - Xi(b,l)H >70>0 (4.22)
in this case as well. Thus, we have (see (4.21) and (4.22))
|Xiw1yen, = Xign|| = ¢>0 (4.23)
in the both cases.
We continue in the same manner. It holds
Hxi(b,b)m—rb,] - Xi(b,b)H = | Tiwo)+rp—r, 1—1° " To = Tippy)—1- - ToH
4 (bb-1) (b,b) (b,b—1) (b,b)
- Vz‘(b,b)+r,,7rb,1fl " i) 4=ty —1 Yo Ty

(bp=1) (b,b) (bp—1) 7(bb)
_Vi(b,b)—l'Ti(b,b)—l'”VO Ty H

. (b,b) (bb) 1,(bb=1) (b,b—1)
o Wi(b,b)—i—rh—rb,l—l T WO ) ‘/l'(h,b)-ﬁ—rb—i’h,l—l T VO
(b,b) (b,b) ,(bb—1) (b,b—1)
_Wi(b,b)—l W Vi(b,b)—l 2 H :

The matrices Wj(b’b), j € {0,...,i(b,b) + r, —ry_1 — 1}, are taken in a such way, that (see
Lemma 4.7)
(b,b—1) (b,b) (b,b—1) (b,b)
Vi(b,b)+rb—rb,1—1 ’ Ti(b,b)+rb—rb,1—l T VO ) TO
(b (b,b) 1, (bb—1) (bb—1)
— b Frp—rp—1 Wo ™ i(bb)+ry—ry_1—1 Yo ’
(bh—1) (bb) (bb—1) (bb) _ 1xr(bD) (bb) +,(bp—1) (bb—1)
Vi(b,b)—l ’ Tz’(b,b)—l 2 Ty = Wi(b,b)—l Wy 'Vi(b,b)—l 2 :
If
(b,b—1) (b,b—1) (b,b—1) (b,b—1)
‘ Vi(b,b)+rb71'b,171 Y - Vi(b,b)fl Vo H > ¢
then

wbb) — b _

j j , jE{0,...,i(b,b)—|—1’b—7’b_1—1},
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and
HXz'(b,b)-l-rb—rb_l — Xi(,p) H >>0. (4.24)
If
(b,b—1) (b,b—1) (b,b—1) (b,b—1)
‘ Vi(b,b)+rb—rb_1—1 Vo - Vi(b,b)—l Vo H < (4.25)
then Wz‘((l;,l;))—l e Wéb’b) = [ and (see (4.13) and Lemma 4.7)
(bb) (b) _ 5 ,(0) (b)
Witbbyr—n -1 Wo ™ = Myggy - My
From Remark 4.8, we obtain
HXz'(b,b)-l-rb—rb_l — Xi(,p) H >7>0, (4.26)

if (4.25) is valid. Again, in the both cases, we have (see (4.24) and (4.26))

HXi(b,b)Hrrbfl = Xi(b,p) H >¢>0. (4.27)

We can continue in the same way, when we obtain

HXi(b+n,1)+rb+,, = Xi(p4n) H > >0, (4.28)

HXi(b+n,b+n)+rb+,ﬁrb+n,1 - Xi(b+n,b+n) > g >0 (4-29)
for any n € IN.

Now we use Theorem 3.5, where we put lp =0, ..., [, = r,, ... Considering the previous
inequalities (see (4.23), (4.27), and (4.28)—(4.29)), it is seen that, for all large i,j € IN, i # j,
there exists [ € IN such that

1 X1, = Xi | =2 2> 0,

which is a contradiction with (3.2). Hence, the fundamental matrix of (4.20) is not asymptoti-
cally almost periodic. O

The next theorem is the almost periodic version of Theorem 4.9. Note that, Theorem 4.10
is not a corollary of Theorem 4.9. It is known that, there exist almost periodic systems, which
are not limit periodic. For example {A;} = {e}, k € Z, for the unitary group of dimension
one X = U(1). The system has a neighbourhood (in AP (X)) without limit periodic systems.

Theorem 4.10. Let X have the property that there exists ¢ > 0 such that, for every 6 > 0, there exist
matrices My, ..., M; € X with the property that (4.3) is valid. Then, for every { Ay }trez € AP(X)
and & > 0, there exists { Ty }rez € O¢({Ax}rez) such that the fundamental matrix { Xy }ren, of

Xke1 = Ti - xp, k€ Ny,
is not asymptotically almost periodic.

Proof. The proof of this theorem can be lead analogously as the proof of Theorem 4.9. In
particular, the same construction can be used. O



Limit and almost periodic linear difference systems 15

Acknowledgements

The author was supported by the Research Project MUNI/A /1490/2014 of Masaryk Univer-
sity and the Czech Science Foundation under Grant P201/10/1032.

References

[1] Z. ALSHARAWT, ]. ANGELOS, Linear almost periodic difference equations, J. Comput. Math.
Optim. 4(2008), 61-91. MR2433650

[2] L.V. BEL'GART, R. K. Romanovskil, The exponential dichotomy of solutions to systems of
linear difference equations with almost periodic coefficients, Russ. Math. 54(2010), 44-51.
url

[3] I.D. BErG, A. WILANSKY, Periodic, almost-periodic, and semiperiodic sequences, Michigan
Math. . 9(1962), 363-368. MR0144098

[4] A.S. BesicovircH, Almost periodic functions, Dover Publications, Inc., New York, 1955.
MR0068029

[5] T. CaraBaLLO, D. CHEBAN, Almost periodic and almost automorphic solutions of linear
differential /difference equations without Favard’s separation condition. I, J. Differential
Equations 246(2009), 108-128. MR2467017; url

[6] T. CaraBaLLO, D. CHEBAN, Almost periodic and almost automorphic solutions of linear
differential equations, Discrete Contin. Dyn. Syst. 33(2013), 1857-1882. MR3002731

[7] M. CrvATAL, Non-almost periodic solutions of limit periodic and almost periodic homo-
geneous linear difference systems, Electron. |. Qual. Theory Differ. Equ. 2014, No. 76, 1-20.
MR3304202; url

[8] C. CorDUNEANU, Almost periodic oscillations and waves, Springer, New York, 2009.
MR2460203; url

[9] K. FaN, Les fonctions asymptotiquement presque-périodiques d’une variable entiere et
leur application a I’étude de l'itération des transformations continues (in French), Math.
Z.48(1942/43), 685-711. MR0009089

[10] A.M. FINK, Almost periodic differential equations, Springer-Verlag, Berlin, 1974. MR0460799

[11] K. GoraLsamy, P. L1y, S. ZuAaNG, Almost periodic solutions of nonautonomous linear
difference equations, Appl. Anal. 81(2002), 281-301. MR1928455; url

[12] P. Hasit, M. VEsSELY, Almost periodic transformable difference systems, Appl. Math. Com-
put. 218(2012), 5562-5579. MR2870075; url

[13] P. Hasit, M. VEseLY, Limit periodic linear difference systems with coefficient matri-
ces from commutative groups, Electron. J. Qual. Theory Differ. Equ. 2014, No. 23, 1-25.
MR3218770; url

[14] J. Hong, R. Yuan, The existence of almost periodic solutions for a class of differen-
tial equations with piecewise constant argument, Nonlinear Anal. 28(1997), 1439-1450.
MR1428661; url


http://www.ams.org/mathscinet-getitem?mr=2433650
http://dx.doi.org/10.3103/S1066369X10100051
http://www.ams.org/mathscinet-getitem?mr=0144098
http://www.ams.org/mathscinet-getitem?mr=0068029
http://www.ams.org/mathscinet-getitem?mr=2467017
http://dx.doi.org/10.1016/j.jde.2008.04.001
http://www.ams.org/mathscinet-getitem?mr=3002731
http://www.ams.org/mathscinet-getitem?mr=3304202
http://dx.doi.org/10.14232/ejqtde.2014.1.76
http://www.ams.org/mathscinet-getitem?mr=2460203
http://dx.doi.org/10.1007/978-0-387-09819-7
http://www.ams.org/mathscinet-getitem?mr=0009089
http://www.ams.org/mathscinet-getitem?mr=0460799
http://www.ams.org/mathscinet-getitem?mr=1928455
http://dx.doi.org/10.1080/0003681021000021961
http://www.ams.org/mathscinet-getitem?mr=2870075
http://dx.doi.org/10.1016/j.amc.2011.11.050
http://www.ams.org/mathscinet-getitem?mr=3218770
http://dx.doi.org/10.14232/ejqtde.2014.1.23
http://www.ams.org/mathscinet-getitem?mr=1428661
http://dx.doi.org/10.1016/0362-546X(95)00225-K

16 M. Chuital

[15] O.V. KiricHENOVA, A.S. KoryurGina, R.K. Romanovskii, The method of Lyapunov
functions for systems of linear difference equations with almost periodic coefficients,
Siberian Math. ]. 37(1996), 147-150. MR1401086; url

[16] J. KurzwElL, A. VENCOVSKA, On a problem in the theory of linear differential equations
with quasiperiodic coefficients, in: Ninth international conference on nonlinear oscillations,
Vol. 1 (Kiev, 1981), Naukova Dumka, Kiev, 1984, 214-217, 444. MIR800432

[17] J. KurzwelL, A. VENCOVSKA, Linear differential equations with quasiperiodic coefficients,
Czechoslovak Math. ]. 37(112)(1987), 424-470. MR904770

[18] G. ParascHiNoroULOS, Exponential separation, exponential dichotomy, and almost pe-
riodicity of linear difference equations, J. Math. Anal. Appl. 120(1986), 276-287. MR861920;
url

[19] W. ScEwARZ, ]. SPILKER, Arithmetical functions. An introduction to elementary and analytic
Y Y
properties of arithmetic functions and to some of their almost-periodic properties, Cambridge
University Press, Cambridge, 1994. MR1274248; url

[20] V.I. TkacHENKO, Linear almost periodic difference equations with bounded solutions,
in: Asymptotic solutions of nonlinear equations with a small parameter, Akad. Nauk Ukrainy,
Inst. Mat., Kiev, 1991, 121-124. MR1190294

[21] V.I. TkACHENKO, On linear almost periodic systems with bounded solutions, Bull. Austral.
Math. Soc. 55(1997), 177-184. MR1438837; url

[22] V.I. TkacHENKO, On unitary almost periodic difference systems, in: Advances in difference
equations (Veszprém, 1995), Gordon and Breach, Amsterdam, 1997, 589-596. MR1638526

[23] M. VESELY, On orthogonal and unitary almost periodic homogeneous linear difference
systems, in: Proceedings of Colloquium on Differential and Difference Equations (Brno, 2006),
Folia Fac. Sci. Natur. Univ. Masaryk. Brun. Math., Vol. 16, Masaryk Univ., Brno, 2007,
179-184. MIR2391483

[24] M. VEsELy, Construction of almost periodic sequences with given properties, Electron.
J. Differential Equations 2008, No. 126, 1-22. MR2443149

[25] M. VEseLY, Construction of almost periodic functions with given properties, Electron.
J. Differential Equations 2011, No. 29, 1-25. MR2781064

[26] M. VESELY, Almost periodic homogeneous linear difference systems without almost peri-
odic solutions, J. Difference Equ. Appl. 18(2012), 1623-1647. MR2979827; url

[27] M. VEsELY, Almost periodic skew-symmetric differential systems, Electron. |. Qual. Theory
Differ. Equ. 2012, No. 72, 1-16. MR2966814; url

[28] M. VEseLy, P. HasiL, Limit periodic homogeneous linear difference systems, Appl. Math.
Comput. 265(2015), 958-972. MR3373537; url

[29] S. ZaDMAN, Almost-periodic functions in abstract spaces, Research Notes in Mathematics,
Vol. 126, Pitman Advanced Publishing Program, Boston, 1985. MR790316


http://www.ams.org/mathscinet-getitem?mr=1401086
http://dx.doi.org/10.1007/BF02104765
http://www.ams.org/mathscinet-getitem?mr=800432
http://www.ams.org/mathscinet-getitem?mr=904770
http://www.ams.org/mathscinet-getitem?mr=861920
http://dx.doi.org/10.1016/0022-247X(86)90216-7
http://www.ams.org/mathscinet-getitem?mr=1274248
http://dx.doi.org/10.1017/CBO9781107359963.014
http://www.ams.org/mathscinet-getitem?mr=1190294
http://www.ams.org/mathscinet-getitem?mr=1438837
http://dx.doi.org/10.1017/S0004972700033852
http://www.ams.org/mathscinet-getitem?mr=1638526
http://www.ams.org/mathscinet-getitem?mr=2391483
http://www.ams.org/mathscinet-getitem?mr=2443149
http://www.ams.org/mathscinet-getitem?mr=2781064
http://www.ams.org/mathscinet-getitem?mr=2979827
http://dx.doi.org/10.1080/10236198.2011.585984
http://www.ams.org/mathscinet-getitem?mr=2966814
http://dx.doi.org/10.14232/ejqtde.2012.1.72
http://www.ams.org/mathscinet-getitem?mr=3373537
http://dx.doi.org/10.1016/j.amc.2015.06.008
http://www.ams.org/mathscinet-getitem?mr=790316

Limit and almost periodic linear difference systems 17

[30] S. ZrANG, Almost periodic solutions of difference systems, Chinese Sci. Bull. 43(1998),
2041-2046. MR1671305; url

[31] S. ZHANG, Existence of almost periodic solutions for difference systems, Ann. Differential
Equations 16(2000), 184-206. MR1776725

[32] S. ZuANG, Almost periodicity in difference systems, in: New trends in difference equations
(Temuco, 2000), Taylor & Francis, London, 2002, 291-306. MR2016070


http://www.ams.org/mathscinet-getitem?mr=1671305
http://dx.doi.org/10.1007/BF03183502
http://www.ams.org/mathscinet-getitem?mr=1776725
http://www.ams.org/mathscinet-getitem?mr=2016070

	Introduction
	Preliminaries
	Limit, almost, and asymptotic almost periodicity
	Results

