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Abstract
We consider the nonlinear Sturm-Liouville problem
—u"(t) + flu(t), v (t)) = Mu(t), u(t) >0, tel:=(-1/2,1/2), u(£l/2) =0,

where f(z,y) = |z|P~tz — |y|™, p > 1,1 < m < 2 are constants and A > 0 is an
eigenvalue parameter. To understand well the global structure of the bifurcation branch
of positive solutions in Ry x L(I) (1 < ¢ < o0) from a viewpoint of inverse problems,
we establish the precise asymptotic formulas for the eigenvalue A = A\j(a) as o =

|uxlly — o0, where uy is a solution associated with given A > 72.

1 Introduction

We consider the following nonlinear Sturm-Liouville problem

—u"(t) + f(u(t),d'(t)) = Xu(t), tel:=(-1/2,1/2), (1.1)
uw(t) > 0, tel, (1.2)
u(—1/2) = wu(1/2) =0, (1.3)
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where f(z,y) = |z|P"'z — |y|™, p > 1,1 < m < 2 are constants and A > 0 is an eigenvalue
parameter. Let 1 < ¢ < oo be fixed. Then we know from [1] that for each given \ > 72,
there exists a solution (\,u) = (A, uy) € Ry x C?(I) of (1.1)(1.3) with [Juy|lec < AY®7Y.
We denote by a = ay = ||uy||, and A = A\j(«). Here, || - ||; denotes the usual L?-norm.

The purpose of this paper is to study precisely how the damping term |u/(¢)|™ gives effect
on the global behavior of the bifurcation branch A\,(«) from a viewpoint of inverse eigenvalue
problems. To this end, we establish the precise asymptotic formulas for A\,(«) as o — 0.

To explain the background and the motivation of our problem here, we recall the known
and related facts of our problems. The equation (1.1)—(1.3) without damping term (e.g.
flu(t),u'(t) = |u(t)[P~tu(t)) is well known as the diffusive equation of population dynamics
(the solution is denoted by ug ), and has been studied extensively by many authors by

local and global L™ bifurcation theory. We refer to [2] and [7-10]. In particular, as a basic

asymptotic behavior of ug y as A — 0o, the following formula is well known.
[ugal[Pt = A — Ae™V (PmDAUF)/2, (1.4)

We also mention that relationship between nonlinear term and the property of eigenvalues has
been studied in [14] with emphasis on the uniqueness of f(u). Furthermore, since (1.1)—(1.3)
without damping term is regarded as a nonlinear eigenvalue problem, it is quite important
to study (1.1)—(1.3) from a viewpoint of L?-theory, that is the case where ¢ = 2. For the
works in this direction, we refer to [4-6] and the references therein. It should be mentioned
that one of the chief concern in this field is to investigate the local and global shape of
the L2-bifurcation branch A\y(cr), and the asymptotic behavior of A\s(a) as o — 0 has been
studied in [4], [5]. Besides, it seems important to study the asymptotic behavior of \,(«)
as a — oo for general 1 < ¢ < oo (¢ # 2). In particular, it is meaningful to consider this
problem in L'-framework, since (1.1)-(1.3) without damping term comes from the equation
of population dynamics.

The leading term of A\,(«) without damping term in (1.1) can be obtained easily as

follows. Since it is known from [2] that

UO)\(t)
A/ (p—1)

— 1 (1.5)
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locally uniformly on I as A — oo, we obtain that for A > 1 (i.e. a > 1),
M) =Pt +o(a?™h).

Recently, more precise asymptotic formula for A\,(«) has been obtained in [11].

Theorem 1.1 ([11]). Consider (1.1)-(1.3) with f(u,u') = |u[P" u. Then as a — oo

A(a) = a7t 4+ CLaP™ V2 4 ay 4 o(1), (1.6)
where
p—1 1 1—s p—1 9
Ci=——20C(g), Cq) =2 ds, ag=——C(q)".
' q @ @ /0 \/1—32—2(1—sp+1)/(p+1) " 2q @

Since such a quite precise asymptotic formula for A\;(c) as (1.6) has been obtained, from
the standpoint of the better understanding of the global structure of the bifurcation branch
of the positive solutions, the following problem from a view point of inverse problem was
proposed in [12]. Let f(u,u) = f(u) in (1.1). We assume that f(u) is an unknown function,
but it is known that it satisfies the following conditions (A.1) and (A.2).

(A.1) f(u) is a positive function of C! for u > 0 satisfying f(0) = f’(0) = 0.
(A.2) pf(u) > uf'(u) > puP for u > 0.

The inverse problem here means whether we can reconstruct the unknown nonlinear term

f(u) from the information of the asymptotic behavior of A\;(cr) as e — oo or not.

Theorem 1.2 ([12]). Let f(u,u') = f(u) in (1.1) and consider the problem (1.1)-(1.3),
where f(u) is known to satisfy (A.1)-(A.2), and suppose

A(a) =Pt + CLa? V2 L () + O(1) as o — 0o, (1.7)
where
lim () =0, lim ri(a)=o00 (1.8)
a—00 a(p_l)/Q ! a—00 1 ) ’

Furthermore, assume that ry satisfies

ri(u) — ri(v)

u—v

(1.9)
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for sufficiently large uw > v. Then,

flu) =uP +ri(u)u+ O(u) as u — oo. (1.10)

Roughly speaking, Theorem 1.2 implies that if f = f(z,y) does not depend on y and
satisfies the positivity and growth conditions (A.1) and (A.2), then the inverse problem is
solved successfully.

Motivated by Theorem 1.2, it is natural to extend the result of Theorem 1.2 to two

directions, the first one is as follows.

Problem A: Under some suitable conditions on f, Theorem 1.2 holds even if r(u) in (1.7)

is negative function like ri(u) = —u” (0 < 3 < (p—1)/2).
To consider Problem A, we note the results obtained recently.

Theorem 1.3 ([13, Corollary 1.5]). Let f(u) = u? —u” with 1 < 3 < (p+1)/2. Then as
a — 00
—1
M) = o+ E220(g)a® D2 — 0 4 gy + O(aPPD2), (1.11)
q
Therefore, from a viewpoint of Theorem 1.2, it is reasonable to expect that the results
like Theorem 1.2 holds for Problem A.
Another direction we would like to consider is:

Problem B: Treat the case where f = f(u,u), and consider the inverse problem.

The best way for us is to consider Problems A and B in the same framework and establish
unified results for the inverse problems. The results in this paper, however, gives us the
difficulty how to treat Problems A and B at the same time.

Now we state our result. We put

_ 2p—(p+1)m
' 20-1)

We note that 0 < n < 1/2if 1 <m < 2p/(p + 1). Furthermore, let

(=8 [ = 2?) = 2(1 = 2Pt /(p+ 1) 2de
“ '_2/0 [(1—s%)—2(1—sPth)/(p+1))3/2

(1.12)
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Theorem 1.4. Assume that 1 <m < 2p/(p+1). Let mg :== (—1++/1+2(p+1)?)/(p+1).

Then as a — oo, the following asymptotic formulas for A\,(c) hold:

(i) If 1 < m < myg, then

—1
A(a) = o™t + CLaP V2 - 1970204(;;1)(1/277) +ap + o(1). (1.13)
(i) If m = my, then
—1
ANfa) =Pt + CiaP—1/2 _ p_CQOZ(p*I)(l/%W) +0(1). (1.14)
q

(111) If mg < m < 2p/(p+1), then

() = aP™ ! 4 CLaP~D/2 — p;lCQa(p—l)(l/?—n) + O(a(p—l)(1/2—(m+2)n/2))_ (1.15)
q

We see from (1.11) and (1.13) that we should be careful to treat the Problem A and B at
the same time, since we may not determine the unknown nonlinear term from the third term
of \j(a) if 5 —1=(p—1)(1/2 —n). Therefore, as a next step of this work, before treating
the Problem A and B simultaneously, we should find reasonable conditions for f(u,u’) to
reconstruct f(u,w’) from the asymptotic formula for A\,(«).

Remark 1.5. (i) m = my is uniquely determined by the equation

h@)::%-@:o,

which implies that the exponent of « of the fourth term in (1.15) is equal to 0. In this case,
we obtain (1.14). Clearly, 1 < m < mq (resp. mp < m < 2p/(p+ 1) implies h(m) < 0 (resp.
h(m) > 0), and according to these two cases, we obtain (1.13) and (1.15), respectively.

(ii) The case 2p/(p + 1) < m < 2 is worth considering by the methods developed here.
However, for instance, the case 2p/((p+ 1) = m should be handled more carefully, and quite
a long and complicated calculation will be necessary. From this point of view, we may go on

to an more detailed study of the case 2p/(p+ 1) < m < 2.

2 Proof of Theorem 1.4

We begin with notations and the fundamental properties of u,. In what follows, C' and k

denote various positive constants independent of A > 1 for simplicity. We write A = A\, («).
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Since U := A\Y®~Y and wg are super-solution and sub-solution of (1.1)—(1.3) with ug(t) <

AY/P=L ] yespectively, we know from [1] and [3] that

ux(t) =ur(—t), tel, (2.1)
u(0) = maxux(t) = [[ualloo, (2.2)
uh(t) >0, —1/2<t<0, (2.3)
upA(t) < up(t) < AV, (2.4)

By (1.5) and (2.4), we see that A — oo is equivalent to a — oo. By (1.4) and (2.4), we see
that for A > 1,

0 <= A= us]st = O(e ™), (2.5)
where £ > 0 is a constant.
The proof of Theorem 1.4 is based on the following Proposition 2.1.
Proposition 2.1. For A > 1

lualle = lually = Cl@)lualllc @72 = Coflun g #=0/2 =0 (2.6)

+ O(”UA”g;(pfl)/%(mﬁ)(pfl)n/?)(1 + 0(1))_

We accept Proposition 2.1 here tentatively. The proof will be given in Section 3. Once

it is obtained, Theorem 1.4 is proved by direct calculation as follows.

Proof of Theorem 1.4. We have only to consider the case 1 < m < mg and show (1.13),
since the other cases can be treated by the same calculation as that of the case 1 < m < my.
Note that, in this case, —1/2 — (m + 2)n/2 < —1 by Remark 1.5 (i).

Step 1: We calculate the second term of A\ (). We put r(a) :== A—aP~!. By (1.5) and (2.4),
r(a) = o(a?™!) for a > 1. By this and (2.6), for A > 1

luallp™ = Jualle {1 = C@Nuall ™2 + Caflun |20 (2.7)

+0 —(p—1)/2—(m+2)(p— p—1
(Hu)\Hoo( /2~ 2 1)77/2)(1 0(1))}( /e .
is along with (2-5) and Taylor expansion implies that

ot = (A=00eY) (1 - Z%IC(q))\l/Q + 0()\1/2)>
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= A= C 24 0o(\/?)

= a4 r(a) — C1aP V(1 4 0(1)).
By this, for a > 1,
r(a) = CaP Y2 4 (o172,
Step 2: We calculate the third and fourth terms. Let
R(a) ==X — Pt — C1aP~V/2, (2.8)

By Step 1, R(a) = o(a®Y/2) for a > 1. By (2.5), (2.7), Remark 1.5 (i) and Taylor

expansion, for A > 1

ol — ()\_O()\e_’“/x)) &9
x{l%Ei;1<—CX@A—V2+CEA‘”*W*dA—”)

1 “Dp—1-—
_ )\—Cl)\l/2+p - 02)\1/2—77+ (p )(217(]2 q)C(q)2+0(1)

By this, (2.8) and Taylor expansion,

Pl = ol 4 OarV/2 + R(a) _Cl(ap—l + CLaP~1/2 +R(a))1/2

-1 - 1)(p—1-—
+ b p 02(ap—1 +Cla(1’7—1)/2 +R(a))1/2_" + (p )(217(]2 q)C(q)Q +O(1)
= o'+ 010" V2 1 R(a)
1
— Chalr=D/? (1 +5 (Cra= @D 4 R(a)a~ D) + O(a“’”))

Pl 0 o000 (1 1 002 4 R(a)a~ D)2
q

(p—l)(P—l—Q)C

+ 27 (@) + o(1).

This along with direct calculation implies that

R(a) = —pTCzOz(p_l)(l/Z_n) + 5012 — (p
—1
— Pl 0a 002 g 4oo(1).
q

By this, we obtain (1.13). Thus the proof is complete. y
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3 Proof of Proposition 2.1
We start with the fundamental equality. By (1.1) and (2.3), for —1/2 <t <0,

[l (8) + Xun(t) — un(t)? + ()"} uj(£) = 0.

By this, for —1/2 <t <0,

1
2 Ux

= Al = gl [ s

i (-3)
=—-uy|{—=] .
2 A\ 2

ur (1) + M()

1 t
n 1u>\(t)pJrl + / e uh (5)™ ' ds = constant (3.1)

We put
2
ANO) = Alualls —0%) - m(HUAH’&Tl — ), (3-2)
2
A — p—1 2 p2_ = p+1 _ pgp+1 )
ox(0) lualles i eallse = 6%) = —== (lealls™ = 6775), (3.3)
By(t) = 2| u\(s)™"'ds, (3.4)
t
A 2
R = ) — ——(1— ! 3.5
)\(S) ”u)\’ggl( S ) p+ 1( S ) ( )
S)\(S) = 1—- 82 — m(l p+1) (3 6)
We note that if we put u)(t) = ||ua||s, then
Aoa(ua(t) = [[uallZ'Sa(s), Ax(ua(t)) = [luxl[5 Ra(s)- (3.7)

Further, by (2.5), (3.2) and (3.3), Ax(0) > Ao () for 6 > 0. By (2.3), (3.1), (3.2) and (3.4),
for —1/2 <t <0

= /A1) + Ba(t). (3.8)

By this and (2.1), we obtain

uh (t
fosllze = sl = 2" (sl - RO (39
\/A)\ (ux(t)) + Ba(?)

_ ’ uyl|L — u? ¢
_ 2/_1/2(H MG = u3(®) Ax(ux(t))dt
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By direct calculation, we obtain

Ba(t)(lualld — ui(t))ui(t)dt

= _2/1/2 \/A)\ (ux(t)) + Ba(t \/A,\ (ua(t \/A/\ A1) + Ba(t) + \/AA(UA(t)))

. (3.10)

Proposition 2.1 is obtained directly from the following Lemma 3.1, and Lemmas 3.2-3.3.

Lemma 3.1. As A — oo,

I = CO(q) |5 D72 + O (A =Dk, (3.11)

Lemma 3.2. As A — oo,

|[[| < 02HuA”gg(pfl)/2f(2pf(p+1)m)/2+O(HuAHgg(pf1)/27(m+2)(2p7(p+1)m)/4). (3_12)

Lemma 3.3. As A — oo,

\U\ > 02HuA”g;(pfl)/2f(2pf(p+1)m)/2_O(HuAH(g(pfl)/%(?pf(pﬂ)m)). (3_13)

If we do not have the term B,(t), then the situation here is the same as that of [11].
Therefore, to prove Proposition 2.1, the most important part is to calculate I in Lemmas
3.2 and 3.3 precisely. Clearly, the calculation in Lemmas 3.2 and 3.3 deeply depend on the
estimates of By(t) as A — oo, which is the main part of the calculation of this paper. Since
it is accomplished by long and tedious calculations, we fulfill it in the next section.

On the contrary, Lemma 3.1 can be proved by applying the argument in [11] to our case.

This is rather an easy part, so the proof will be given in Appendix.
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4 Proof of Lemmas 3.2 and 3.3

It is clear from (3.10) that the estimate of B, (¢) plays an crucial role for the proofs of Lemmas

3.2 and 3.3. We put

1 ) 9 . m/2
Dy(0) = 2 1—:5——1—3:”] dx, 4.1
A(0) 8/ llurlloo l p+ 1< ) (4.)
—mkvV/\
6 = e (504 (42)
Lemma 4.1. For —1/2 <t <0 and A > 1
By(t) = Da(ur(t)[lua]| ™02 — Cen(Jlualloo — ua(8))™**. (4.3)
Proof. Since 1/2 < m/2 < 1, we know that for 0 < b < a,
0<a™?—b"?* < Cla—b)"> (4.4)
By this, (2.5), (3.2) and (3.3), we have
lluxlloo
< / (: (Ax(0)™ — Ao (0)™/?) db (4.5)
Uy t
[N - m/2
<., [ = sz ) a2, — %)) do
ux
1
< Clluallz (hexp(—kvA) ™2 [ (1 s?)"/2ds
ux(@)/l[urlloo
1
< Clluallz (hexp(—kva)™2 [ (1= s)"ds
ux(®)/lluxlloo
< O&([[ualloo — ua(t)) 2,
By this, (3.4), (3.8) and (4.1), for —1/2 <t <0,
1 0
Bt = /  (s)™ ds > / Ax(un(s))™24 (s)ds (4.6)
t

uxlloo 2 2 2 p+1l _ ppt+l e
= [ Pl =) =l =) ao
U

N o
- / Ao (6)™2d6 + (Ax(6)™2 — Agr(6)™'%) db

(1) ux(t)

e P B
- NOYITN p+1
— C&H(fJuallos — ua(t)) 7?2

1
= DAl (@) ual|5 2 = Cex((funloo — ua(t) 2,

m/2
(1- :L’p“)l dx
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Thus the proof is complete. y

We next calculate the estimate of B)(t) from above.

Lemma 4.2. For —1/2 <t <0 and A\ > 1

B(t) < Da(ur(@)uall P24 4 Cllun ][ PV (unlloo = ua(0)™* (4.7)

+ C&n([[ualloe = ua(t)) "2,

Proof. We first show that for A > 1,

w4 (—5) = Ll 1+ o). (4.9

To do this, we assume that there exists a subsequence of {\}, which is denoted by {\} again,

such that as A\ — oo
— 00. (4.9)

By (1.1), (2.3) and (2.4), u}(t) < 0 for t € I. Therefore, u}(—3) = max,cr|uj(¢)|. Then by
(2.5), (3.1) and (4.9), we have

%u;\ (—%)2(1—0(1)) = /0 ()™ ds < 4 (—%)m/o dh(s)ds  (4.10)

—1/2 —-1/2

1 m
— / _
= & (=5) Il

This implies that
1 —m
i (~3) < Clluale. (.11)
Since m < 2p/(p+1), as A — o0

' _1\2
ﬁ < Ollup [P0 = Oy || 2P~ m/z=m) — g, (4.12)
Aloo

This contradicts to (4.9). Therefore, for A > 1,

(1)
<C. (4.13)
Tl
By this, we obtain
0 / m+1 ! IN™ m(p+1)/2+1
[ mer s < w (<5) e < Clu2 (4.14)
— o(fwllz).

EJQTDE, 2009 No. 58, p. 11



By this, (2.5) and (3.1), we easily obtain (4.8). Then by (4.8), we obtain

By(t) = 2/ s)"ds < 2ul\(t)™ /to uh\(s)ds

< 0 (=3) " Ulualloe = u(6) < Cllual 2072 (Jur o = us(0).
By this, (3.8), (4.4) and (4.6), for A > 1,
B0 = [ (e = /f(AA(uA(s))+Bx<s>>m/2u;<s>ds
< / Ay (ua(s))™2u (s)ds + C™2 /OBA(S)mﬁu'A(s)ds
< / Axun()" 205 (5)ds + Clun |27 D/ (s = un(8)/2*!

= §Dx(ux( E)lual| %P2+ Cen([fualloe — ua(t))™?*!

+ Clun |25 E A (oo = ua(0))™>F
Thus the proof is complete. g

Now we are in the position to prove Lemmas 3.2 and 3.3.

(4.15)

Proof of Lemma 3.2. Let 0 < § < 1 be fixed. By (3.6) and Taylor expansion, we see that

forl—d6<z<1,
CH1—-2)2<S(z) <C(1—a)2
Furthermore, if we choose C' > 1, then for 0 <z <1
Sy(r) < O(1 —x)°.
By this and (4.1), for 0 < s < 1,
Da(l[ur]lees) = 2/ 22y < c/ (1—2)™dz < C(1 — s)™

By (3.10) and Lemma 4.2,

/

0 Ba(t)([[ualld, — ua(t))uy(t)

" 245 (x 1))

IN

< Yi+Y,

_ [ DAl G, — 0
iy Ao ()7

dt

- /O Clluallz 7 + &) (lualloe = ua(t)™* (lualld, — ua(®))us (1)

—-1/2 140,)\(U)\<15))3/2

(4.16)

(4.17)

(4.18)

(4.19)

dt.
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Then by (3.7), (4.2), (4.19) and putting s = ux(t)/||ual/c, We obtain

1 m/2 _
Y, — ||uA||q—(p—1>/2—<2p—(p+1>m>/z/12(f8 S(2)"/?da) (1 = 5")

0 SA(s)?’/2
— 02HuA”g;(pfl)/2f(2pf(p+1)m)/27

ds (4.20)

L (1 —s)™/2H1(1 — s9)
Y, < Ol [|[i=®-D/2=(m+2) 20— (p+1)m) /4 /
> < ClluallL A Si(5)3/2

Note that by (4.16) and (4.18), the right hand side of (4.20) and (4.21) are integrable. By

ds. (4.21)

(4.19)—(4.21), we obtain Lemma 3.2. Thus the proof is complete. g

Proof of Lemma 3.3. By (3.10), we have
Br({t)(l[uallé — ux(t) JuA(t)

11| > 2/_1/2 o ) Arfenll) - BrG ))dt (4.22)
_/ Ba(t) (lualld, — ua(t) )u)\<t)dt

1/2 Ax(ua(t)) Ax(ux(t))
N (/0 B(t)([luallg, — ua(®)?)ui (t) g /0 By(t)([luallg, — UA(t)q)U&(t)dt)

124/ Ax(ua(2)) (A (ua(?)) + Ba(t)) 172 Ax(ux(t))Ax(ux(t))
=71 — Zs.

We first calculate Z;. By (2.5), (3.2) and (3.3),

1 1 1 1
OV~ Aanw@)? (Axm(t»?’/ﬁ AO,A<uA<t>>3/2> 429
_ 1 N Ax(ua(t))® — Aoa(ua(t))?
Apx(ux()?? Ao a(un(t))?2Ax(ur(t))3/2 (Ao a(ua(t))?/2 + Ax(ua(t))*?)
S 1 ~ 3(AN(ua(t)) = Aop(ua(?)))
T Aoa(ua(1)¥? Aga(ua(t))¥2Ax(ua(t))
1 3ma(lluallz, — ua(t)?)

T Ao Ao (ua(0) AN (un (1)
By this, (4.22) and Lemmas 4.1 and 4.2, we obtain

Dy (ur () [lua]| 2FD2H ([un]|g — ua())ui (t)
7, > / o A dt (4.24)

B /0 CE([unlloo = ur(®)™* (Jualld — ur(O)Dui(t)
~1/2 Ao (ux(t))3/?

3 /0 3 ([luallze — ua(t)®) Da(ua () JJua |2 ® D24 ([fun|, — u (O ()
—-1/2 AO,A(UA(t))?’/ZA/\(UA(t))

o B a2 L (s () (a8, = wr (e ()
—1/2 AO,)\(UA (t))3/2A)\(u,\ (t))

= Wi —Wy—-Ws3—-W,,
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where
LA(UA<t>) = (HuAH?,O — u)\(t)Q)(HuA”OO _ U)\(t))m/2+1,
It is clear that W, = Y] in (4.20). By (4.16),

1(1- s)m/2+1(1 — 59)
W, < C q+2+m/2-3(p+1)/2 /
2 = Enlluallls 0 S/\(S)s/z

ds (4.25)

< C§>\||u)\||cq>i—2+m/2—3(p+l)/2

= o(|Juy||ig P~V/2=Cr=(prlm)y

Next, we calculate W3. We fix 0 < § < 1. By (4.18) and putting s = ux(t)/||ux|| 0o,

P = %) (1 = sT) Da([[ualloos)
Wa < Cmplluslzryasaemosrs | ( =45 (4.26
3 < Onalluall A S2(s)32 Ry (s) s (420)

= Wiy + Wag = Cy[luy | L2370/ mer0/2 </ 15 - H) .
1- 0

For 1 — 6 < s <1, by Taylor expansion and Holder’s inequality,

2/3
Ry\(s) > 21 (1-s)+C(p—-1)(1—-s5)?*>C <2¢> (1—s)¥3. (4.27)

[V N

By this, (2.5), (4.16) and (4.26),

—2/3 2 m+1
- 21 P (I=s7)(A—s)(1—5)
W < C q+3/2=5p/2+m(p+1)/2 / d
31 < Onyflua]ll NS 1—s (1—25)3(1—s)¥/3 i

< Cni/?’HuA|’Cq);r3/2f5p/2+m(p+1)/2+2(pf1)/3 (4.28)

= 0(||u/\||gg(p—1)/2—(2p—(p+1)M))'

By the same argument as that just above, we obtain

W3,2 < Cn}\Hu}\”g:)r?)/2f5p/2+M(p+1)/2 :O(”u}\”gg(pfl)/%(%f(pﬂ)m)7 (4_29)

Wi < O3 l|luy|| i oD /atm/2=5p+1)/2+2(0-1)/3 (4.30)

= 0(||u)\||g(p—1)/2—(2p—(p+1)m))_

By (4.20), (4.24), (4.25), (4.26) and (4.28)—(4.30), we obtain the estimate of Z;. Now we

calculate Z,. To do this, we consider the case where 1 < m < 2 and m = 1 separately.
Case 1. Let 1 <m < 2. By (3.7), Lemma 4.2 and putting s := u,(f)/||ua||c, We obtain

/0 By () ([[ualls, — ux(©)M)ui ()

2T A @) (A1) + Ba(®))

dt (4.31)
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C/O D (ux(t))?[Jux|| 222 (|ux|le, — Ux(t)q)u&(t)dt
—1/2 Ag(uy(t)5/2

o [ Tl — Ol )0,
-1/2 Ap(un(t)>?

< Offuy[jgf e
m, m m2 m m
[ DAl a2 4 Bl = ) )
1-§ Sy(s)>/2
+ Clfuy |2 EF72
m; m m2 m m
/1—‘5 [Da([ulloos)? [[uall2 ™2 4 Jlualle P D221 — 5)m2](1 — 57)
0 Sy (s)5/2

ds

ds

< CHuA”g;(pfl)/%@pf(pﬂ)m)_

Note that by (4.16) and (4.18), all the definite integrals in the right hand side of (4.31) are
integrable.

Case 2. Let m = 1. By (3.8),

%BA@) = /to uj(s)*ds = /tO<AA<uA(S)) + Ba(s))"?u)\(s)ds (4.32)

< [ Al Pui)ds + [ Ba(s) i (s)ds
< [ Aalur(o) () + B (il — n(0)
By this, we obtain
But)"2 < Cllunlle — (1) + (2. Aun(s)) P s)ds) (1.33)
This along with (4.6) implies
Btf < ODy(us®) il + CElunlloo — un(®)P + Cllurllo — un(0))

By (4.2), (4.27) and putting s := u)(t)/||ux||c, We obtain

2 /_01/2 Bx(t)2(%ﬂliit%;(/?q)u&(t) it (4.34)
e /_01/2 (DA(u)\(t))Q||ui4|ff<?’l(L|)\|zbt;|)|§;,2— ur(®)Mua(t) o,
e /01/2 (lluallso 2;;((7,12\)(3|)|55;\1||4;10;)(;;(L;)()t)q)u£\(t) gt
R
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< Oy ||rri-dw D 2 /1 (1-— Sq)D)\(Hu)\HooS)QdS

0 Si(s)5/2
3
+ Ce—k:\/X/?)||u>\||p+q+4—5(p+1)/2—2(p—1)/3 L (1=s)1—=s s
* 0 Sa(s)%?(1—s)¥/3
L(1—s9)(1—s)t
C q+1—5(p+1)/2+4/ d
+ Cllua|& 0 Sy (s)5/2 §

< C||uA||gg(”‘1)/2‘p+1.

Note that by (4.16) and (4.18), all the integrals in the right hand side of (4.34) is integrable,
and (4.34) coincides with (4.31) with m = 1. Thus the proof is complete. g

5 Appendix

Proof of Lemma 3.1. By (3.7), (3.9) and putting s = u)(t)/||ux||c, We obtain

P g mlgtn -,

(5.1)
v lual[B Ra(s)

11— 11— g 11— g
= Al [ s o0 | [ s~ [ s

0 S)\(S) 0 R)\(S) 0 S)\(S)
= luall s @2 (g) +2X),

where

v 4GRS
B (1—s%)(1—s9
N (1 HuAH” >/ VRa(s \/SA (5)(\/Ba(s) +1/Sa(s))

= (X1 +X2)

/ (1—5?)(1—s9)
|u>\||p b 5\/R)\ \/S)\ \/R)\ \/SA
(1—s%)(1—s%)

1-5
HUAHP 1/ \/R,\ \/S)\ \/R)\ +\/SA

Here, 0 < 0 < 1 is a constant. Then we apply the argument in [11, Lemma 3.2] to our case

and obtain that for A > 1,

=)
A
=
A

<X, < CVae ™A, (5.3)

0< Xy < Ce ™A, (5.4)
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By (5.1)-(5.4), we obtain Lemma 3.1. Thus the proof is complete. y
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(i) Let f(3,2,y) = |z[P~to — Bly|™, where 3 > 0 is a parameter. Our nonlinear term is given
by f = f(1,z,y). In the referee’s report of the first version of this paper, it is suggested
that it is interesting to analyze the transitions between the asymptotic formulas from the
case when # = 0 to the case § > 0. This analysis gives us the good information how the
asymptotic behavior of \;(«) depends on the damped term. By following the argument in
Section 3 carefully, we find that the asymptotic formula corresponding to (1.13) is obtained
by Cj replaced with SCy. Therefore, if  — 0, then the formula (1.13) for the case f(53,z,y)
converges to (1.6), which is the asymptotic formula for the case f(0,z,y), namely, the case
without damped term. In this way, by introducing a new parameter 3, we understand well

how the asymptotic behavior of A\ ,(a) depends on the damped term.

(ii) It is also suggested in the referee’s report that it seems interesting to consider the case

B = —1. To treat this case, more precise observation than above (i) will be necessary. From
this point we might go on to an extension of the results here to the case § = —1.
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