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Abstract. We consider the reaction—diffusion system with delay

ou k
= = A(t,x)Au — i:Zl'yi(t, x)oxu+ f(tu), x €y
B(u)an = 0.

We show that this system with delay preserves positivity if and only if its diffusion ma-
trix A and convection matrix -; are diagonal with non-negative elements and nonlinear
delay term f satisfies the normal tangential condition.
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1 Introduction

Consider the following initial-boundary value problem (IBVP) of reaction-diffusion equations
with delay

k
?;: = A(t,x)Au — Z’yi(t,x)ax[u + f(tuy), xe

=1 (1.1)
B(u)|an = 0;

1, (8,%) = 9(6,%), ¢ € C([—7,0] x O, R")

where we assume:
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(A.1). A(t,x) and 7;(t, x) are n x n matrices, with each element in C(R x Q,R) and Q C RF
is an open bounded domain;

(A.2). u; is defined by u¢(6,x) = u(t+0,x) for any t > tp and 6 € [—7,0], where t is the
initial time, T is a positive number and u(f, x) is a solution of (1.1);

(A.3). fis a continuous and locally Lipschitz mapping from R x C([—1,0], R") to R";

(A.4). The boundary condition is given by B(u)(t,x) = a(x)u(t,x) + b(x)%%(t,x) for any
t > ty, where

a(x) = diag(ai(x),...,a,(x)), b(x) = diag(b1(x), ..., bu(x))
with each element a;, b; € C(Q, R*).

It is well known that solutions of IBVP (1.1) starting from nonnegative initial conditions
remain nonnegative under the assumptions that the diffusion matrix is diagonal and the ki-
netics f satisfies a certain sub-tangential condition with respect to a cone of nonnegative func-
tions. See, for example, results for ordinary delay differential equations (Smith [11] and Seifert
[12]), for parabolic equations (Weinberger [13]), and for abstract functional differential equa-
tions including delayed reaction—diffusion equations (Martin and Smith [7, 8], Ruess [9] and
Summers [10]). Nonnegative properties are of course one of the fundamental behaviours of
any dynamical model arising from biological systems if the state variables u represent the den-
sities of the biological species involved. On the other hand, sufficient conditions for solutions
to preserve nonnegative property can easily be extended to generate a certain monotonicity
(order-preserving property) of the solutions which turns out to have significant implications
for the global dynamics of the generated solution semiflows (Hirsch [2-6]).

It is natural to ask if these commonly used sufficient conditions are necessary as well, and
to our best knowledge very little has been done in the literature except the work reported
in Efendiev [1]. Here we confirm that these conditions are indeed necessary by constructing
explicitly negative solutions with nonnegative initial conditions when these conditions are not
met. This confirmation obviously provides a convenient first step to disprove any proposed
mathematical model arising from population dynamics if the state variables are population
densities. We also show how to use this necessary condition to identify primitive state vari-
ables, through a standard linear transformation, of any correct mathematical models when
they fail to meet the necessary conditions.

2 Main results

We start with recalling a few notations and notions.
Definition 2.1. A set K™ C X is called a positive cone if
1. KT is closed;
2. ax € Cforall x ¢ Cand « € RT;
3. K" N(—=K") ={0}.

We will write x > 0if x € KT.
In this paper, we will use various cones as follows.
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1. If X = R", we choose R"" := {x = (x1,...,%,) € R",x; > 0,1 < i < n} as a positive
cone.

2. If X = C(Q) := C(Q, R) is equipped with the maximal norm, where () is a bounded
domain in R¥, then we choose C*(Q) = C(Q, R*) as a positive cone of X.

3. If X = C([-7,0] x O, R") with the norm

HuHmax = max?zl max 7{ui(9,x)},
0e[—7,0],xeQ)

where Q) is a bounded domain in R¥ and T > 0, then a positive cone is C*([—1,0] x
Q, R""). Similarly, we define C*[—7,0].

In what follows, we will say that a closed subset S in a chosen phase space X for IBVP
(1.1) is totally positively invariant set if the solution u; € S for all t > t( as long as u;, € S and
the solution is defined at t > to. The positivity property of IBVP (1.1) refers to the property that
the positive cone is a totally positively invariant set.

We can now state our main result.

Theorem 2.2. The IBVP (1.1) satisfies the positivity property if and only if the following conditions
hold:

(i) A(t,x) = diag{ai(t,x),a2(t,x),...,an(t,x)} with a;(t,x) > 0 forall t € Rand x € Q,
ie{l1,2,...,n};

(i) vi(t, x) = diag{y] (t,x),v*(t,x),..., 7' (t,x)}, 1 € {1,2,...,k};
(iti) forallt € R and ¢ € CT[—7,0] with ;(0) = 0, fi(t,p(6)) >0

Proof. We only prove the necessity and refer to the aforementioned references for the proof of
sufficiency. Assume that an initial data u¢, € CT([—7,0] x Q, R") with ¢y € R is given so that
the solution u(t, x, us,) > 0 as long as it exists.

We can see that u,(0,-) € CT(Q, R") C L?(Q), R"). Define the inner product of the function
space L?(Q), R") by

(00,0 ) = i Lu;0<o,x>vi<x>dx,

QO

for any vector v € L2 (Q,R"). Consequently, (-,v) 12(,re) 18 @ positive linear functional of
L?(Q), R"™). Consider the action of this functional on the derivative of solution u(t, x, Uy, ), we

have
t=ty’ 12 t—>tar t ’ 12

. u(t,u u(to, u
= lim <7( . to),v> —< (Ot fo),v> )
t—tf L2 L2

I (1) ) =0, i, (10,7, ) o) = O the

u(t, u . u(t, u
< ( to ‘t p v> = lim <7( ; to),v> >0,
L R L2
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where we used that the solution u(f, -, u¢,) > 0 due to necessary. It then follows from equation
(1.1) that

<E)u(t ) ’t ty Z)>L2 = <A(t0/')A”to (Or ) (tU/ )Vuto( )+f(t0/ ”to(el'))’v>L2 > 0. (2'1)

We now choose initial data u,(6,-) = (0,...,uj (6,-),...,0) and the vector v = (0,...,
v/(-),...,0) with j # i and uj (6,-),0/(-) > 0, then

(10, (0,),0) 2y = |

From equation (2.1), we obtain

uiO(O,-) - 0dx + /70 -0/ (x)dx = 0.
0

2

n

<a]l<to,->Aut0 =Y ) (b0, )anutl (0,) + fi(to, 0., 0,1 (8,-),0,...,0), vf> >0, (22
=1 L2

for any v/ > 0. Since v/ is an arbitrary non-negative function, it follows from (2.2) that the
following pointwise inequality

’Y{i(tOr -x)aluio (0; X) +f](t0/ O/ e /01 uio (9,3(),0, T '0) = 0

M:

uji(to,x)Auio (0,x) —
]

Il
—_

holds for almost all x € Q. By the continuity of the left hand of the inequality above, we know
aji(to, x)Aul (0,x) — Yoy 7] (to, x)3yutl, (0,x) + fi(to,0,...,0,ui (6,%),0,...,0) > 0 is true for
all x € Q).

In order to obtain the condition for a;;, we need to choose a family of special positive
functions uio(-, ., e) € CH([-7,0] x O, R) to take off the term }/ ¥l (to, xo)a,uio(o, Xo) at some
point xg € Q. We may choose the functions u; (6, x, €) such that:

1. they attain their maximum at 6 = 0 and xp € ();
2. their second derivative of them can achieve an given § = 0 and x as ¢ varies;
3. B(uio (9, X, E)) |aQ =0.

Now we begin to construct the family of functions. Firstly, let wio((?, x,€) = e (' x)HO,
where ¢ € R. By calculation,
1_ 1

VZU;:O (9, X, 8) = <2(x€_x0) (X 73(—'0) +0 0 0>

and

Aw' (8,x,€) = <—2e (!
to\0, X, .
Consequently, th (0,x0,¢) = (0,...,0) and Awt (0,x0,€) = (=2,0,...,0). Since Q is an
open bounded domain in Rk, 9Q) is a compact subset of R¥. Then we can define d,, =
min,cyn le (x! x0)2 for any xg € Q. It is easy to see dy, > 0. Next, we construct a non-

negative cut-off function ¢(x) € C®(Q) such that ¢(x) =1 for any x € on( 0) and g(x) =0
for any x ¢ BxO(ZdXO) Let

x})? +6+ (x _x(l))ze i(x —x3)%+6 0,. 0> )
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_ sl
and g (t) = tjo? s We can see that
2
1, t<%
$2(t) = 4d2
0, t> =0

Then g(x) = g2(]x — x0|?) is the cut-off function we need. Finally, we get the family of
functions u} (0, x,¢) = g(x)w} (0, x,¢).
Then we have the following inequality

n

aji(to, xo) Aut (0, x0) Z’yl to, X0 Blut (0,x0) + fi(to, ,...,O,uio(ﬂ,xo),o,...,O)
=1

2
= —~a;i(to, X0) + £i(t0,0,...,0,€%,0,...,0) > 0.

As ¢ can be chosen arbitrarily small for any given tp € R and xo € Q and a;; € C(R x O, R),
equation (2.2) implies that a;;(t,x) = 0, j # i must be satisfied.

Next, we consider the term '71 (tO, ) for j # i. Let uto(e x) = g(x)e*%(xl*xé)”, then
VutO(O,xo) 0,...,0,— 1,0,...,0). Hence,

n . .
aji(to, x0) Auj (0, xo) nyl to, x0)0yut}, (0, x0) + £i(t0,0, ..., 0,1} (6, %0),0,...,0)
=1

1
= —E'y{l(to,xo) + £i(t0,0,...,0,€%,0,...,0) > 0.

Since € € R is arbitrary for any given fp € R and xo € () and the continuity of ’y{i in the set
R x Q, it is clear that 7] (t,x) = 0 for any i # j.

Now, we verify the sign of a;;(t, x). If a;;(to, x0) < 0 at some time t; and point xy € (), let
ug, (6, x) = (0, .. .,ult'O(G,x), ...,0), where

xg)

' (xl=xly2
i (0,1) =g (e 1) 20

with € > 0 for 6 € [—1,0]. Then we have au(gﬂ = a,-,-(to,xo)g + f(to,0 0,...,e7%0,...,0). Itis
easy to see that %Oxo) < 0 if € is small enough. Notice u(to, x9) = ut,(0,x9) = 0, then there
exists a positive number 6 > 0 such that u(t,x¢) < 0 for any t € [ty, o + 6], a contradiction.

So, by the continuity of a;;(t,x), a;;(t,x) > 0 forany t € R, x € Q.

Finally, we show f;(t,1(6)) > 0 for any ¥(6) € C*[—1,0] with ¢;(0) = 0 and any time ¢. In-
deed, taking A(t,x) = diag(a1(t,x),a2(t,x),...,ax(t,x)) and 7,(t, x) = diag(7} (t,x), v?(t, x),
o (tx)), I = 1,2,...,k into account, for pair uy, = (u}o,ufo,...,ult'o,...,u%) satisfying
uy,(6,-) = (@), and v = (0,...,0, ¢',0,...,0) with v > 0, from (2.1) we obtain that
fz(to,uto,.. uto,...,u?o) > 0, ie, for any t € R and ¥(0) € C[—7,0] with ¥;(0) = O,
fi(t,p(0)) > 0 for any t € R. O

Remark 2.3. The case where T = 0, the diffusion and convection matrix of (1.1) and mapping
f of (1.1) are all independent on time t, we get a reaction—diffusion equation. Theorem 2.2
is obtained in [1] when we further assume that the matrices 7;, A are (n x n)-matrices with
constant coefficients.
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Remark 2.4. If the boundary value condition of (1.1) is that B(u)|3n = g(x), where g € C(9Q)),
then the necessary and sufficient condition satisfies to keep positiveness is that same as the
one in Theorem 2.2 in addition to the following condition: g(x) > 0 for x € 9Q). To prove
this, in the argument for Theorem 2.2, we need to use the cut-off function to find the special
initial data uy, such that B(u,)(0,-)[aa = g(x) and u, (0, ')|on (2¢)\B, () = 0, where the open
ball By, (2¢) is a proper subset of () and & > 0.

Remark 2.5. For equations (1.1) with non-homogeneous boundary conditions in Remark 2.4,
we assume that the diffusion matrix A(t,x) can be diagonalized, that means there exists a
reversible matrix P(t, x) such that P"'AP = ] for any t € R, x € Q, where | is a diago-
nal matrix. Then the necessary and sufficient conditions for the set PC*([—7,0] x Q,R") =
{¢p € C([-7,0] x Q,R") | ¢(8,x) € PR"F, forany 6 € [—7,0],x € Q} totally positively in-
variant are that :

(1’) each element of ] is equal to or greater than 0;

(2)) P11y P = diag{vy](t,x),v}(t,x),..., 7 (t,x)}, 1 € {1,2,...,k};
(3) forany t € Rand ¢ € C*[—1,0] with ¢;(0) = 0, the mapping F;(t,) = P~ f;(t, Py) > 0.
Therefore, we conclude that Pu rather than u should be the “prime” variable.

Remark 2.6. Assume that u;(t,x),ux(t,x) are solutions of equations (1.1) satisfying that
uy(to+6,x) > ux(to+6,x) for any x € Q and 0 € [—7,0]. Let w(t, x) = uq(t,x) — ua(t, x), it
then follows from (1.1) that

) k

ai: = A(t,x)Aw — Z'yi(t,x)axiw + f(t,ue) — f(tuy), x€Q,
i=1

B(w)|an = 0.

If mapping f is smooth enough, then f(t,uy;) — f(t, up) = fol Df(t,sui;+ (1 —s)ug)ds - w.
Consider the following system

k 1
?th) = A(t,x)Av — ) yi(t,x)0x0 + / Df(t,suir+ (1 —s)ug)ds - v,
= 0
i=1 (2.3)
B(v)]aa =0,

v = ¢ € C([-7,0] x Q,R").
Then equations (2.3) preserving positivity if only if

(a). A = diag{ai(t,x),az(t,x),...,a,(t,x)} with a;(t,x) > 0 for any t € R and x € Q,

ie{1,2,...,n};

(b). 7 = diag{’yll(t,x),’ylz(t,x),...,’yfq(t,x)},l € {1,2,...,k};

(c). forany t € R and ¢ € C*[—7,0] with ¢;(0) =0, fol Dfi(t,suyt + (1 —s)ug)ds - > 0.
Since w(t, x) = uq(t, x) — uz(t, x) is a special solution of (2.3) satisfying w(ty + 6, x) > 0 for any
0 € [—7,0], u1(t,x) > up(t, x) for any t > t if (a), (b), (c) holds. In fact, if we just require that
the special solution w(t, x) remains non-negative for t > 0, the condition (c) can be replaced
by (c’) below:

(¢') for any t € R and uy; > up with uy(0) = up(0), fol Dfi(t,suyr + (1 — s)up)ds - w =
fi(t, u1t) — fi(t, uz) > 0. Therefore, we are naturally led to (¢”), for any t € R and ¢ > ¢ with
$(0) = 9(0), fi(t,¢) — fi(t, ) = 0.
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