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Abstract

In this paper, we deal with the order of growth and the hyper order of solutions
of higher order linear differential equations

FO 4B f* YV 4 4 Bif + Bof = F

where Bj(z) (j = 0,1,...,k — 1) and F are entire functions or polynomials. Some
results are obtained which improve and extend previous results given by Z.-X. Chen,
J. Wang, T.-B. Cao and C.-H. Li.

Key words: linear differential equation; growth order; entire function.
Mathematical Subject Classification (2000): 34M10, 30D35.

1 Introduction and Main Results

We shall assume that reader is familiar with the fundamental results and the stan-
dard notations of the Nevanlinna value distribution theory of meromorphic functions(see
[11,14]). In addition, we will use the notation o(f) to denote the order of growth of
entire function f(z), o2(f) to denote the hyper-order of f(z), A(f)(A2(f)) to denote the
exponent (hyper-exponent) of convergence of the zero-sequence of f(z) and A(f)(A2(f))
to denote exponent(hyper-exponent) of convergence of distinct zero sequence of mero-
morphic function f(z). We also define

log log N (r, ﬁ)

)

_ ) log N (r, ﬁ) _ .
AMf —¢) =limsup —————, and M(f — ) = limsup
r—00 logr r—00 logr

for any meromorphic function ¢(z).
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For a set E C R*, let m(FE), respectively m;(E), denote the linear measure, respec-
tively the logarithmic measure of E. By xg(t), we denote the characteristic function of
E. Moreover, the upper logarithmic density and the lower logarithmic density of E are
defined by

R EN|l EN(l
log dens(E) = lim sup M, log dens(E) = liminf M
r—oo logr — r—oo logr
Observe that E may have a different meaning at different occurrences in what follows.
We now recall some previous results concerning linear differential equations

(1) ["+e?f +Q(2)f =0,

where QQ(z) is an entire function of finite order. It is well known that each solution
f of (1) is an entire function and that if f; and fo are any two linearly independent
solutions of (1), then at least one of f1, fo must have infinitely order(see [13, P167-
168]). Hence, "most” solutions of (1) will have infinite order. But the equation (1) with
Q(z) = —(1 + e~ ) possesses a solution f = e* of finite order.

Thus a natural question is: what condition on Q(z) will guarantee that every solu-
tion f # 0 of (1) has infinite order? Many authors, such as Amemiya and Ozawa [1],
Gundersen [10] and Langley [15], Frei [6], Ozawa [20] have studied the problem. They
proved that when Q(z) is a nonconstant polynomial or Q(z) is a transcendental entire
function with order o(Q) # 1, then every solution f # 0 of (1) has infinite order.

For the above question, some mathematicians investigated the second order linear
differential equations and obtained many results (see REF.[2,3,5,6,10,15,16,20,24]). In
2002, Chen [3] considered the question: what condition on Q(z) when o(Q) = 1 will guar-
antee every nontrivial solution of (1) has infinite order? He proved the following result,
which greatly extended and improved results of Frei, Ozawa, Langley and Gundersen.

Theorem A(see. [3]) Let A;(2)(Z£0)(j =0,1) be an entire function with o(A;) < 1.
Suppose a,b are complex constants such that ab # 0 and a = cb(c > 1). Then every
nontrivial solution f of

(2) F'+ Ar(2)e® f' + Ag(2)e” f =0

has infinite order.

Recently, some mathematicians investigate the non-homogeneous equations of second
order and higher order linear equations such as Li and Wang [18], Cao [5], Wang and
Laine [22] and proved that every solution of these equation has infinite order.

In 2008, Li and Wang [18] investigated the non-homogeneous equation related to (1)
in the case when Q(z) = h(z)e®*, where h(z) is a transcendental entire function of order
o(h) < %, and b is a real constant and obtained the following results.

Theorem B(see. [18]) If Q(z) = h(z)e®, where h(z) is a transcendental entire
function of order o(h) < %, and b is a real constant. Then all nontrivial solutions [ of
equation

ff+ef +QG)f = H(z)
satisfies o(f) = MN(f — z) = oo, provided that o(H) < 1.
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In 2008, Wang and Laine [22] investigated the non-homogeneous equation related to
(2) and obtained the following result.

Theorem C(see. [22, Theorem 1.1]) Suppose that A; # 0(j = 0,1), H are entire
functions of order less than one, and the complex constants a,b satisfy ab # 0 and a # b.
Then every nontrivial solution f of equation

"4+ Al(2)e® f' + Ao(2)e** f = H(z)

is of infinite order.

For equation (2), Li and Huang [17], Tu and Yi [21], Chen and Shon [4] and Gan
and Sun [7] investigated the higher order homogeneous and non-homogeneous linear
differential equations and obtained many results. In 2009, Chen and Xu [23] investigated
the higher order non-homogeneous linear differential equations and obtained the following
result.

Theorem D(see. [23, Theorem 1.5]) Letk > 2, s € {1,...,k—1}, ho Z0,h1,..., hx—1
be meromorphic functions and ¢ = max{o(h;) : j = 1,...,k — 1} < n; P(z) =
anz"™ + ap_12"" 1+ - + a1z + ap and Q(z) = bpz" + bp_12"" L 4+ -+ byz + by be
two nonconstant polynomials, where a;,b;(i = 0,1,2,...,n) with a,, # 0,b, # 0; FF # 0
be an meromorphic function of finite order. Suppose all poles of f are of uniformly
bounded multiplicity and if at least one of the following statements hold

1. If a,, = b,, and deg(P — Q) =m > 1,0 < m;
2. If a,, = ¢b, with ¢ > 1, and deg(P — Q) =m > 1,0 <m;
3. If o < o(ho) <1/2,a, = cby, with ¢ > 1 and P(z) — cQ(z) is a constant,

then all solutions f of non-homogeneous linear differential equation
(3) FE g fE o hePE D iy f 4 hoe® P f = F,

with at most one exceptional solution fo of finite order, satisfy

A =XMf)=0(f) =00,  Xa(f) =Xa(f) = o2(f)-

Furthermore, if such an exceptional solution fo of finite order of (1.3) exists, then we
have

o(fo) < max{n,o(F), A(fo)}-

We find that there is an exceptional possible solution with finite order for equation
(3). It is natural to ask the following question: what condition on the coefficients of
equation

(4) f® 4+ Be 1 (2)f* Y 4. 4 Bi(2)f + Bo(2)f = F

when F # 0 will guarantee every nontrivial solution has infinite order?

The main purpose of this paper is to study the above problem and the relation between
small functions and solutions of higher order linear differential equation related to (4).
We will prove the following results.
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Theorem 1.1 Let P(z) and Q(z) be a monconstant polynomials as above, for some
complex numbers a;,b;, (i = 0,1,...,n) with a,b, # 0 and a, # b,. Suppose that
hi—1(2 < i <k —1) are polynomials of degree no more n—1 in z, A;j(z) #0 (j =0,1)
and H(z) are entire functions satisfying o := max{c(4,),j = 0,1} <n and o(H) < n,
and (2) is an entire function of finite order. Then every nontrivial solution f of equation

(5) FO by fE 4 hof 4 AP f 4 AgefB f = H

satisfies o(f) = oo , o(f) = M) = A(f) = A(f — @) = 00 and oa(f) = Xa(f) = Aa(f) =
Aa(f —¢) < n.

Remark 1.1 We can see that the conclusions of Theorem 1.1 improve Theorem D and
extend Theorem B and Theorem C.

Theorem 1.2 Suppose that A;(z) # 0,D;(z)(j = 0,1), and H(z) are entire functions
satisfying 0(A;) < n,o(D;) <n(j =0,1), and o(H) < n, and P(z2),Q(z), hi—1(2 <i <
k —1) are as in Theorem 1.1 satisfying anb, # 0 and an,b, < 0. Then every nontrivial
solution f of equation

6)  fO 4 hp o fPTY 4 hof 4 (A DY) 4 (A0e®®) + Do) f = H
s of infinite order.

Remark 1.2 From Theorem 1.1 and Theorem 1.2, we give an answer to the above ques-
tion.

2 Some Lemmas

To prove the theorems, we need the following lemmas:

Lemma 2.1 (see. [24, Lemma 1.10]) Let fi(z) and f2(z) be nonconstant meromorphic
functions in the complex plane and cq,ca,c3 be nonzero constants. If c1f1 + cofs = c3,
then
T(r,f1) <N (7’, i) +N <T, i) + N(r, f1) + S(r, f1).
fi I2
Lemma 2.2 (see. [3,19]) Suppose that P(z) = (o + Bi)z" + -+ («, 5 are real numbers,
la] + |B] # 0) is a polynomial with degree n > 1, that A(z)(Z£ 0) is an entire function
with o(A) < n. Set g(z) = A(2)eP®), 2z = re?? §(P,0) = acosnb — Bsinnf. Then for
any giwen € > 0, there exists a set Hy C [0,27) that has the linear measure zero, such
that for any 0 € [0,2m)\(Hy U Hy), there is R > 0 such that for |z| =r > R, we have:
(i) If 6(P,0) > 0, then

exp{(1 — €)6(P,0)r"} < |g(re®®)| < exp{(1 + €)d(P,0)r"};
(i) If 6(P,0) < 0, then
exp{(1 + &)3(P,0)r"} < |g(re'®)| < exp{(1 —&)d(P,0)r"},
where Hy = {0 € [0,27);6(P,0) = 0} is a finite set.
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Lemma 2.3 (see. [9]) Let f(z) be a transcendental meromorphic function of finite order
o(f) =0 < oo, and let € > 0 be a given constant. Then there exists a set H C (1,00)
that has finite logarithmic measure, such that for all z satisfying |z| ¢ H U[0,1] and for
all k, 5,0 < j <k, we have

< |Z|(kfj)(071+s)_

F®(2)

U (z)
Similarly, there exists a set E C [0,27) of linear measure zero such that for all z =
re? with |z| sufficiently large and 6 € [0,27) \ E, and for all k,§,0 < j < k, we have

F®(2)
7O (2)
Lemma 2.4 (see. [22, Lemma 2.4]) Let f(z) be an entire function of finite order o, and

M(r, f) = f(re?) for every r. Given ¢ >0 and 0 < C(0,¢) < 1, there exists a constant
0<lip< % and a set E¢ of lower logarithmic density greater than 1 — ¢ such that

< |z|Rma)o—14e),

e M (r, f)1 7O < | f(re®)]
for all r € E¢ large enough and all 6 such that |0 — 0,| <.

Lemma 2.5 (see. [8,12]) Let f(z) be a transcendental entire function, vy(r) be the
central index of f(z) and § be a constant satisfying 0 < 6 < %. Suppose z lying in the

circle |z| = r satisfies |f(z)| > M(r, f)l/f(T>_%+6. Then except a set of r with finite
logarithmic measure, we have

SO _ fr@V L
o) = {0 o,

where 1j(z) = O(vp(r)~s+9),j € N.

Lemma 2.6 (see. [22, Lemma 2.5]) Let f(z) and g(z) be two nonconstant entire func-
tions with o(g) < o(f) < +00. Given € with 0 < 4 < o(f) — o(g) and 0 < & < %, there
exists a set E with logdens(E) > 0 and a positive constant ro such that

}9(2)
f(2)

for all z such that r € E is sufficiently large and that |f(z)| > M(r, f)l/f(r)’éﬂs_

< exp{—r7()2}

Lemma 2.7 (see. [12]) Let f(z) be an entire function of finite order o(f) = 0 < o0,
and let v¢(r) be the central index of f. Then for any (> 0), we have

1
lim sup 70? i (T) =0
r—oo ogr
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Lemma 2.8 (see. [16]) Let f(z) be an entire function of infinite order. Denote M (r, f) =
max{|f(2)| : |z]| = r}, then for any sufficiently large number X > 0, and any r € E C
(1,00)

M(r, f) > c1 exp{car™},

where mE = 0o and c1,co are positive constants.

Lemma 2.9 Suppose By, B1,...,Bi_1 and F(% 0) are all entire functions of finite order
and let o := max{o(B;),0(F),j = 0,1,...,k — 1}, k > 2. Then every solution f of
infinite order of equation

R 4 By f*D 4 4 Bof = F
satisfies oo(f) < o.

Proof: We rewrite the equation as

k-1
B;

j=1

o f'

f(k) F
fo

<.

Since ¢ := max{o(Bj),0(F),j =0,1,...,k—1}, by virtue of [2], for any positive number
e(0<e<o(F)+1)andr ¢ [0,1] UEl, we have

1B;(2)| < exp{re*c}, |F(z)| < exp{r"@*} j=0,1,....k—1.

By Lemma 2.5, there exists a set Eo C (1, 400) satisfying m;Es < 0o, taking z satisfying

19 _ (Y g, -
) _( . )(1+ 1) (j=0,1,...,k).

flz
Since o(f) = oo , from Lemma 2.8 there exists |z| = r € Hy \ ([0,1]U E1 U E») satisfying
|f(2)] = M(r, f), for A\ > 20(F) 4+ 1, we have

K k—1 j
(Vf(r)> (I+o(1)) < CleXP{r"(F)“—CQTA}-i-eXP{TQJrE} (Vf(r)> (1+0(1))+1

|2| 1 j=1

Thus, we have

logl
lim sup 0808 V) (r)

<po+e.
r—oco,re Hi\([0,1JUELUE,)  lOgT

By the definition of hyper-order, we can get o2(f) < p.
Therefore, we complete the proof of this lemma. O
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3 The Proof of Theorem 1.1

Proof: The growth of solutions We first point out that o(f) > n.
We rewrite (5) as

(7) AP O 4 AgeQ@ f = H = (S0 by fED 4 f7).
If H— (f® + hy_1 fED 4+ 4 haf") =0, by ay, # by, we have

A
f= Kexp{ A—OeQ(Z)_P(z)dz} ,
1

where K is a nonzero constant. If H — (£ + hy_q fF=D ... 4 hy f") # 0, rewrite (7)

as
AP 1 4 AgeQ) f

H— (f®) 4 h oy fED 4o 4 hof7)

Suppose o(f) < n, then by Lemma 2.1, we can get T(r,e’’(®)) = S(r,e"(*)), which is a
contradiction.

By Lemma 2.5, for any given 0 < ¢ < %, there exists a set £ of finite logarithmic
measure such that

f9%) ()Y . .
(8) 15 —( . ) (14+0(1), j=1,2,... k,

where |f(2)| > M(r, f)vs(r)~ 1%, r ¢ Ey. Furthermore, from the definition of the central
index, we know that v¢(r) — oo as r — co. By Lemma 2.7, we have

(9) ve(r) < 7O
for all r sufficiently large. By Lemma 2.3, we have

(€]
o) 0

f(2)
for all z satisfying |z| = r ¢ Es where m;(F3) < oo, and ¢ is any given constant with
0 < 4e <min{l,n —o(H),n — o,n — t}, where t = max{t; = deg(hi(2)),2 <i <k —1}.
By Lemma 2.6, there is a set F3 with ( = logdensFE3 > 0 such that

S |z|J(U(f)_1+8)’ j = 1’2)"'7k7

vy (r)s~°|H(2)|
M(r, f)
when 7 € Ej is large enough. We may take 6, such that M(r, f) = |f(rei%)| for every

p. By Lemma 2.4, given a constant 0 < C' < 1, there exists a constant [y and a set Fy
with 1 — % < logdens(E,) such that

(11) < exp{—r""*},

(12) e M (r, )19 < | f(re')|
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for all r € E4 and |0 — 6,| < lp. Since the characteristic functions of E5 and Ej satisty
the relation

XEanE, (1) = XEs () + XE, () — XEsUE, ().
Then logdens(Es U Ey) < 1. Thus, we can get

g <logdensEs + logdens(Ey) — log dens(Es U Ey) < logdens(Es N Ey).

Since my(E, U E2) < oo, we have logdens((E5 N E4) \ (E1 U E2)) > 0. Thus, there
exists a sequence of points z, = r,e'® with r, T 0o and

|f(2q)| = M(rq, f), 7q € (B3N Ey)\ (E1UE).

Passing to a sequence of {6,}, we may assume that lim, .. 6, = 6y in this paper.
We now take the three cases as follows into consideration.
Case 1. §(P,0y) > 0. From the continuity of §(P,#), we have

(13) %5(13, 00) < 3(P.0,) < %5(13, 00)

for sufficiently large q. By Lemma 2.2, we can get

1-¢ 4(1+e¢
(14) exp {Té(P, 90)7"2} < |Ap(zg)ePE)| < exp{ ( 3 )5(P, 90)7’;’}

for all ¢ sufficiently large. From (7) we can get

I (zq) A0(2q) ,Q(2q)—P(24) e~ PCa) (’f(k)(zq) k—1 ‘f(j)(zq)

(15) | 568 + R A |\ 70 | 2= |G,
|H(z)|
T M g, )

We divide the proof in Case 1 in three subcases in the following.
Subcase 1.1. We first assume that 6y satisfies £ := §(Q — P,60p) > 0. From the
continuity of §(Q — P,0y) and Lemma 2.2, we have

(16) S0(Q ~ Pofo) < 6(Q — P.0y) < 55(Q — P,0o)

for sufficiently large ¢. Similar to (14), we have

Ao(20) LQz)~P(z4)

Ay (Zq)

(17) exp{lgsér;’} < 3

- exp{4(1+€)§rf;},

for sufficiently large ¢. Substituting (8)-(11) to (15), for sufficiently large g, we can get

L1+ o(1) + e PG

(18) < % (2r§o(f) i E§:2|Zq|j(a(f)—1+a)TZj+s +exp{—rg—25})
e—P(zQ) ko’(f)thJr
< A1(zq) T'q °
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By (14) and 0 < 4¢ < min{1l,n — o,n — o(H),n — t}, we have
_P(zq)

A1(zq)

From (17)-(19) and (9), we can obtain

20) eXp{(lgE)Eﬂ;} < Vf(Tq)(1+O( 1)) + AoEqueQ(zq) P(zq) _ sz(:")(l—l—o(l))
< exp{—1Z2§(P,6p)rn} + 27 ) < 307t

ko
i (1—2¢)

hotite < < exp{— ) 5(P,00)rmY.
exp{ U525(P, o)rn} !

(19)

Thus, we can get a contradiction.
Subcase 1.2. £ :=6(Q — P,6p) < 0. Then from Lemma 2.2, for sufficiently large g,
we have
4(1+¢) AO( 7) _ (1—2¢)
21 n Q) —P(zd) | < n{
From (21) and similar to (20), we can get
1- 1-2
0D 1 o) < exp { S5 ey bt e { - S o(R o0y |
q

when g is large enough. Thus, we can get that v;(r,) — 0 as ¢ — oo, which is impossible.
Subcase 1.3. £ :=6(Q — P,6p) = 0. From (12), we may construct another sequence

of points z; = rqe“gq with lim, .o 0 = 6f such that & := §(Q — P,05) > 0. Without
loss of generality, we may suppose that

0(Q—P,0)>0, 0¢€(0y+2km b+ (2k+ 1)m),

5(Q—P0O) <0, 0€ 0+ (2k—1)m, 0+ 2km),
which k& € Z. When ¢ is large enough, we have [0y — 0,] < lp. Choose 0 such that
b <0r—0,<lp ie, 0+ <05 <0,+lo, then

l
(22) 90+§§98§90+lo-

For sufficiently large g, we can get (12) for z7, and &; := 6(Q — P,65) > 0. Hence we can
get

H(zp)| _ vp(r)s=°M(rg, H)
(23) ‘ =
and Ao(e) \
1-— * . B} 1
(24) exp{%glrl’?} < ’A?(iz)eQ(zq)—P(zq) < exp{ ( ;—5)517“2}.

By virtue of [22], we may assume that M(rq, ) > exp{r”(f) €

}. From the above
argument, we can know that z; = rqei% satisfies (9). Then from (23) and for all large

enough ¢, we have

< EHDE-9) exp{rg” HE} p——
> Tq —3
eXp{T o(f) 8}

(25) \H o) w2

q
.
fz)
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Taking now [y small enough, we have §(P,65) > 0 by the continuity of (P, ). Thus, we
have

(26) exp{%&]{@é)r?} < Ay (2P |<exp{

Substituting (10) and (25) into (15) and by (26), we have

4(1; s, 9g)rg} .

AQ (Z:;)

1(23)

(27) ’ Q- P(])

1-3
< exp {—7( 3 E)é(P, eg)r;‘} + 2rg(f) < 37°g(f).

S

Combining (27) with (24), for large enough ¢, we can get a contradiction easily.
Case 2. Suppose that 6(P,60y) < 0. Then from the continuity of §(P,6) and Lemma
2.2, we have

@) oo { - ap g} < e < ool S Lam oy |

for all sufficiently large ¢. From (5), we can get

*) (24 k— @) (2, ;
(29) S + i b e 4 Ao(z)e®0)|
|H(zq)|

+ M(rq,f)

|A1(Zq Zq)| ‘);(ZZ:)

as ¢ — o0o. Again, we divide the proof in Case 2 in three subcases in the following.
Subcase 2.1. §(Q, 6p) > 0. From the continuity of §(Q, §) and Lemma 2.2, for large

enough ¢, we have
4(1
< eXp{ ( ;E)é(Q,HO)TZ} .

(30)  exp { (1 ;E)é(qﬁo)rg} < ‘AO(Zq)eQ(zq)

Substituting (8)-(11) and (28) into (29), we get
FO(z,) k-1 . FO) (z,)
f(zq) " - hilza) f(zq)

Jj=2

(31)

+ Ao(zq)eQ(z‘I) < exp {—7’2735} .

From (8)-(11),(30),(31) and enough large g, we have

exp{(13€)5(62,9o)r?} < |,y hj(Zq)f(j),z(zq)+Ao(zq)eQ(Zq>

i.e.,

A-¢),

exp {

(Q 00) } < exp{ 7’" 35} +Tka(f)+t+s.
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Thus, we can get a contradiction.
Subcase 2.2. 0(Q,6p) < 0. By the continuity of §(Q,0) and Lemma 2.2, for all
sufficiently large ¢, we have

(32) eXp{4(1;— E)é(Q, 90)7{;} < |A0(zq)eQ(ZQ)| < exp { (a ;E)é(Q, 90)7{;} .

From (28), (29) and (32), we can get

2 (M)k < exp{—ry T} +

Zq

(V £(rq) ) -
“q

Since 0 < 4¢ < min{l,n —o,n — o(H),n — t}, we can get a contradiction as ¢ — oo.
Subcase 2.3. §(Q,0y) = 0. Using the same argument as in Subcase 1.3, we can

construct another sequence of points z; = rqew; satisfying %’ <103 — 04] < lo such that

5(P,05) < 0 < 6(Q,0;) where 05 = limg—. 6;. Then, we have (28) for §(P,65) and

(30) for §(@, 63). Using the same argument as in Subcase 1.3, we also have (25) for the

sequence of points 2. From (29) and sufficiently large ¢, we have

rg T+ exp { $ < Ui, %)r?} :

|Ao(2)e@0) | < Ay (20)ePCD gD 4 exp{—r7 =2} 4 rko (Do,

Thus, we can also get a contradiction.

Case 3. Suppose that §(P,60y) = 0. We discuss three subcases according to 6(Q, 6p)
as follows.

Subcase 3.1. §(Q,0y) > 0. By the same argument as in Subcase 1.3, we can
also construct another sequence of points z* = rye’®s with 6 = lim, o ¢; and %0 <
0; — 04 < lo such that 2 satisfies (25) and 6(P,0;) < 0 < 6(Q,0;). Using the same
argument as in Subcase 2.3, we can get a contradiction easily as n — oo.

Subcase 3.2. 4(Q,6p) < 0. By Lemma 2.2, we first define

§'(P,0) := —nasin(nd) — nfB cos(nd)

where a, = o +i3. Since a,, # 0, we have 0'(P,0y) # 0. Take z;, = rqew; satisfying
0 < |0, — 00| < lo, we have (25) for z; and 6(P,0) # 0. By the continuity of §(Q,0),
we may assume that §(Q,0;) < 0 < §(P,0;) for a suitable lo, 0 < ¢ — 6y < ly. For a
suitable lo, we have ¢'(P,6p) > 0 and

1 4
(33) 55/(13, 00) < 9'(P,0) < 55/(13, 00), 6 € (60,00 + lo).
Since we have |f(zq)| = M(rq, f) and 8, — oo as ¢ — oo for the sequence of points zg,

we have | f(ryei®)| > M(ry, f)vs(ry) 51 for sufficiently large ¢. From (7), we have

efP(zfl)

f(k)(zq) k-1 f(j)(zq)
Al(zgl() (’ F(zq) +2j:2 |hj(zq)] T(zq)
H Zg

) 2!
+ ‘m’ + |A0(Z;)€Q( q)|) .

Iz
ED)

(34)
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By Lemma 2.2, we have

. e—P(z;) N
(35) exp {—(1+¢e)d(P,0,)rp} < EWER) <exp{—(1—¢)d(P,0;)r;}
and )
(36) exp{(1+2)8(Q. 0;)ry } < [Ao(z)e? )| < exp{(1 — £)8(Q. 0;)ry }
for sufficiently large ¢. From (9),(25),(35),(36) and (34), we can get
J'(zg)
< —(1—2¢e)8(P,0,)r"}.
T | < et -2
Since 0y is arbitrary in (6o, 0o + lo), for sufficiently large ry, we can obtain
f'(rqe”) n
(37) ‘W < exp{—(1 = 2e)d(P,0)ry}, 0 € (6o,60 + lo).

Therefore, for 8 € (6y,00 + lo), we have

6 1 6
Y(rq,0) =rq /60 J}((:;]:w))

where k1(0) = —(1 — 22)d(P,0), k2(0) = (1 — 2¢)0'(P, 0).
Since §(P,6) > 0 for all € (0y, 0y + lp), we can get

0 0
n -1 n
dg <r / "1 (073 4p :/ — O (k1 ()r™),
! 0o 0o RQ(G)TZIL_I ( 1( ) q)

2
(1 —2¢)d"(P,6p)ry~"

0 S ’Y(Tq, 9) S (eﬂl(eo)’l‘g _ enl(e)r;”).

For sufficiently large ¢, we can get

(38) 0 <7(rg,0) <

K2 (90) '

By the proof of Lemma 2.4 in REF.[22], we have

(39) wy(rg) ™5 M(rg, f) = exp{—2m — 2/ka(00) v (rg) ~ T2 M(rg, f) < |f(rqe™)]

for 0 € (0o,00 + lp), where 0 < &' < § < %. Therefore, we can take the sequence of

points z; = rq€'%s satisfying 0; = b 4 0y and (25) for zy. Furthermore, from (39), we

have (8) for z; when ¢ is sufficiently large. Thus, from (8) and (37), we can deduce that

vy(rq) — 0o as ¢ — oo, which is impossible.
When 6(Q, 0;,) < 0 < 0(P,0,) for —lp < 0, —0y < 0. Then, we deduce that v(r,,6) <0
for all 6 € (g — Iy, 0p). Similarly, we can get

(40) vi(rg) "5 M(rg, f) = exp{=2m}vp(rg) S M(rg, f) < | f(rqe)]

for 0 € (0p — lo, 6p), where 0 < §' < § < %. Thus, we can also get a contradiction.
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Subcase 3.3. 4(Q,6p) = 0. We have a,, = cb,, and ¢ € R\ {0,1}. Then we have
P(z)=cbpz"+ -+ a1z4+ag, Q(z)— P(z) =(1—c)bpz" + Rp_1(2),

where R,,_1(z) is a polynomial of degree at most n — 1.

If ¢ < 0, we may take [y small enough such that 6(Q,0) < 0 < §(P, ), provided that
either 6 € (g, 00 +1o) or 6 € (6 —lo,6p). Using the same argument as in Subcase 3.2, we
can get (37) and (39). Therefore, by a standard Wiman-Valiron theory, we can deduce
that v¢(rq) — 0o as ¢ — oo. Thus, we can get a contradiction.

If 0 < ¢ < 1, for small enough Iy, we also obtain 6(Q — P,6) > 0 and 6(P,6) > 0,
provided that either 8 € (g, 00 + ly) or 8 € (8g — 1y, 0p). Using the same argument as in
Subcase 1.3, we can get a contradiction easily.

If ¢ > 1, from the above argument, we can obtain §(Q — P,0) < 0 < §(P, 0) provided
that either 6 € (0,00 + o) or 8 € (8g — lo, 0p). Furthermore, we can take the sequence of
points z, = rqew; satisfying (25), provided that either 6, € (6o, 0o+1lo) or 0}, € (6o—lo, 0o).
Therefore, from (7), we have

’f/(z;) ’AO(Zé)euc)bn<z:,>n+zzn1<z;,> N o~ P(zh) +’H(z;)
f(z) Ay (2)) Ay (z)) f(z)
FO(z,) il ‘f(j)(zq)
h.

Similarly as in Subcase 3.2, we get (37) and (39). By the Wiman-Valiron theory, we
can also get a contradiction.

Thus,from the above argument, we can prove that every solution f of equation (4)
satisfies o (f) = oo.

The exponent of convergence of the zero points

Rewrite (4) as

1 f(k) k—1

1 f9 P’ Q=)
? H f + h]—+A1€ ?+A06

Jj=2

(41)

If f has zg as its zeros with multiplicity of s(> k), then zg is the zeros of H with
order s — k. Therefore, we have

1 — 1 1
42 N r,— ) <EkN|r = +N<T,—>.
@ (7)< (r3) +v (v
On the other hand, from (41), we have

(43) m (r, %) <m (r, %) + im(r, hj) +m(r, Are”) +m(r, Aoe?) + S(r, f).
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Since o(f) = o0, ¢ := max{c(4;),7 = 0,1} < n and o(H) < n, and from (42) and
(43), we have

T(r, f)=T <T, %) +0(1) < (k+4)kN (7’, %) + S(r, ).
Thus, by Lemma 2.9, we can get o(f) = A(f) = A(f) = oo and aa(f) = Xo(f) =

)\2(f) S n. . _

Next, we will prove that o(f) = A(f — ¢) = 00 and o2(f) = Aa(f — ¢) < n.

First, setting wg = f — ¢. Since o(¢) < oo, then we have o(wp) = o(f). From (4),
we have

k—1 k—1
w(()k) + Z hjwy + Arefw) + AgeCuwy = H — (AgeQyp + Aref ¢’ + Z hi o9 + o)),
Jj=2 j=2
Since o(H) < n, 0 < n, o(p) < 0o and a, # b, we have H — (Ape@p + Ajel¢’ +
Sy hije + o)) #£ 0 whether H # 0 or H = 0. Thus,

1

wo
(44) (k) () /
1 W k=14 wy P wq Q

H—(AgeQpt AreF o'+ 5t 1 hjpl) +p) \ wo + Z_j:Q h; o T Ase o T Ape .

If wp has z; as its zero with multiplicity of I(> k), then z; is the zeros of H — (Ape@¢ +
Al + 25;21 hjp) + o)) with multiplicity I — k. Then, we have

1 — 1 1
N (7’, —> < kN <T, —) + N | = = - - .
wo wo H — (AgeQp + ArePy’ + 37075 hjl) + o)

On the other hand, from (44), we have

1 1
m (r, —) < m|r, ) _ + m(r, AreP)
wo H — (ApeQp + ArePo' + 37575 hjol) + k)
k—1
+m(r, Age?) + Y m(r,hy) + S(r, f).

j=2

Using the above argument, we obtain

T(r,wo) =T(r, )+ S(r, f) < K4N (r, i) +8(r, f) = K1N (r,
wo

) ()

where K is a constant. _
Thus, by Lemma 2.9, we can get o(f) = o(wo) = A(f — ¢) = oo and oa2(f) =

Ao(f — ) <m. _ B _
_ Hence, we can get o(f) = Mf) = A(f) = Mf —¢) = oo and 02(f) = Aa(f) = Aa(f) =
Ao (f — ) <m.

Thus, we can complete the proof of Theorem 1.1. O
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4 The proof of Theorem 1.2

Proof: Let f be a nontrivial solution of (5) with finite order. By [19], similar to Theorem
1.1, we can get o(f) > n. Now rewrite (5) as

!

(k) Kzl ©))
(45)f7 +y° hjij (Al(z)ep(z) + Dl(z)) r
j=2

H(z)
7 :

f

+ (Ao(z)eQ(Z) + Do(z)) =

Since D = max{c(D;),j = 0,1} < n, then for any (0 < 4¢ < min{l,n —o,n —
o(H),n —t,n— D}), we have

(46) Dj(2)| < exp{r”*°}, j=0,1.

Similarly as in the proof of Theorem 1.1, we can take a sequence of points z, =
quzeq,rq — 00, such that lim, . 6, = 6y and

|f(2q)| = M(rq, f), 7q € (B3N Ea)\ (E1U Ep),

and the sequence of points satisfies (8)-(12).

Suppose that a, /b, = ¢ < 0, we will discuss three cases according to the signs of
0(P,0y) and 6(Q,0p) as follows.

Case 1. Suppose that §(P,6y) < 0 < 0(Q, 6p). By Lemma 2.2 and the continuity of
0(P,0),6(Q,0), we have

an e { M sp o | < a1 < o { S Dapary |

<28d> exp { 152600 b0y b < oz)e?0 < exp {

for all sufficiently large ¢. From (45), we have

4(1 + <) .
; 5(@,90)rq}

Q(zq) f( )(zq) . ‘f(j)(zq) [H(24)]
(19) AT Dol < T + 3555 1hi(zg) + e

(141 Gzg)eP o) + D (z) ) S22

From (46),(47) and (48), we have

(50) |A1(zq)e" ) + Dy (2g)| < exp{rP*?}
and
(51) |Ao(24)e?E) + Do(z,)] > exp { (1 ’325)5(@ 90)7{;}

for large enough gq.
Substituting (10),(11),(47) and (48) into (49), we can obtain

exp { ( ;E)a(Q,eo)rg}

IN

rlqw(f)-i—a +eXp{7‘5+28} + (k’ _ Q)T((]k—l)a(f)-i—t-i-a —|—exp{ 7“" 25}

IN

eXp{rDJr?’a}
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Since D < n, we can obtain a contradiction.
Case 2. Suppose that §(Q,0y) < 0 < §(P,6p). By Lemma 2.2 and the continuity of
0(P,0),6(Q,0), we have

(52)  exp { C S s, 90)7{;} <A1 (20)eP )| < exp {

4(1; s, 90)rg}

and

(53) exp{4(1 *5)5(@90)7’;’} < Ao (2)e9C0)| < exp{(l - 5)5(62,90)7”;’}

3 3
for all sufficiently large ¢. From (45), we have

|H(2q)|
+ M(rq,f)

|(A1(zq)ePCo) + D1 (z) 524

k—1 . f(j)(zq)
) G | T 22 |hf(zq)|’ o)

+|A0(2q)eQ(ZQ) + Do (zq)|-

< |

(54)

From (46), (52) and (53), we have

(55) |A0(2q)e? ) + Dy (z)] < exp{r”*+2}

and -

56 Ai(z eP(za) D1(z,)| > exp (- 6)6 P,0)r?
q q q

for large enough gq.
Substituting (10),(11),(55) and (56) into (54), we obtain

1-2
( 3 ) 5(P, 90)7’;’} (2K7’§”(f)+t+5 + exp{r?JrQE})

(67)  wvg(rq) <2rgexp {
for sufficiently large ¢, where K is a constant. From (9), (57) and D < n, we can deduce
that v¢(rqy) — 0 as ¢ — oo, which is a contradiction.

Case 3. Suppose that §(Q,00) = 0 = 6(P,6p). Similarly as in Subcase 1.3 of the
proof of Theorem 1.1, from (12), we can construct a sequence of points zg = rqew; with
limy . 0 = 6o such that §(P,05) < 0 and (25) holds for z;.

Without loss of generality, we can assume that

§(P,0) >0, 6€(0g+2mm, 0+ (2m+ 1))
and
§(P,0) <0, 6€(0p+ (2m—1)m, 0y +2mm)
for all m € Z.
For sufficiently large g, we can have |0y —6,| < lp. Taking 6 such that %" <0,—-0; <
lo, then Oy — lp < 0 < 6y — %0 and 0(P, 05) < 0. Since §(Q, 05) > 0, by using the same

argument as in Case 2, we can get a contradiction easily.
a
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