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Positive Solutions for Singular ¢—Laplacian BVPs
on the Positive Half-line
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Abstract

In this work, we are concerned with the existence of positive so-
lutions for a ¢ Laplacian boundary value problem on the half-line.
The results are proved using the fixed point index theory on cones of
Banach spaces and the upper and lower solution technique. The non-
linearity may exhibit a singularity at the origin with respect to the
solution. This singularity is treated by regularization and approxima-
tion together with compactness and sequential arguments.

1 Introduction

This paper is devoted to the study of the existence of positive solutions
to the following boundary value problem (BVP for short) on the positive

half-line:
(@) (t) +q(t)f(t,2(t) =0, tel, .
2(0) =0, lim 2/(t) =0 (L.1)
t—+00
where I := (0,+00) denotes the set of positive real numbers while R* =

[0,+00). The function ¢ : I — I is continuous and the function f : I X
I — R™" is continuous and satisfies lim+ f(t,x) = 400, i.e. f(t,x) may be

z—0

singular at x = 0, for each t > 0. ¢ : R — R is a continuous, increasing
homeomorphism such that ¢(0) = 0, extending the so-called p—Laplacian
ep(s) = s|P~1s (p > 1).

Problem (1.1) with ¢ = I; has been extensively studied in the literature.
In [14], D.O’Regan et al. established the existence of unbounded solutions.
Djebali and Mebarki [5, 6, 7] discussed the solvability and the multiplicity
of solutions to the generalized Fisher-like equation associated to the second-
order linear operator —y” + ¢y’ + Ay (¢, A\ > 0) with Dirichlet or Neumann
limit condition at positive infinity; see also [8] where the nonlinearity may
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change sign and the theory of fixed point index on cones of Banach spaces
is used. In [16], the author proved existence of positive solution to a second-
order multi-point BVP by application of the Monch’s fixed point theorem.
The method of upper and lower solutions together with the fixed point index
are employed in [14, 15] to discuss the existence of multiple solutions to a
singular BVP on the half line.

Recent papers have also investigated the case of the so-called p—Laplacian
operator ¢(s) = |s|P~1s for some p > 1. Existence of three positive solu-
tions for singular p—Laplacian problems is obtained by means of the three-
functional fixed point theorem in [11, 12]. The same method is also used
by Guo et al. in [10] to prove existence of three positive solutions when
the nonlinearity is derivative depending. In [13], the authors prove exis-
tence of three positive solutions when the nonlinear operator ¢ generates a
p—Laplacian operator.

In this paper, our aim is to consider a general homeomorphism ¢ and
prove existence of single and twin solutions using fixed point index theory.
Existence of at least one positive solution is also proved by application of
the method of upper and lower solutions.

This paper has mainly three sections. In section 2, we prove some lemmas
which are needed in this work and we gather together some auxiliary results.
Section 3 is devoted to establishing existence and multiplicity results; the
fixed point theory on a suitable cone in a Banach space is employed to an
approximating operator; then a compactness argument allows us to get the
desired solution in Theorem 3.1. Finally, in section 4 we use the method
of lower and upper solutions to prove the existence of a positive solution of
(1.1). For this, a regularization technique both with a sequential argument
are considered to overcome the singularity. Theorems 4.1 and 4.2 correspond
to the regular problem and singular one respectively. Each existence theorem
is illustrated by means of an example of application.

2 Preliminaries

In this section, we gather together some definitions and lemmas we need in
the sequel.

2.1 Auxiliary results

Definition 2.1. A nonempty subset P of a Banach space E is called a cone
if it is convex, closed and satisfies the conditions:

(i) ax € P for allz € P and o > 0,

(ii) x,—z € P imply that x = 0.
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Definition 2.2. A mapping A: E — E is said to be completely continuous
if it is continuous and maps bounded sets into relatively compact sets.

The following lemmas will be used to prove existence of solutions. More
details on the theory of the fixed point index on cones of Banach spaces may
be found in [1, 2, 4, 9].

Lemma 2.1. Let Q be a bounded open set in a real Banach space E, P
a cone of E and A : QNP — Q a completely continuous map. Suppose
Mz £z, Vx € 0QNP, A€ (0,1]. Then i(A,QNP,P)=1.

Lemma 2.2. Let bf a bounded open set in a real Banach space E, P
a cone of E and A : QNP — Q a completely continuous map. Suppose
Ax L x, Nz € 02N P. Then i(A,QNP,P)=0.

Let
Ci([0,00),R) = {z € C(]0,0),R) : tlim x(t) exists}
and consider the basic space to study Problem (1.1) namely
_ Cm FO
E ={z e C([0,00),R): tEToo T+1 exists}.

lz@®)]
142

Then E is a Banach space with norm ||z|| = sup
teR+

From the following result

Lemma 2.3. ([3], p. 62) Let M C C;(R™,R). Then M is relatively compact
in Cy(RT,R) if the following conditions hold:

(a) M is uniformly bounded in Cy(RT,R).

(b) The functions belonging to M are almost equicontinuous on RT, i.e.
equicontinuous on every compact interval of RT.

(c) The functions from M are equiconvergent, that is, given € > 0, there
corresponds T(e) > 0 such that |z(t) — x(+00)| < e for any t > T(e)
and x € M.

We easily deduce

Lemma 2.4. Let M C E. Then M is relatively compact in E if the following
conditions hold:

(a) M is uniformly bounded in E,

(b) the functions belonging to {u : u(t) = 716(—_3, x € E} are almost equicon-
tinuous on [0, +00),

(c) the functions belonging to {u : wu(t) = f(—ﬁ, x € E} are equiconvergent
at +o00.
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2.2 Useful Lemmas

Definition 2.3. A function z is said to be a solution of Problem (1.1) if
r € C(RT,R)NCHI,R) with ¢(x') € CL(I,R) and satisfies (1.1).

Since ¢ is an increasing homeomorphism, it is easy to prove

Lemma 2.5. If x is a solution of Problem (1.1), then x is positive, mono-
tone increasing and concave on [0, +00).

Define the cone

=0},

t
P ={x € E: x is nonnegative, concave on [0,+0c0) and lim z(t)
t—+oo 1 + ¢

Lemma 2.6. If x € C(RT,R") is a positive concave function, then x is
nondecreasing on [0, +00).

Proof. Let t,t' € [0,400) be such that ¢ > ¢ and A := ¢’ — ¢t. Since z is
positive and concave, for all n € N*, we have

(') = z({t+N)
(1= It+2(t+nN)

(1—5)a(t
Therefore .
N> 1 1—= =
o) 2 tim (1= 2) al0) = (1)
and our claim follows. O

Moreover, we have

Lemma 2.7. Let z € P and 6 € (1,+00). Then
1
v(t) > glell, Vi€ [1/6.6)

Proof. Since the continuous, positive function y(t) = T +t ) satisfies y(400) =
0, then it achieves its maximum at some tg € [0, +00). Moreover z is concave
and nondecreasing by Lemma 2.6; then for ¢ € [% 0]

. 9—110
x(t) > tg[lmg] z(t) = x(3) = ( Gigtoto o= 1+0t0 + 9+19t0 to)
07
0—1+0t 1
= 0+6toox(0 &) + g7 % (to)
1z 1
> 9+9t0 (tO) 91.1,.20 = §HxH
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Lemma 2.8. Define the function p by
(2.1)

and let x € P. Then
2(t) = p(t)llall, Vi€ [0, +o0).
Proof. Let t € [0,+00) and distinguish between four cases:
e If ¢t =0, then x(0) > 0 = p(0)]|z||.

e If t € (0,1), then + € (1,400). By lemma 2.7, we have z(s) >
t|lz],Vs € [t, 1]. In partlcular for s =t, x(t) > tljz|| = p(t)||x|.

o If t € (1,400), then by lemma 2.7, we have z(s) > t||z|,Vs € [1,1].
In particular for s = ¢, 2(t) > 1|z|| = p(t)||z||.

e Ift =1, then let {t,},, be a real sequence such that ¢, > 1 and ¢, — 1.
By the latter case, we have z(t,) > %wa Vn > 1. Then

: .1
w(l) = lim a(ty,) > lim —[lz] = [jz] = p(1)[].

n—-+oo T n—+oo iy,
|

Lemma 2.9. Let g € C(R+ R™) be such that f s)ds < +oo and let

= fo <f8+°° )ds. Then

hence x € P.

Proof. 1t is easy to check that

((")'(t) + g(t) = 0, t>07
z(0) =0, lim 2/(t) =

t——4o0

Moreover, z is positive, concave on [0, +00), hence nondecreasing by Lemma
2.6. Therefore

If lim z(f) <oo, then lim =) — .

t—+oo t—+oo 1+)
. o z(t) _ 1 / —
If tl}inoom(t) = 400, then tl}inoo T = tl}inoox (t) =0,
proving the lemma. O
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3 A fixed point index argument

Let p(t) = ’1)(—3, F(t,z) = f(t,(1 4+ t)x) and assume that

(H1) There exist m € C(I,I) and p € C(RT,RT) such that
F(t,z) < m(t)p(z), Y(t,z) €I (3.1)

There exists a decreasing function h € C(I,I) such that % is an

increasing function and for each ¢, > 0,

+oo
/0 q(T)m(1)h(cp(7))dT < 400, (3.2)

+o0 . p(CI) 400 _
; o <h(c’) /8 q(T)m(T)h(cp(T))dT> ds < 4o00. (3.3)

(Hz2) For any c > 0, there exists ¢, € C(I,I) such that
F(t,z) > ¢c(t), Vtel, Ve (0,c]
with
+o00 +o0 +o00
/ q(7)e(T)dT < 400 and ot (/ q(T)’L/Jc(T)dT> ds < 4o0.
0 0 s
(3.4)

(Hs) .
sup > 1.

0 [ 61 (B 17 a(r)m(r)h(n(r)dr ) ds

3.1 Existence of a single solution

We first consider a family of regular problems which approximate Problem
(1.1). Given f € C(I%,R"), define a sequence of functions {f,, }n>1 by

fo(t,x) = f(t, max{(1+1t)/n,z}), nef{l,2,...}
and for x € P, define a sequence of operators by
t +oo
Apx(t) = / ot </ q(T)fn(T,x(T))dT> ds, me{l,2,...}.
0 s

We have

Lemma 3.1. Assume (Hy) holds. Then, for each n > 1, the operator A,
sends P into P and is completely continuous.

EJQTDE, 2009 No. 56, p. 6



Proof. (a) A,P CP. For z € P, we have A,z(t) >0, Vt € RT. Moreover

ey =07 ([ +OOQ(T)fn(T,$(T))dT> >0,

lim (A,z)(t) = ¢~ 1(0) =0,

t—+00
and
(¢(Anz)") = —q(t) fult,2(t)) <0,
which implies that A,z is concave, nondecreasing on [0,+0c0) and

Jim 57 = 0. Then 4,P C P.

(b) A, is continuous. Let xz,zg € E. By the continuity of f and the
Lebesgue dominated convergence theorem, we have for all s € R,

7 ) fulra()dr = [ () fulrzo(r)dr|
<[5 a0 (7. 2(7)) = fulrwo(r)ldr — 0, sz — 2

+o0 +oo
/ 4(7) (s 2(r))dr — / o) fulr,zo())dr, a5 & — zo.

Moreover, the continuity of ¢~! implies that

o ([ - o nratoir) = o7 ([ " ) solr)ir).

as * — xg. Thus

[Anz — Ano
| Ana(t) = Ano(t)
1+t

_ | fo (672 q(7) fulra(7))dr))ds— [ ¢~ ([ q(7) fu(7,30(7))dT)ds]
= sup =

teR+ . . N
-1 e —¢ 1 (7)) fn (1,20 (7))d7)|ds
sup Jole™ " (S a(r) fu (m2(1))) ﬁt (/% a(r) fa(ry0(7))dr) |d 0,
teRt+

as x — xo,

= sup
teR+

IN

and our claim follows.

(c) A,(B) is relatively compact, where B = {z € E : |z < R} is a
bounded subset of P. Indeed:
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o A,(B

and %,

IN

IN

An(B)
1+¢

t,t' e

IN

IN

IN

Then,
Ax(t)
1+t
claim.

An(B
1+t

) is uniformly bounded. Let x € B. By the monotonicity of h
we have the estimates:

[Anz(t)]
1+t

iggﬁ fg (eroo T) fu (T, 2(T ))dT) ds,

sup vk i 07 (17 armiryp(ma(, 52 r ) ds.

- t +00 2(7) y P(max{ L1, 20}

igg %H fo ¢ 1 <f q(T)m(T)h(maX{%, #})de dS

oo g1 <M [ q(r h(@)dr) ds < +00.

|Anz|E = sup
teR

h(max{1/n,R}

is almost equicontinuous. For given T" > 0, x € B, and
[0,T] (¢ <t), we have

Anz(t) Anz(t)

1+t 1+t

e N am n(ra()dnyds [ o1 (5 g(r) fu(rx(r))dr)ds
1+t 1+t

o = o | ™ 67 U )l () ds

0T S e fa(ra(n))dn)ds [ ¢ ([ g(7) fu(ra (7)) dT)ds
14+ 1+t

_|_

1 1
2‘1_-1—15 1+t

f+oo T) fu(T,2(7))dT)ds

iy [0 o7 (T a(r) fulr, (7)) dr)ds

2‘1-‘,—1& Hl—t" o+oo¢ (% f+°° )h(inﬂ)dq-) ds

_ max{1/n,R}) +OO
+1+t’ ft' ' (hgmaxglén R]i) Js )h(%)dT) ds.
for any ¢ > 0 and 7' > 0, there exists § > 0 such that

Aﬂg:) < ¢ for all ¢,¢' € [0,T] with |t — ¢/| < §, proving our

)

is equiconvergent at +oo. Since

Ana(t) o Jo 0T T e far(m)dnds o

lim
t—+oo 1+t t—+o00 1+t
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then

sup |45

2EB 1+t t—+00
= sup Jo o (S q(lTlJ;n(nr(T))dT)ds
< lit sup Ji" o7 (Fi iy [ almym(r)h(Bar ) ds
< ks Jo 07 (Fmmbfn L a0 h@mf) ds
which implies that thm sup| T +t Aﬂm
—+00 4 - A oo

O

Theorem 3.1. Assume that Assumptions (H1) — (Hs) hold. Then Problem

(1.1) has at least one positive solution.

> 1. (3.5)

Proof.
Step 1: an approximating solution. From condition (H3), there exists R > 0
such that:
o0 R 00 ~
o 6L (B 15 g (rym(r) h(Rp(r) ) ds
Let

le{xGE:

]| < R}.

We claim that z # A,z for any x € 023 NP, A € (0,1] and n > ng >
1/R. On the contrary, suppose that there exist n > ng, g € 921 NP
and Ao € (0,1] such that xg = A\gA,zo. By Lemma 2.8, we have xy(t) >

p(t)||zoll = p(t)R,Vt € RT. Then zo(t) -

large enough, we have

R= o]
= [[AoAnzol
< sup L t < +oo
= tzlg T+t fo s
<

< sup ot <f+°° q(r
+oo R) +oo
< et (B

which is a contradiction to (3.5

1t 1 < +oo
Sup ——= m
tzlg T+t Jo ¢ s alr)

1
a3, 2D KB 47 ) g

p(t)||zo|| = p(t)R. Therefore, for n

7) [ (T, o (T ))dT) ds,

rp(max{L, 42 })dr ) ds,

1 zg(7)

n? 1471

h(max{%,2001)

(MY (R ( ))dT) ds

). Then by Lemma 2.1, we deduce that

(A, U1 NP, P)=1, forall n€{ng,ng+1,...}. (3.6)

Hence there exists an x, € Q1 NP such that A,x, = x,, Vn > ng.
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Step 2: a compactness argument. (a) Since ||z, || < R, from (Hs) there exists
Yr € C(I,I) such that

fu(t,zn(t)) > Yr(t), Vtel

with

40 +o0 +o0
/0 q(s)¢Yr(s)ds < 400 and ; ot </ q(T)T/JR(T)dT> ds < +o00.

Then
zn(t) = Anxn(t)
= fo f+oo (r fn T, Tn(7))dT) ds
> fo f+°° (T)Yr(T)dT)ds.
Let

= ([ atrntryir).

and distinguish between two cases.

e If t € [0,1], then

t6(f, a(r) fu (T, (7)) d7) ds
to~ (/" a(r)er(r)dr)ds = p(t)c".

Zp (1)

AV

o If t € (1,400), then

Tn(t) ) ¢’1 f+°° q(T)y R(T)
(T)¢ (

(AVARAVARVS
=)
<
»Q

We infer that 1J£t) > c*p(t), Vt e RT.

b) {x,}n>n, is almost equicontinuous. For any 7" > 0 and ¢,t' € [0,T
Zno
(t > t'), we have

zn(t) _zn()| - ™) fn (7,0 (7))dr)ds j L[ q(r) fu(T,@n(7))dT)ds
1+~ 1| = 1+t 1+t/
0o R
< 2|y - | o 0 U e m) (e ) ) ds
t 00
i Ju 67 a(r)m(r)h(e* p(r)) b dr)ds.
Then, for any € > 0 and T' > 0, there exists § > 0 such that | === 1+t — 1+t, \ <e

for all ¢,¢' € [0,T] with |t — /| <.

EJQTDE, 2009 No. 56, p. 10



(¢) {zn} is equiconvergent at +oo:

n t : n t f j‘+00 f" T:Bn( ))dT)dS
sup |4 — lim %= sup & T
n=no n-zno
o7 671 g(r)m(r)h(e” (r)) Bk dr)ds
< I+t

— 0, as t — 4o0.

Therefore {zy,}n>n, is relatively compact and hence there exists a subse-

quence {Zy, }r>1 with klim Ty, = Xo. Since z,, (t) > p(t)c*,Vk > 1, we
> o

have xo(t) > p(t)c*,Vt € RT. Consequently, the continuity of f implies that
for all s € 1

i (s () = T fsmax{(1+5)/ns, a0, ()

= f(s,max{0,z0(s)})
f(s,20(s)).

By the Lebesgue dominated convergence theorem, we deduce that

zo(t) = | lim (1)
= Jim f5 o (7 a(n) fu (7 2 (7)) dr)ds
= fg¢_1(fs+°°q7 T,CUO(T))dT)dS.

Then x is a positive nontrivial solution of Problem (1.1). O

Example 3.1. Consider the singular boundary value problem
(4t f (3.7)

where

Here f(t,x) = M, é(t) = t° and q(t) = e~t. Then ¢ is continu-
(1412 Va

ous, increasing and ¢(0) = 0. Moreover F(t,x) = f(t,(1+t)z) = %jﬂ)

(H1) Let p(z) = mf/gl, h(z) = 1. Then h is a decreasing function, £ is an
) <

increasing one and F(t,x) < m(t)p(x), ¥ (t,x) € I?. In addition, for

any ¢, >0, we have

+00 400
| aomneatrnar = ¢ [ ear = < o
0 0
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and

TS g m((ep(n) ER dryds = [ o7t (Hie) ds

(H2) For any ¢ > 0, there exists 1).(t) = % such that

F(t,z) > c(t), Vte I, Va € (0,c].

(Hs)

Sup == _1/Fo < ~ p(c) = Ssup p(i) 1

c>0 fo @ (fs q(T)m(T)h(CP(T))h(C) dr)ds >0 5(ch(c))5

1

1 1
>0 (c241)5

11

c10

S T
5 >0 (2+1)5

Then all conditions of Theorem 3.1 are met, yielding that Problem (3.7) has
at least one positive solution.

3.2 Two positive solutions

In this section, we suppose further that the nonlinear function ¢ is such that
the inverse ¢! is super-multiplicative, that is:

¢ Hxy) > ¢~ Hx)p  (y), Va,y > 0.

Remark 3.1. (a) If ¢ is sub-multiplicative, say

Vo,y e RT,  o(zy) < o(x)o(y), (3.8)

then ¢~ 1 is super-multiplicative.
(b) The p— Laplacian operator is super-multiplicative and sub-multiplicative,
hence a multiplicative mapping.

Consider the additional hypothesis:
(H4) there exist m; € C(I,I) and py € C(I,1I) such that
F(t,z) > mi(t)p1(z), Yt>0, Vx>0, (3.9)

with ZEIEOO I;)l((f)) = +o0 and [;7 q(T)m4(7)dT < +00.
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Then, we have

Theorem 3.2. Under Assumptions (H1) — (Ha), Problem (1.1) has at least
two positive solutions.

Proof. Choosing the same R as in the proof of Theorem 3.1, we get
i(An, 21 NP,P)=1, forall ne{ng,no+1,...} (3.10)

and there exists z( solution of Problem (1.1) in Q; = {z € E : ||z|| < R}.
Let 0 <a<b—-—1<b< 4o0and N =1+ #z2)

oy a(syma(s) ds

c= H[lil})} p(t). By (Ha), there exists an R’ > R such that
t€la,

where

pi(z) > No(z), Va=R.

R/
ng{xEE: Hx||<?}

Without loss of generality, we may assume R’ > max{1, R} and show that
Apz £ x for all z € 909 NP and n € {1,2,...}. Suppose on the contrary
that there exist an n € {1,2,...} and xy € 909 NP such that A,zg < xp.

Since zg € P, we have wloﬁ) > p(t)||woll > mingepqp) ﬁ(t)%/ > R/, VYt € [a,b].

Define

Then for any t € [a,b — 1], we have the lower bounds:
() o Awrot) _ o9 Y a2 dr ) ds
T+t = I+t 1+t

S o~ (47 atr) F(r, 20 yar ) ds

= B

> 1<szq o (22) )
> ot (L amnNe (22 ar)
> e 1(<z> (RN Jyy a(r)ma (7)dr)

> Ao (o(R 1<Nf;’_1q<7>m1<7>d7)
> R (N a(r)ma(r)dr )

> B

C

contradicting ||zg|| = iy Finally, Lemma 2.2 yields
(&
i(A,,QNP,P)=0, VneN* (3.11)
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while (3.10) and (3.11) imply that
i(Ap, (Q2\U)NP,P)=-1, Yn>ne (3.12)

This shows that A, has another fixed point 3, € (22 \ Q1) NP, Vn > ny.
Consider the sequence {yn }n>n,- Then y,(t) > p(t)R, Vi € RT and ||y, | <
R?/, Vn > ng. Arguing as above, we can show that {y, }»>n, has a convergent
subsequence {yn; };>1 with jli»I-Poo Yn; = Yo and gy is a solution of Problem

(1.1). Moreover R < [lyo| < R?/. Hence zy and y( are two distinct nontrivial
positive solutions of Problem (1.1). O

Example 3.2. Consider the singular boundary value problem

12y 4 —tmBEP )
@)y +e = s~ >0 (3.13)
z(0) =0, lim 2/(t) =0,

t——+00

where m is as in Example 3.1, ¢(t) = ats and a > 1 is a large parameter.
Then ¢ is continuous, increasing, ¢(0) =0 and for all x,y > 0 we have

¢ (zy) > ¢ @) H(y).

Moreover F(t,x) = mO@H) [ mi(t) = m(t), h(z) = 2 and pi(z) =

N
p(z) = :’3\2/‘%1 ; then it is easy to show (Hi) and (Hz).
(M)
SUD e = SUD—
>0 Jo TN/, Q(T)m(T)h(CP(T))WdT)dS >0 g(pT)a
5 5 cc%
= 3jassup

5 -
>0 (c2+1)3

5
If we choose a large enough, say a > max{1, (sup —+)~1}, then

>0 (2+1)3
condition (Hs) hold.

(Ha4) It is clear that

F(t,z) > mi(t)pi(x), Vt >0, Yo > 0.

. . 2 . 2
and lim 2&) — Jim e Hl — lim £ = 4.
T—+00 é(x) r—+00 ax’ /T T——+00 qr 10

Then all conditions of Theorem 3.2 hold which implies that Problem (3.13)
has at least two positive solutions.
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4 Upper and Lower solutions

4.1 Regular Problem

For some real positive number k;, consider the regular boundary value prob-

lem
(") (t) = q(t) f(t, (1)), t>0,
{ z(0) = ki, hm 2'(t) = 0. (4.1)

Definition 4.1. A function o € C(R*, INCY(I,R) is called lower solution
of (4.1) if po’ € CY(I,R) and satisfies

{ —(@('(1))) < q(O)f (¢, a(t), >0
a(0) < ky, hm a()SO

A function 3 € C(R*, I)NCY(I,R) is called upper solution of (4.1) if po' €
CY(I,R) and satisfies

{—4#3@» gt)f(t.B(t), t>0
B(0) > ki, hm B'(t) > 0.

If there exist two functions 3 and « such that a(t) < §(t) for all t € R,
then we can define the closed set

DP(t)={zeR: alt) <z <B(t)}, t >0.

Theorem 4.1. Assume that o, 8 are lower and upper solutions of Problem
(4.1) respectively with a(t) < B(t) for all t € RT. Furthermore, suppose that
there exists some § € C(RT,R") such that

sup |f(t,2)] < 6(t), Vtel
€D ()

and

+o0o +oo +oo
/ q(1)d(7)dT < 400, ot (/ q(T)é(T)dT) ds < +oo. (4.2)
0 0 s
Then Problem (4.1) has at least one solution x* € E with
a(t) <az*(t) < B(t), teRT.

Proof. Consider the truncation function
flt,a(t), =<alt)

frtz) =9 fltx),  alt) <z <pB()
[, 6@), = > p(t)

and the modified problem

—(o(2")'(t) = q(t) £ (¢, (1)),
{ z(0) = k1, h(in 2'(t) = 0. (4.3)
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Step 1. To show that Problem (4.3) has at least one solution x, let the oper-
ator defined on E by

Az(t) = ki + /Ot ot </S+OO q(T)f*(T,m(T))dT> ds.

(a) A(E) CE. For x € F and t € RT, we have
Az(t) fo L q(r) £ a(r))dr ) ds

lim = lim
t—+oo 1+t tHJrool—{—t 1+t
then A(E) C E.

)

(b) Ais continuous. Let some sequence {z,},>1 C E besuch that hrf Ty =
n—-roo

xg € E. By the continuity of f* and the Lebesgue dominated conver-
gence theorem, we have for all s € RT,

‘erOO (T) f* (1, 20 (7) dT—f+°° ) f* (1, 20(7))dT
< [ g (r2n(r)) = f¥(r @0(T))dr — 0, as n — 400

) .+OO n
/ q(r) f*(r,zn(r dT—>/ (1,z0(7))dT, asn — +oo.

Moreover, the continuity of ¢~' implies that

o ([ i entr)ar ) — o7t ( [ i ()i ).

as n — +oo. Thus

[y — Aag|| = sup Henlt ot

teRT 1+t

_ sup @ e (ran () df+tf° LS a(r) £ (ro (7)) dr) ds|
teR+

< sup fg\qu(f:“q(v)f*(w(ﬂ))l—ft*(f:°° a(r)f* (ryo(r))dr) | ds
teR+

— 0, asn— o0,
and our claim follows.

(c) A(E) is relatively compact. Indeed

e A(FE) is uniformly bounded. For z € E, we have

Ax(t
el = sup 4zl
teR .
Jo o7 g(n) f* (rw(7))dr)ds
< sup +
o 1+t ] 1+t
 g(7)6(r)dr))ds
< sup 1+t+f0 U 1+t Lo < 0.
teR+
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o AD)

777 1s almost equicontinuous. For a given T' > 0, z € E, and
t,t' €[0,T] (t >t'), we have

‘ Az(t) Az(t')

1+t 1+t
1
< kl‘l-{—t I+
n Jo o~ W[ q(r) f* (r,2(7))dr)ds fg V([ q(r) f* (r,2(7))dr)ds
1+t 1+t’
< |k = | | - | T U e £ () drds
n ST ST e (ra(r)dryds [T 9N g(n) ¥ (rya(r))dr)ds
1+t 1+t
+OO *
< k ‘Llu 1+t"+2‘1+t lit/ f f 7'5'3( ))dT)dS
iy [0 o (S a(r) £ (7, w(r))dr)ds
+oo
< ki ‘H—t 7 +2‘1+t o7l Jo o7, 7)dr)ds
t +oo
+o7 Sy o, 7)dr)ds.

Then, for any ¢ > 0 and 7' > 0, there exists § > 0 such that
Ar(t) _ At ¢ for all £t € [0, 7] with |t — /| < §. Hence {fi(—ﬁ)}

T+t T+t
are almost equicontiuous.

° ’Li(ft) is equiconvergent at +oo. Since
Jr
L Ax(t) fo Y a(n) fr(a(n))dr)ds
lim = lim =0,
t—+oo 1+t tHJrool—{—t 1+t
then
Ax(t) lim A0 — g k Jo o7 U a(n) £ (ra(r))dr)ds
SUP| T~ A ame 1it| = sup|{ + 1+¢
< . "> g(7)3(r)dr)d
f 1(fsooq7' 7)dT)ds
< sup 1+t T T+t
zel
which implies that lim sup ]— — 1 Am(t)\ =0.
ttoo ey TH oo THE

By Lemma 2.4, A(FE) is relatively compact. Finally by the Schauder fixed
point theorem, A has at least one fixed point z € E, which is a solution of
Problem (4.3).
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Step 2. We show that a(t) < z(t) < (t),Vt € RT, in which case z is also a
solution of (4.1). On the contrary, suppose that some point t* € R™ exists
and satisfies z(t*) > B(t*) and let z(t) = z(t) — 5(t). Define

t, =inf{t < t*: 2(t) > B(t), Vte[tt]},
th =inf{t > t* 1 2(t) > B(t), Vte [t}
Then z(t) > 0 on (t1,t}), 2(t1) = 0 and for all ¢ € [t1,t}), we have

(@(=' (1)) = ((B'(1)) = —a(t)f*(t,=(t) + q(t) [ (£, B(t))
= aOUf (& B() - f(&8(#)] =0

Hence ¢(2/(t)) — ¢(5'(t)) is nondecreasing on [ty,t]).
If t§ < oo, then z(t;) = z(t}) = 0 and there exists ¢ty € [t1,t}] such that

z(tp) = max z(t) > 0. Hence
te(ty,t]]

¢ (t)) = d(5'(t) < p(2'(t0)) — ¢(B'(to)) = 0, V1t € [t1, to]-

Then 2/(t) < §'(t) on [t1, o], i.e. z is nonincreasing on [t1, to]; therefore
0 = z(t1) > z(to), which is a contradiction.

If t} = oo, then
o(z'(t)) — ¢(B'(t) < d(a'(00)) — $(8'(00)) <0, Vit € [t1,+00).

Then z'(t) < ['(t) on [t1,+00), i.e. 2z is nonincreasing on [t1,00);
therefore z(t) < z(t1) =0, Vt € [t;,+00), which is a contradiction.

In the same way, we can prove that a(t) < x*(t). The proof is complete. [

4.2 The singular problem

Using Theorem 4.1, our main existence result in this section is:
Theorem 4.2. Further to Assumptions (H1),(Hz), assume that
(Hs) There exist a constant M > 0 and a function k € C(I,1I) such that
F(t,) < k(t), ¥ (t,2) € T x [M, +00) (1.4)
with
+o0o +oo +oo
/ q(T)k(T) dT < 400 and ! </ q(T)k(T)dT) ds < +o0.
0 0 s
(4.5)

Then Problem (1.1) has at least one positive solution.
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Proof. Choose a decreasing sequence {&,, },>1 with lirf en =0 and g1 <
- n—-roo

M, then consider the sequence of boundary value problems

—(0(a"))'(t) = @) f(t,2(t)), t>0,
{x(O)zen, tli(irnoox’(t)zo. (4.6)

Step 1. For each n > 1, (4.6) has at least one solution .
(a) Let ay(t) = €p, t > 0. Then

{ —(p(0n, (1)) = —¢(0) =0 < q(t) f(t, an(t)), t>0
0.

=0
a(0) < &y, hm al(t) <

Let (8 be a solution of the boundary value problem

{ o' () + q()k(t) =0,  t>0
£0) =M, lim (1) =0,

B(t) = M + /Ot ¢t </S+OO q(T)k(T)dT> ds;

then 3(t) > M,Vt € Rt which implies that for any ¢ > 0, f(t,5(¢)) < k(t).

Hence
—(@(B' (1)) = ak(t) = q(t)f(t,8(t), t>0
p0) 2 en,  lim F(t) 2

For any n > 1, v, and (3 are lower and upper solution of (4.6) respectively;
moreover

that is

q(t
0.

an(t) < B(t), Vit>0.

(b) For all t € R, by the monotonicity of h and £, the following esti-
mates hold

sup f(t,x) = sup F(t,

zeDY,, (1) an<z<f ( Ht)
< T
< ansgfgﬁm(t)p<1+t>
< o () k)
- ansélmp<ﬁm() <1 t) h(1%:)
< m(t)h (ndlt)) Kl = 5.

Using (H1), we have

/;Oo q(1)8(7)dT < 400, O+Oo ¢! (/:OO q(r)a(T)dT> ds < +oo.

Then all conditions of Theorem 4.1 are satisfied. Hence for any n > 1,
Problem (4.6) has at least one positive solution z,, € E with

an(t) < z,(t) < B(t), Vt € RT.
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Step 2. The sequence {zy, }n>1 is relatively compact in E.

(a) The sequence {xy,},>1 is bounded in E. By Step 1, we have

zn(t) Bt)
[l sup T S b = 151,

From condition (Hz), there exists ¢ g € C(R", (0, +00)) such that
|[F'(t,2)| = ¥y (t), for t €l and 0 <z < |4 (4.7)

with oo
/0 q(7)1/1||5||(7')d7' < +00.

= ([ +°°q<7>w”ﬁ“<7>d7) -

Then we have the discussion:

Let

e If t € [0,1], then

o(t) = Jo o7 () (7, (7)) dr)ds
> Jo o ([ g F(r, ) dr)ds
> Ottﬁfl(f q(17)y g (1)dT)ds
>t ([, q(r )y gy (T)dr)
> o ([, () gy (T)dr) > p(t)e

o If t € (1,+00), then
za(t) = [y 07 (5 a(m)yey (r)dr)ds
> [y 671 a(r)dyg (T)dr)ds
> ¢ a(r )1/1||5||( 7)dr)ds
2 o Z %C** — p(t)c

Then, for any ¢t € RT, and n > 1, z,,(t) > p(t)c**. Using (H;) and the
monotonicity of A and %, we obtain the upper bounds

I
=)
—

V>
SN—
!
—
V2]
8
3
b
vy
S
S—

q(s)f(s,zn(s))

IN
)
—~
»
SN—
2
»
~— =
SN
—~
8
3
—~
2
SN—
bS]
~
-
I~
»|»

IN
L
—
V)
~—
3
—~
»
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(b) The sequence {x,},>1 is almost equicontinuous. For any T' > 0 and
t,t' €[0,T] (t > t'), we have the estimates

11 1+
1 1
S %LH 1+t"
i Jo o~ ([ a(r) f (1,20 (7))dT)ds _ Jo ¢~ (S q(r) f(r,an(1))dr)ds
1 1
e
+
+2|%+t t 1+t/|£ f q(r)f(1,2,(7))dT)ds
OO
+o7 Jy o, (7, 2 (7))dT)ds
< M‘ 1
— 1+t 1+t’

2y — Tl Jy 07 U amymimh(e o)) B4 ar)as
ke 07 U am(n) (e i) i ards.

Then for any € > 0 and T" > 0, there exists § > 0 such that ‘xlrﬁ
1+t/ )! < e forall t,t' € [O,T] with \t— t'[ <5
(c) {zn} is equiconvergent at +oo:
n+t td)_l +oo - (T i\
sup | - 1+t sup = Jo o™ (U qu(rt)f( @ (7))dr)ds
n>1 ol
ent Jo > o[ a(r)ym(r)h(er (r)) BUER dr)ds

IN

1+t
— 0, as t — 4o0.

Consequently {z,} is relatively compact in E by Lemma 2.4. Therefore
{zn}n>1 has a subsequence {zy, };>1 converging to some limit zg, as k —
+00. The continuity of f, ¢~! and the Lebesgue dominated convergence
theorem, imply that, for every t € R,

[ ([ amsmanenar)as— o ([ atmitramar ) as

as — +o00. Then

ro(t) = Tim ()

= Jdim (e ot (L0 ar) o (7)dr ) ds)
= oo T a(m) F(r wo(r))dr)ds,

Hence z is a positive nontrivial solution of Problem (1.1). O
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Example 4.1. Consider the singular boundary value problem

{ (1)) + e =,

z(0) =0, lim 2/(t) =0, (4.8)

t—+00

where

~+

t € (0,1]

m(t) =q Vi
{t\/l_th t € (1,400).

Here f(t,z) = m(t , ¢(t) = t3 and q(t) = e~'. Then ¢ is continuous, in-

creasing and ¢(0 ) = 0. Therefore for each M > 0, there exists k(t) = % €
C(I1,1) such that f(t,x) < k(t), Vt > 0,Yax > M with

/O+O°q( V() dT<\/__/+°O —TdT_\/—_

and
-1 <fs+°° q(T)k(T)dT) ds < [F¢! <\/Lﬂe >ds 1
% f0+ e3ds—3(%)§<+oo

Moreover F(t,x) = f(t,(1 +t)x) = m®  for (t,xz) € I%.

(H1) Let p(x) = %, and h(z) = L. Then h is a decreasing function, ¢

is increasing and F(t,z) < m(t)p(z), Yt > 0, Yo > 0. In addition,
for any ¢, > 0, we have

+o00 N 1 [t B 1
/ q(T)m(T)h(cp(r))dr = _/ e~ Tdr = = < 400
0 ¢ Jo c
and
L anm@perRdr) ds = [0 (Hge) ds

(H2) For any ¢ > 0, there exists () = % such that

F(t,x) > .(t), Vte I, Ve (0,c.

As a consequence, all conditions of Theorem 4.2 hold and then Problem (4.8)
has at least one positive solution.
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