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Abstract. Existence and stability of spatially periodic solutions for a delay prey-
predator diffusion system are concerned in this work. We obtain that the system can
generate the spatially nonhomogeneous periodic solutions when the diffusive rates are
suitably small. This result demonstrates that the diffusion plays an important role in de-
riving the complex spatiotemporal dynamics. Meanwhile, the stability of the spatially
periodic solutions is also studied. Finally, in order to verify our theoretical results, some
numerical simulations are also included.
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1 Introduction

In recent years, the interactions between two species have attracted much attention due to
their theoretical and practical significance since the pioneering theoretical works by Lotka [22]
and Volterra [28], see [4,8,10,19,30,32]. It is well known that the interactions between two
species have mainly three kinds of fundamental forms such as competition, cooperation and
prey-predation in population biology. Among these interactions, extreme attention has been
payed to the prey—predation mechanism because it possesses a very significant function as a
kind of restriction factor in the process of evolvement of biology [6,9,17,23,25]. Understanding
the dynamics of predator-prey models will be very helpful for investigating multiple species
interactions. In [1], Beretta and Kuang have explored the dynamics of the following delayed
Leslie-Gower model.

SIC— [1 - “Iﬁ)] —mu(to(t), >0, »
dz;(tt) — ot [1 _ M] , £>0,

where u(t), v(t) are the population densities of the prey and the predator, respectively; r; > 0,
r2 > 0 denote the intrinsic growth rates of the prey and the predator, respectively. K > 0 is the
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carrying capacity of the prey and ru takes on the role of a prey-dependent carrying capacity
for the predator. The parameter r > 0 is a measure of the quality of the prey as food for the
predator. They presented some results on the boundedness of solutions permanence, global
stability of the boundary equilibrium and local stability results of the positive equilibrium.
Following this work, Song et al. [27] considered the properties of the local Hopf bifurcation
and the global continuation of the local Hopf bifurcation for model (1.1).

In fact, the distribution of species is generally spatially inhomogeneous and therefore the
species always tend to migrate toward regions of lower population density to improve the
possibility of survival [29]. Therefore, spatial diffusion should be considered in modelling
biological interactions, see [2,3,12,13,16,20,21,26,31]. Thus, the dynamics behavior of two
species to model (1.1) should be described by the following model

a“gtt’x) = diAu(t,x) + riu(t, x) [1 — @] —mu(t,x)o(t,x), t>0,x€Q

WX — gy Ao(t,x) + r20(t, x) [1 - jjf{tjf“,f)} , t>0 x€Q, (1.2)
u(t,x) = ¢(t,x) >0, o(t,x) = p(t,x) >0, (t,x) € [-1,0] x Q,

with Neumann boundary conditions

du(t,x)  dou(tx)
= = > 0. .
- =0, x€d0, t20 (1.3)

Q C RV is a bounded domain with smooth boundary 9Q); v is the unit outward normal vector
on the boundary of (2 and the Neumann boundary conditions in (1.3) imply that two species
have zero flux across the domain boundary 9(); d; > 0, d, > 0 denote the diffusion coefficients
of two species; (¢, ) € C = C([—7,0], X), X is defined by
_du 0o

.EZEZO, XEBQ},

X = {(u,v) (1,0 € W2(Q)

with the inner product (-, -).

The main goals of the present paper are to consider the existence and stability of spatially
periodic solutions of system (1.2). By regarding the time delay 7 as the bifurcation parameter
and analyzing the associated characteristic equation, we find that an increase of T can lead
to the occurrence of spatially nonhomogeneous periodic solutions at (1*,v*). Moreover, the
stability of the spatially nonhomogeneous periodic solutions is studied.

The remaining parts of this paper are organized as follows. In Section 2, the existence of
spatially nonhomogeneous periodic solutions is investigated. In Section 3, we derive condi-
tions for determining the stability of the spatially nonhomogeneous periodic solutions on the
center manifold. Finally, some conclusions and numerical simulations are presented in Section
4. Throughout the paper, we denote by IN the set of all positive integers, and INg = IN U {0}.

2 Existence of spatially periodic solutions

In this section, we focus on investigating the local stability and the existence of spatially
periodic solutions of the positive constant steady-state of system (1.2). It is easy to see that
system (1.2) has two feasible boundary equilibria (0,0), (K,0) and a unique positive constant
steady-state E*(u*, v*), where

P ot Krir
r r1 + Kmr
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Let u(t,x) = u(t,x) —u*, o(t,x) = v(t,x) — v*, for convenience, we still use 1 and v to
denote 7 and ©. Then system (1.2) can be transformed into the following reaction-diffusion
system when Q) is restricted to the one-dimensional spatial domain (0, 77):

dulty) _ dl% oy (e, x) + ) [1 = 22Tt x) + ut) (o(t, x) + 0%),

; %u(t, * T -
o = BT et ) o L ] (>0 xe 0,

(2.1)

ultx) _ ollx) — o, >0, x €90,

u(t,x) = ¢(t,x) —u*, o(t,x) =(t,x) —ov*, (t,x)€[-7,0] x Q.

Thus, the positive constant steady state E*(u*, v*) of system (1.2) is transformed into the zero
steady state of system (2.1).
By virtue of the Taylor expansions, system (2.1) can be rewritten as the following system

WEX) _ 4y Au(tx) + Braut, x) + Proo(t, x) + Brsu(t, x) + Prane(t, x)o(t, x),
202 = dyAo(t,x) + Paau(t — T,x) + Poo(t — T, %) (2.2)
+ X i!]-lﬁfz‘jku"(t — 1, %) (t — T, x)0"(t, x),
i+j+k>2
where
—r —7r
ﬁll = 711,[* < O, 1312 = —mu* < 0, 1813 = Tl < 0/ 1814 = —m< O’
521 =rr, >0, ﬁzz =—r <0
0i+k£(0,0) v(t, x)
= ————— ", (u,v) = ryv1(t, x) (1 — ) )
K ou'9vi9vk f ru(t, x)

Let ui(t) = u(t,-), ua(t) = o(t,-), and U(t) = (u1(t),uz(t))’. According to [11,12],
then system (2.2) can be rewritten as a delay differential equation in the phase space C =
C([—7,0], X)

;tu(t) — dAU(H) + L(Uy) + F(Uy), (23)

d 0 0
d B < > ’ A - <BX2 82 ) /
0 0 3=
Ui(0) =U(t+6), —1<0<0,L:C— Xand F:C — X are given, respectively, by

~( Bugi(0) + Brag2(0)
L(p) = (,321(P1(_T) + ﬁzz?z(-”ﬁ) ’

F(g) = B1397(0) + Prag1(0) 92(0)
P Litjtk=2 u}ﬁﬁjk(l’ﬁ(—f)(pfz(_f)(pg(o) ’

where

where ¢(0) = U;(0), —1 <0 <0, ¢ = (¢1,92)T € C.
Linearizing (2.3) at (0,0) gives the linear equation
d

%U(t) = dAU(t) + L(Uy). (2.4)
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The characteristic equation for the linearized equation (2.4) is
Ay —dAy — L(e*y) =0, (2.5)

where y € dom(A)\{0} and dom(A) C X.
It is well known that the linear operator A on (0, 7r) with homogeneous Neumann bound-
ary conditions has the eigenvalues —k? (k € INy) and the corresponding eigenfunctions are

L (T 2_ (0 _ _cos(kx)
ﬁk‘(o)' ﬁk‘(w)' Y= Teoskn)lly <O

Notice that (B}, B2)5>, construct an orthogonal basis of the Banach space X (see [12]). There-
fore L(B}, B) C span{B}, 7} and thus any element y in X can be expanded a Fourier series
in the form

(v, BLBE+ (v BDBY)

( Y, B (Y, :Bk>> <§%) . (2.6)

v=5

In addition, some easy computations can show that

,Bk>> = [L T <:Bi> 27
(o (8)) =t (5). 7)
where ¢ = (¢1, ¢2)T € C.

From (2.6) and (2.7), (2.5) is equivalent to

ké) (<y’ﬁ}(>/ v ﬁb) [(A +0d1k2 )\+Od2k2> - <521ﬁ€11M 525;EAT>] (%) =0

Hence, we conclude that the characteristic equation (2.4) is equivalent to the sequence of the
characteristic equations
A+ [(di + d2)k? — Buu]A + [didok® — dapriK’]
+ [~ B — d1Bok” + PP — Pr2Pule T =0,  keNp. (2.8)

It is obvious that equation (2.8) has no zero roots since 11 < 0, B12 < 0, B21 > 0, B2 <0,
dy >0,d, > 0.
When 1 = 0, (2.8) reduces to the following quadratic equation with respect to A
A 4 [(dr + do)k — Br1 — ]2
+ [ddok* — daP11k® — d1Bk? + B11B22 — B12Bx] =0, k € No, (2.9)

where
[(dl + dz)k2 — ,311 — ‘322] >0
[d1dok* — daB11k? — d1Baok® + B11B22 — B12Ba1] > 0

Consequently, all roots of equations (2.9) have negative real parts. Therefore, the positive
steady state E(u*,v*) of system (1.2) is locally asymptotically stable in the absence of delay.
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When d; = d; = 0 and T = 0, system (1.2) becomes an ordinary differential equation, we
know that roots of the characteristic equation of ordinary differential equations have negative
real parts. This indicates that the diffusion coefficients d,d, have no effect on the stability of
the positive steady state E(u*,v*) in the absence of delay.

Denote

(H) d1f2 —dap11 > 0, and dida + (d1B22 — d2f11) + (B12B21 — P11P22) > 0.
Lemma 2.1. Assume that the condition (H) holds. If

(d3 + d3) — 2B11d1 < B3, — P11 < 16(d7 + d3) — 8B11ds, (2.10)

2
[A — 2B} — B,]" — 4(Bf - C1) >0, (2.11)

then (2.8) with k = 1 has purely imaginary roots %iw;, where

«A%zm 2,) /(45— 2B, — B, — 4B — )
w1 = .
2

Proof. Assuming iw (w > 0) is a solution of (2.8) with k > 1, then substituting iw into equation
(2.8) and separating the real and imaginary parts, one can get that

—w? 4 By — Bpwsin(wt) + Cy cos(wT) = 0, (2.12)
Arw — Bow cos(wt) — Cysin(wt) =0, (2.13)

where
Ay = (dy +d2)k* — B11 > 0, By = dydok* — daB11k* > 0,

Cx = —d1Book® + B11B22 — P12Pa1 > 0, k € No.
From (2.12) and (2.13), it is easy to see that

w*+ (A7 — 2By — B%)w? + B} —Ci =0, k€ Ny. (2.14)

By computing, we have By — Cy = dydok* + (d1B22 — d2f11)k? + B12B21 — B11Ba2- It is clear
that dydok* + (d1B22 — daP11)k* + Br2Pr — P11z > dida + (d1B22 — daP11) + P12Po1 — P11P2
when dyiB2 — d2f11 > 0 (k > 1). According to By > 0,Cx > 0, if the condition (H) holds, we
can get B > C? when k > 1. Obviously, A? — 2By — 3, = (d3 + d5)k* — 2d1B11k> + B2, — B3,;
if 16(d2 + d3) — 8d1B11 + a3, — P, > O, that is, B3, — B2, < 16(d? + d3) — 841 P11, then (2.14)
with k > 2 has no positive roots.

Clearly, if d + d3 — 2d1B11 + B3, — B, < O, that is, B, — B3, > d3 +d5 — 2d1 11, and
[A3 — 2B — %2}2 —4(B2 — C?) > 0, then (2.14) with k = 1 has at least one positive root w.
From (2.10), (2.11), (H) and (2.14), we have

J (A3~ 2By — By) + /(AT — 2B; — )t — 4(BL — C)
w1 = .

5 (2.15)

That is, it has w; such that (2.8) with k = 1 has purely imaginary eigenvalues +iw;. Thus the
proof is complete. O
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According to (2.12),(2.13) and Lemma 2.1, we get

C B:C
T]':1<aI‘CCOS( 1ﬁ22-2F 1)w1 1 1+2j7r>, i=0,1,... (2.16)
w1 Ci + Bowi

Lemma 2.2. Let A(T) = p(t) £iw(T) be the root of (2.8) with k = 1 near T = T; satisfying
u(t) =0, w(t;) = wi, j=0,1,... Then, the following transversality condition holds

dA
sign Re [] # 0.
& at =1,

Proof. Taking the derivative for equation (2.8) with respect to T at 7;, we have

a7 @At Age” —pn (217)
dt - (C1 — 1311/\)/\ A ’
From (2.17), we get
, dAr . [(2/\+A1)e“—,822 T
signRe | — = signRe - =
& [dT B Cl—puMA Al
_ (A1coswiT) — 2w sinwy T — B22)B11w?
(Bfwi +CF) wi
(Aq sin wlrj + 2wy cos wlrj)Clwl
(BRw? + CF) wi
1 2 2
=i [AT — 2By — B3, + 2wi]
— e |V(A 28 - g - alB - | 2o
prwi +Ci
then i
sign Re [] # 0.
at =1,
Thus the proof is complete. O

Therefore, we have the following conclusions,
Theorem 2.3. Suppose that the conditions in Lemma 2.1 are satisfied. Let T; be defined as in (2.16).

(i) If T € [0,10), then the positive constant steady-state solution E* = (u*,v*) of system (1.2) is
stable and unstable when T > 1.

(ii) System (1.2) can have spatially nonhomogeneous periodic solutions at the positive constant
steady-state solution E* = (u*,v*) when T = Tj.
3 Stability of spatially periodic solutions

In the previous section, we have obtained the existence of spatially periodic solutions of
system (1.2) when the parameter T crosses through the critical value 7; (j = 0,1,2,...). In this
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section, we shall study the stability of periodic solutions by applying the normal form theory
of partial functional differential equations developed by [15,29].

Normalizing the delay T in system (2.2) by the time-scaling t — £, (2.2) is transformed
into

WX — T{dy Au+ Brau(t) + Broo(t) + Brau®(t) + Brau(t)o(t),

. . 3.1)
o) _ T{dzAv +Bnu(t—1) + foo(t—1)+ ¥ e fipe (¢ = 1)l (¢ = 1)Uk},
i+j+k>2
where f;j is defined by (2.2). Let T = 7; + a, then, (3.1) can be written in abstract form in
C =C([-1,0]: X) as
d

U1 = (1+0)dAU(t) + L(5) (U) + F(Us, ), (3.2)

where d = (%1 ;2), L(x)(-):C — X, F(-,a) : C — X are given by

oo =10 (210 0.
F(g,a) = aAp(0) + L(a)p + f(@,a),
and

o B1397(0) + B1291(0)92(0),
Jl®) =5 +4) (ziﬂ-ﬂez ﬁaﬁjk¢a<—1>¢£<—1>¢’5<o>) '

for ¢ = (¢1,92)T € C.
Linearizing (3.2) at (0,0) leads to the following linear equation
d
%U(t) = 1 dAU(t) + L(7;) (Us). (3.3)
It is easy to see from the discussions in the previous section that (2.8) has two purely imaginary
eigenvalues +iw; (w; is defined by (2.15)).
Let A1 = {—iwy, iw }, consider the following FDE on C([—1,0], R?)

z(t) = L(7)(z1), (3.4)

() = {8 5) )+ (i) G0}

As is well known, L(7j) is a continuous linear function mapping C([—1,0],R?) into R?
According to the Riesz representation theorem, there exists a 2 x 2 matrix function # (6, 7)
(=1 < 6 <0), whose elements are of bounded variation such that

that is,

0
L) @) = [ dn(07)9(0) forgeC. (35)
Thus, we can choose
n(0,7) = (1 +a) (551 552> 5(0) — (tj+ ) (/321 ,822) 5(0+1), (3.6)
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where 6(0) =1, (0) =0, —1 < 0 < 0, then (3.5) is satisfied.
If ¢ is any given function in C([—1,0],IR?) and u(¢) is the unique solution of the linear
equation (3.3) with the initial function ¢ at zero, then the solution operator

T(t) : C([~1,0],R?) — C([-1,0],R?)

is defined by
(¢ = u(g), t>0.

Let A(7;) denote the infinitesimal generator of the strongly continuous semigroup, according
to [14], then,

d¢ (0) /d6, 6 c[-1,0),
A(T) ¢ (0) = ’ 3.7)
L(7) () & [0 dy (1) ¢ (1), 6=0,

where ¢ € C! ([-1,0],R?).
For ¢ € C1([0,1], (R?)*), define

(3.8)

—dy (s) /ds, s € (0,1],
AP (s) =

f?ll[J (—t)dy (t/Tj) , =0,

and a bilinear inner product of the Sobolev space W22(0, 7).

0 ro
(), 90) =9 ©p©) [ [ (&~ 0pn0)de
0

—p @0 -5 [ v+ (0 2o

where 77 (0) = 1 (6, 7;) and A* is the formal adjoint of A (7j).

Obviously, the characteristic equation of the linear operator A (7)) is (2.8) with k = 1. So,
it is easy to see from Section 2 that A(7;) has a pair of simple purely imaginary eigenvalues
+iw; and they are also eigenvalues of A* since A (1) and A* are adjoint operators. Let P
and P* be the center spaces, that is, the generalized eigenspaces, of A (7j) and A* associated
with A4, respectively, then P* is the adjoint space of P and dim P = dim P*=2.

In addition, according to [11,27], a few simple calculations, we can choose ® and Y be the
bases for P and P*, respectively. It is known that & = ®B, where B is the 2 x 2 diagonal

matrix B = (i“’l 0 )

0 iwl

Let ® = (@, ®;) and ¥ = (¥4, ¥2)7, where

- T
@1(9) — piwnf <1’ W) , @2(9) = @1(9), -1<96<0,
12
1 iw, —d !
Yi(s) = 0 (1’ _W> e, ¥a(s) = Ya(s), 0<s<1,
5= 1

1+ ov — Tj(—d1 + 11 + Ba10 + Br12v + (Ba2 — d2) v’
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where ¢ = ntd=pu oy = _KasditPu e fi = (BL,B3), c-f1 be defined by c¢- f; =

/512 /521eiw1'rj
1Bt + c2f? for ¢ = (c1,c2)T € R and (- f1)(0) = ¢(0) - f1 for 6 € [—1,0]. Then the center
space of linear equation (3.3) is given by PcnC, where

Peng =@ (Y, (9, f1))- 1, 9 E€C, (3.9)

and C = PcnC @ PgC, here PoC denotes the complementary subspace of PcnC in C.
Let A, be defined by:

Ar@(8) = ¢(0) + X1(0) [5Ap(0) + Lu(7)(¢(8)) — ¢(0)], ¢ <C,

where X;: [-1,0]—B(X, X) is given by

0, 0e|-1
Xl — ’ € [ /0)1
I, 6=0.

Then the infinitesimal generator A, induced by the solution of (3.3) and (3.2) can be rewritten
as the following operator differential equation

Ut = ATjUt + X]F(ut,OC). (310)

Using the decomposition C = Pcy @ PoC and (3.9), the solution of (3.1) can be written as

U =& <28> - f1+h(xy, x0,0),

where (x1,22)T = (¥, (Uy, f1)), and h(x1, x2, &) € PoC with h(0,0,0) = Dh(0,0,0) = 0.
Thus, the flow on the center manifold for (3.2) can be described as

<x1(t)> _ < 0 c«61> <X1(f)> ¥ (0)F(0, x1(F), x2(1)),

Xz(t) —w1 xz(t)

where

FOx1(0),3(0) = (f (@ (3f)) -+ han(,00)), ).
Let z = x1 — ixp, and ¥(0) = (¥1(0), ¥2(0))7, when a = 0, then z satisfies
z =iwiz+g(z,z), (3.11)

where

8(::2) = (12(0) = 1200)) (£ (0,50 £15) A+ 0(z2) ) ),

w(z,%) = h (o,zgz, (Z_ZZ)Z>, (3.12)
2 =2 2=
z°z
w(z,Z) = ZUZ()% + w112z + ZU()2% + ZU217 + - (3.13)

Noticing that p; = ®1 + i®,, p» = p;, therefore, solutions of (3.10) can be rewritten as

1 z+z = 1 = >
U, = Eq><l,((;iz))) it wzz) =5(mz+p2) - fitwz2). (3.14)
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In addition, (3.11) can be rewritten as the following form
. z? _ Z2 2%z
Z = iw1z + gzo? + 9112z + goz? + g217 + .- (3.15)

Let
8 (Z,Z) = gzoE +g1122 +g02? +8217 + ...

From (3.12), we have

(F (U, 0), f1)
_ Y (0Bra+ 3P13) 2
4 (e_zwlfj(gfllo + €T fior + ST FSE) 4 L fago + ;Q2f020)22>
L5 < ‘ [(@+ 0)B1a + B13] 2z )
4 [@ + @) fio + e 150 ( fior + for1) + € To(fio1 + @for1) + faoo + Q@fozo} zZ
4 \e™ 0 (0f110 + e "M ofio1 + eI forr + 2 200 + 207 f020)Z

<'Bl4 (w%l (0) + wZO( ) + wll (0>Q + wZO( ) + ,313 (wll (O) + w%oz(o)> ’1>

<f110€iwlrj (w%l( 1)+ EZMTJLO( Ut wly (~1)o + eZiwlrjw%O(zil‘)é)
. 1(_

Ui + fin < e (URN wm(o) +wiy (—1)o+ W@) 7’z

2 (—1)_

+ fon (e < g (0 )Q"‘elwlT’wZO( Jg+wh (-1 )Q+w9>
+ 3o (26700} (<1) + €Tl (~1) )

+ 4o (267050 (~D)g + Ty (~1)e) 1)

where

1 7-[ . .
<w;§(9),1> Z*/O wli (0) (N)dx,  i+j=2,n=12

Noting that ¥1(0) — i'¥2(0) = (158{)%(1, v). Therefore,

7i(1 — iwy)
1+ w?)(1+ ov)

g20—<

it T _ o 1 1
X [ (Q:BM + 2,’513) + e~ 2T (ano + €17 g fo1 + €15 0% for1 + Efzoo + 2Q2f020> v] ,

7i(1 — iwy)
(1+w?)(1+ ov)

X { [(@ + 0)B14 + B3]
+ [(@+ 0) fi10 + ¢ “0(fion + ofor1) + eiw]TjQ(fl(Q +0fo11) + fa00 + Q@fozo} U},
02 = 820/

811 =
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27(1 — iwy )
(1+ w?)(1+ ov)

w3 1 wl
(B (0 + 22+ w0 + 220 + pua (wh 0) + 222 ) 1)

821 =

S

X

2

1 ; -1 . -1
T L e =)

1 1 _wz 0 wl -1 B
+fion <ewf-w%1<0> penn B0t ()4 Tl Q)

w3,(0) (1)
2 Q)

+foun <eiwlrjw%l<o)9 + 5 PG 4wl (~1)g + <2
1 ‘ .
5 fa (267 w0k (<1) + ¢ k(1))

+ %fozo (Ze_iwﬂ"w%(—l)@ + eiw1ﬁw§0(—1)g> , 1>U] .

To determine the properties of the Hopf bifurcation, we need to compute w;j, i + j = 2, since
woo(0) and w11 (0) for (0 € [—1,0]) appear in g;.
In addition, we can rewrite (3.12) as

W (z,2) = wyzz + w11 (2Z + 22) + wzz + - - (3.16)
and
z? _ z2
AT].w = A-L-jZUQO? + A-L-ijZZ + Al—ijQE + - (3.17)
According to [29], we can know
W= Ayw+ H(z,2), (3.18)
where
2 2

z

H(z,z) = HzoE + Hpzz4+Hpp—+ - - (3.19)

z
2
and Hi]' S PQC,i‘i‘j =2.

Thus, by using the chain rule

Jw(z,z). oJw(z,z
e, s
And according to (3.14) and (3.18), we can obtain
(2icwy — Ag)wao = Hao,
—Aqwn = Hy, (3.20)
(—2iwy — Arj)woz = Hyp.
Noticing that A, has only two eigenvalues +iw;, therefore, (3.20) has the unique solution
wjj (i +j = 2) in PoC and
wao = (2iw; — Ag)~ ' Hao,
wi = —A?leu, (3.21)
w2 = (—2iw; — A) "' Hoa.
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From (3.19), then, for —1 < 6 < 0,
H(z,z) = — ®(0)¥(0) (f (Ut,0), f) - fu

- <P1(9)42FP2(0)’ P1(9)2—iP2(9)> <$2£8§) (F (U0, F1) - fr

= — 2 1p1(0) (%1(0) — i¥2(0)) + pa(6) (¥1(0) + ¥2(0))] {f (Us, 0), f1) - fi

2
=~ [&20p1(6) + Bp2O)] 2 fi+ o

So, for -1 <9 <0,

Hyo(0) = —% [§20p1(0) +8oop2(0)] - f1,  Hu(0) = 0.

When 0 = 0,
i (0) = iTj 0B1a + 3P13
S I P (Qfllo + €“1Tofi01 + €“T0* forr + 3 f200 + %Q2f020>
1 _
~3 [820P1(0) + 8op2(0)] - f1,
Hi1(0) = 0.

Using the definition of AT]., for —1 < 0 < 0, we have

) 1 _
0 (6) = 2iwiwo(6) + 5 (820p1(0) + 8pop2(8)] - 1, —1 <6 <0.

Note that p; (8) = p; (0) 1%, —1 < 6 < 0, hence

wao (8) = % [izfm (0) + %pz (9)} i efE 1< 9 <0, (3.22)
and . —
1
E = wy(0) — > [‘i}zfpl (0) + %pz (O)] - fi1. (3.23)

By the definition of A again, and combining (3.17) and (3.20), we have

, i ig
2iwy [2%(1]}?1 0)-fi+ %Pz 0)-fi+ E]

|82, 0y, f 4 B2, (0
T [2(01 Pr0)-fit g, P20 fit E]
* i ig iw
—L*(7) [zgj}? p1(0)-fr+ %‘ﬁ p2(0) - fi + E¢? 19]
i 0Bia + 313
T2 \eHem (ano + Mg fro1 + €T for + 3 fa00 + %szozo>

~ 3 [820p1(0) + 82 0)] - .

For

TiAp1 (0) - f1 + Lu(T)(p1 (0) - f1) = iw1p1 (0) - f1,
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GAp2(0) - fi + Lu() (p2 () - f1) = —icwrp2(0) - fi,
then
2iwr E — TAE — L, (1j) (Ee*1?)
0T 0B1a + 3P13
T2 \e e <Qf110 + "o fio1 + €M% for1 + 3 fa00 + %Q2f020)

From the above expression, we can see easily that

. . 1
_ 1 < —2iw1 + P11 B12 )
2

B B21 —2iw1 + B2

§ 0Bia+ 3P13
e~ 2w (ano + Vo fion + € 0% forr + 4 fa00 + %szozo) .

Thus, from the definition of g>9 and go» we see easily that

_ P80 8\ (1
on(O)—2<wl+3w1> <Q>+E

= 180 _ 8w (1) _
wZO( 1)_2(601 30.)1 0 E.

Therefore, g»1 can be determined by the parameters.
In fact, by a transformation

and

> —2

9 — 9
z = l9+a20?+0111919+5120?+--- ,
where a9 = i%i’ a; = lf)—lll,aoz = %. Then, (3.15) can be written as Poincaré normal form

& = w18 + c1(0)8|8]> + O(|9]°),

where )
i
c1(0) = (gngzo —2|gn 3 )t

Thus, we can compute €; = 2Re(c1(0)). Hence, we have the following result.

_ i 2 1851\ | 82
2(4)1

13

Theorem 3.1. If e; < O, then the spatially periodic solutions are stable; if €; > 0, then the spatially

periodic solutions are unstable.

4 Conclusions and numerical simulations

In this paper, by studying the existence and stability of spatially periodic solutions for a
delay Leslie-Gower diffusion system, we obtain that the system can generate the spatially
nonhomogeneous periodic solutions when the diffusive rates are suitably small. We discover
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that system (1.2) have more abundant dynamic behavior than system (1.1), this indicates that
diffusion plays a fundamental role in classifying the rich dynamics. In addition, we considered
the stability of periodic solutions by applying the normal form theory of partial functional
differential equations.

To illustrate the analytical results obtained, we give some numerical simulations and con-
sider the following case of model (1.2)

Wbt — 10Au(t, x) + u(t, x) [1 — u(t,x)] — u(t, x)o(t,x), t>0, x € (0,7)

202 = 0.01A0(t, x) + o(t, x) [1 - Zf‘x))} , t>0, x € (0,7), 4.1)

u(t,x) =02, v(t,x) =0.2, (t,x) € [—7,0] x (0, ),

which has a positive equilibrium E* = (0.3333,0.6667). From (2.15), (2.16) and system (4.1),
we know w; = 1.0638, 19 = 1.4796. Therefore, we know from Theorem 2.3 that the posi-
tive equilibrium E* = (0.3333,0.6667) is asymptotically stable when T € [0,1.4796). These
properties are illustrated by the numerical simulation in Figs. 1-10

When 1 passes through the critical value 7y, E* = (0.3333,0.6667) loss its stability, a family
of periodic solution bifurcates from equilibrium E* = (0.3333,0.6667) which is depicted by
the numerical simulation in Figs. 11-12. From Theorem 3.1 and system (4.1), we can com-
pute ¢1(0) = —2.0788¢ 4 0.03 — 6.9946¢ + 0.02i by the software package Matlab R2009b, and
€2 = 2Re(c1(0)) < 0. Therefore, the bifurcated periodic solutions are orbitally asymptotically
stable on the center manifold. These properties are depicted by the numerical simulation in
Figs. 11-12.
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